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Solutions

Question 1. Recall that Z7 denotes the set { 0, 1, 2, 3, 4, 5, 6 } together with the operations[8]

of addition and multiplication modulo 7 . Recall that every non-zero element of Z7 has a
multiplicative inverse modulo 7 :

1 · 1 ≡ 1 (mod 7), 2 · 4 ≡ 1 (mod 7), 3 · 5 ≡ 1 (mod 7, ) 6 · 6 ≡ 1 (mod 7)

Consider the following system of congruences:{
3w + 5x + 5y + 2z ≡ 1 (mod 7)
2w + x + 3y + 5z ≡ 4 (mod 7)

Using only the method of Gaussian elimination with back substitution, or the method of Gauss-
Jordan elimination, from first year Linear Algebra, [row reduction in matrix form, no column
operations] and only arithmetic in Z7 , find all solutions to this system. Give your solution in
vector form.

NOTE: It really was essential to work out this problem “modulo 7”. Real number or rational
arithmetic is wrong.
Solution: There are different pathways to the solution, but the row-reduced echelon form
of the matrix is unique. Because of the precise statement of the question, column operations
are not permitted.

The augmented matrix of the system is

3 5 5 2 1 5R1

2 1 3 5 4

1 4 4 3 5
2 1 3 5 4 R2 − 2R1

1 4 4 3 5
0 0 2 6 1 4R2

1 4 4 3 5 R1 − 4R2

0 0 1 3 4

1 4 0 5 3
0 0 1 3 4

So we take x as a parameter a and z as a parameter b and find

w = 3 + 2a + 2b y = 4 + 4b .
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This is enough for the answer to this problem, but it is nicer to write the solution in vector-
parametric form: 

w
x
y
z

 =


3
0
4
0

+ a


3
1
0
0

+ b


2
0
4
1



Remarks: [On elementary linear algebra] We can interpret our work over Z7 in exactly the
same way we do when we work over Q or R . There are two vector spaces here, over the field
Z7 : the four dimensional space (Z7)

4 and the two dimensional space (Z7)
2 . The coefficient

matrix is

A =

[
3 5 5 2
2 1 3 5

]
The row space of A and the null space of A are (complementary) subspaces of (Z7)

4 . A
nice basis for the row space consists of the non-zero rows of the row-reduced echelon form of A:{ [

1 4 0 5
]
,
[

0 0 1 3
] }

and a basis for the null space of A is given by the vector coefficients of the parameters:


3
1
0
0

 ,


2
0
4
1




The column space of A and the left null space of A are subspaces of (Z7)
2 . Since “row rank

equals column rank”, the column space has dimension 2 and so the complementary subspace
the left null space of A , has dimension 0 . The standard basis for the column space is obtained
by taking the columns of A that correspond to the “pivot” columns of the row-reduced echelon
form of A : {[

3
2

]
,

[
5
3

]}
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Question 2.
(a) Find all Pythagorean triples where one of x , y, and z is equal to 17.[2]

Solution: Since 17 is a prime, in fact the triples must be primitive.

Thus either x = r2 − s2 = 17 or z = r2 + s2 = 17 . There are then only two solutions:
r = 9, s = 8 giving the triple 17, 144, 145 , and r = 4, s = 1 giving the triple 15, 8, 17 .

(b) Find all primitive Pythagorean triples where y = 30 , if any.[2]

Solution: So 2rs = 30 and rs = 15 , where r > s > 0 and r and s are relatively prime
and incongruent modulo 2. But rs = 15 implies r and s are both odd, so there are no such
primitive Pythagorean triples! Remark: There are two triples with y = 30 : 224, 30, 226
and 16, 30, 34 ; but they are not primitive.

Question 3. Prove that if 〈x, y, z 〉 is a Pythagorean triple, then one of x, y, z is divisible[4]

by 3 , and one of x, y, z is divisible by 5 .
Proof: Suppose x2 + y2 = z2, an equation in non-negative integers. Then if 3 6 |x and 3 6 |y ,
then x2 ≡ y2 ≡ 1 (mod 3) and so z2 ≡ 2 (mod 3) . But 2 is not a square (mod 3) , so in
fact one of x or y is divisible by 3 .

If neither x nor y is divisible by 5 , then x2 ≡ ±1 (mod 5) and y2 ≡ ±1 (mod 5) and so
z2 is congruent to one of 0, ±2 (mod 5) . But 2 is not a square modulo 5, so z ≡ 0 (mod 5) .

Proof: A Pythagorean triple in general has the form

x = r2 − s2 y = 2rs z = r2 + s2 (r > s)

If neither r nor s is divisible by 3, that is, they are not congruent to 0 mod 3, so that y is
not divisible by 3, then they are congruent to 1 or −1 mod 3. Thus either r ≡ s (mod 3) or
r ≡ −s (mod 3) ; in either case x = r2 − y2 ≡ 0 (mod 3) .

If neither r nor s is divisible by 5, that is, they are not congruent to 0 mod 5, so that y is not
divisible by 5, then r2 and s2 are each congruent to either 1 or −1 mod 5. If they are congruent
to each other, then x = r2 − s2 ≡ 0 (mod 5) , and if they are congruent to opposites, then
z = r2 + s2 ≡ 0 (mod 5) .

Question 4. g = 2 is a primitive root modulo 19.[4]

t 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

gt 2 4 8 16 13 7 14 9 18 17 15 11 3 6 12 5 10 1

Use this information to calculate the least residue modulo 19 of

(a) 4 · 5 · 7 · 11 · 15 · 17 (b) 12100

(a) Solution:

4 · 5 · 7 · 11 · 15 · 17 ≡ 2221626212211210 ≡ 22+16+6+12+11+10 (mod 19) ,

and 2 + 16 + 6 + 12 + 11 + 10 = 57 ≡ 3 (mod 18) , so

4 · 5 · 7 · 11 · 15 · 17 ≡ 23 ≡ 8 (mod 19) .

(b) Solution: 12100 ≡ (215)100 = 21500 (mod 19) , and 1500 ≡ 6 (mod 18) ,
so 12100 ≡ 26 ≡ 7 (mod 19) .
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