Definite integral

If we can force the Riemann sums of the function f(x) on the
interval [a, b] to be as close to the number L as we want by
taking the norm of the partition to be sufficiently small, then we
say that the definite integral of f(z) on the interval [a, b] exists
and equals L, and we write
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Properties of the definite integral (1)

Theorem: If f is continuous on [a, b], or if f is defined on [a, b]
with only a finite number of jump discontinuities on [a, b] , then
ffjf(ac) dx exists.

Recall that f has a jump discontinuity at c in the domain of f if
the left hand and right hand limits of f at ¢ both exist but are
different. [If ¢ is an endpoint of the domain of f, we of course
only require that the appropriate one-sided limit exist, and is
different from f(c) .]
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Properties of the definite integral (2)

/baf(m)dx:—/abf(x)dx

a
/ f(z)dz =0 ifaisin the domain of f
a
b
/ cdr =c(b—a) where cis a constant
a

/ab(f(m)ig(x)) “—T-/abf(zc)da: + /abg(a:*)d:c

b b
/ cf(x) dx = c/ f(x)dxz where cis a constant
a a
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Properties of the definite integral (3)

C b C
[ t@yde= [ @) dat | f(x)da
If f(x) >0 for a <z <b, then /bf(az)dsc?_o

b b
If f(x) > g(x) for a <z <b, then / f(x)dx > / g(z) dx

b
If m < f(z) < M for a <z <b, then m(b—a) < / £(z) dz < M(b—a)
a
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The Fundamental Theorem of Calculus

Part I If f is continuous on [a, b], then the function F' defined
by
X
F(z) =/ F@)dt a<z<b
a

is continuous on [a, b] and differentiable on (a, b), and

F'(z) = f(z).

So F(z) is an antiderivative of f(x), and such that F'(a) = 0 and
F(b) = Al f(z) .

Part II If f is continuous on [a, b], then

b
| 1@ de = G() - G(a)
a
where G is any antiderivative of f on [a, b] .
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