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Solutions

Question 1. Prove that if H is normal in G and both H and G/H are solvable, then so is
G.
Proof:  Let

{1}=Hy<H,<---<H,=H

and
{1}=Goy/H<Gy/H<---<Gny/H=G/H

be subnormal series with abelian factors. Recall that every subgroup of G/H has the form
G'/H for some G', H < G' < G, and that G'/H < G/H iff G' G . So

(1} =Hy<Hi < <Hp=Gy<G <--<CG=0G

is a subnormal series in G, and furthermore since (G;y1/H)/(Gi/H) = G;i4+1/G; and the former
is abelian, this series has abelian factors. Hence G is solvable. i

Question 2. Prove that if H is normal in G and H < K < G, then K/H C Z(G/H) iff
[K,G]C H.

Proof: Fork € G, k/H € Z(G/H) iff for all g € G, (k~'/H)(¢"'/H)(k/H)(g/H) = H
iff for all g € G, k~tg'kg = [k,g] € H. Therefore for H < K < G, K/H C Z(G/H) iff
[K,G]C H. i
Remark: For the original version of the question, note that if H < K; < K < G and
[K, G] C H, it is still true that [K;, G] C H, but clearly K;/H C K/H .

Question 3. Prove that if A is a free abelian group on S and B is a free abelian group on T
and SNT =0, then A® B is a free abelian group on SUT .
Proof: Suppose that H is an abelian group and h : SUT — H. Since SNT = 0,
h=(h|S)U(h|T. Then there are unique homomorphisms hy : A — H and hg : B - H
such that hy [ S =h [ S and hp [ T = h | T by the universal property of abelian groups.
Then by the universal property of the direct sum, it follows that hqa ® hg : A® B — H defined
by (ha®hp)({a, b)) = ha(a) + hp(b) is the unique homomorphism A @& B — H extending h .
|

Remark: There is a nice diagram at the end. Question 4 follows after Question 5
...and one of you found the “sneaky” proof:
Proof:
A=270) B=7T andsince SNT =0, A B=ZEYD)  the free groupon SUT. |

If T use this question again in the future, I will have to say “prove from the definitions...”



Question 5. An abelian group A is called divisible if for every a € A and every 0 #n € Z,
there is b € A such that nb=a.
Clearly (Q; 4+, —, 0) is divisible.

2] (a) Prove that a finite abelian group is not divisible.
Hint: Consider an element of prime power order.

Remark: A group G is of bounded exponent if for some n, g" = 1 for all n € G. Your proof
will (likely) show in fact that an abelian group of bounded exponent is not divisible.

Further Remark: As several of you have pointed out, the Remark is a better hint than
the Hint.

Proof:  Suppose G is a finite abelian group, |G| =n. Then for every b € G, nb=0. So
if 0 #£ a € G, a is not divisible by n .

In fact, if G is an abelian group of exponent n, then every b € G, nb = 0, so the same
proof applies. i

3] (b) Prove that an (arbitrary) direct sum of abelian groups is divisible iff each of the summands
is divisible.
Proof: Let A=, A; be a direct sum of abelian groups.
Really the proof boils down to nothing more than noting that for b = (bi)icr € A,
nb = (nb; >ieI .
If Ais divisible, c € A;, and 0 # n € Z, let @ € A be any tuple with a; = ¢, find bec A
such that nb =a. Then nb; = c.

On the other hand, if each A; is divisible, and @ € A, for each ¢ € I such that a; %0, find
b; € A; such that nb; = a; and otherwise set b; = 0. Then nb=a. |

(2] (¢c) Prove that a homomorphic image of a divisible abelian group is divisible.
Proof:  Suppose ¢ : A — C is a surjective homomorphism of abelian groups. Let ¢ € C
and 0 # n € Z. Then there is a € A such that ¢(a) = ¢ and b € A such that nb = a. Then
np(b) = (a) = c. I

(3] (d) Prove that Q/Z is a divisible group in which every element is of finite order, and in which
there are elements of any finite order.

Proof:  Q is a divisible abelian group so Q/Z is divisible by part (c). If a/b € Q is a
fraction in lowest form with b > 1, (so (a/b) +Z # 0) then b(a/b) € Z but c(a/b) ¢ Z for
any ¢, 1 < c¢ < a), and so the order of a/b+Z in Q/Z is b. |



Question 4. Prove (from the definition) that a homomorphic image of a nilpotent group is
nilpotent.

Proof: Let0 =7y < Z; <--- < Z, = G be the ascending central series of the group G,
¢ : G — H an epimorphism,, and 0 = Z < Z] < --- < Z], < H the ascending central series in
H . So in particular for i < n (or for i < m, as the case may be), Z; 11 [Z ] is the full inverse
image in G [in H| of Z(G/Z;) [of Z(H/Z]).

I claim that for ¢ <n, ¢[Z;] C Z!, and so in particular Z! = H for some i < n.

I procede by induction on i < n. Clearly if h € Z; = Z(G) then ¢ (h) commutes with every
element of H . If we have shown that ¢[Z;] C Z! and h € G is such that hZ; commutes with
every element of G/Z; , then for all g € G, g~ th~1gh € Z;, so (g~ *h~tgh) € ¥[Z;] C Z!. But
1 is a surjection, so 1 (h) is such that ¢ (h)Z] commutes with every element of H/Z}, that is,
W(h) € Zi 4.
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(S,es, A) and (S,eg, A) are free abelian group diagrams.
(A,ea,B,ep, A® B) is a direct sum diagram.

We define e : SUT - A®@ Bbye=cq0esUegoer. eis well-defined since SNT = ().
f:SUT — H is a test group for the definition of “(SUT, e, A® B) is a free abelian group”.
The maps fg and fr are defined by restriction.
w4 and @p exist and are unique making the upper left quadrant and the upper right quadrant
commutative, respectively, since A and B are free.
 exists and is unique by the universal property of the direct sum.

Then by the definitions, and for s € S, pe(s) = peaes(s) = paes(s) = fs(s), and similarly
for t € T. And so (again since S and T are disjoint), e = f .



