Integration of Rational Functions by Partial Fractions
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Readings

Readings: Section 7.4
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Partial Fractions

Rational functions

A rational function is one of the form

where P and Q are polynomials.
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Partial Fractions

Rational functions

A rational function is one of the form

where P and Q are polynomials.

If you need to find [ Q(X) ax:

Step One: always make sure that the degree of the numerator is less

than the degree of the denominator, by dividing to obtain:

f(x) = S(x) + =—

where the degree of R is less than the degree of Q and S(x) is a

polynomial.
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Partial Fractions

Case |: denominator is a product of distinct linear
factors

Assume from now on that the degree of the denominator is greater
than the degree of the numerator.
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Partial Fractions

Case |: denominator is a product of distinct linear
factors

Assume from now on that the degree of the denominator is greater
than the degree of the numerator.

If Q(x) is a product of distinct linear factors, then we have the partial
fraction decomposition

R(X) A1 Ag Ak

— + AR . S
(a1x+b1)m(akx+bk) aix + by asX + b agx + by
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Partial Fractions

Case |: denominator is a product of distinct linear
factors

Assume from now on that the degree of the denominator is greater
than the degree of the numerator.

If Q(x) is a product of distinct linear factors, then we have the partial
fraction decomposition

R(X) — A + Az +...+L
(a1x+b1)m(akx+bk)—a1x+b1 asX + b agx + by

and this makes finding |

gg; dx easy, because

/ A Anjax+bl+C.
ax+b a

MATH 1700 Partial Fractions 4/11



Partial Fractions

Case II: Q(x) is a product of linear factors, some
repeated

If Q(x) = (ax + b)", then we use the partial fraction decomposition

R(X) A1 A2 Ar

(ax+b)’:ax+b+(ax+b)2+mm' M
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Partial Fractions

Case II: Q(x) is a product of linear factors, some
repeated

If Q(x) = (ax + b)", then we use the partial fraction decomposition

R(X) A1 A2 Ar

(ax+b)’:ax+b+(ax+b)2+mm' M

If Q(x) has many such factors, we use one sum of the form (1) for
each one. For example,

R(X) . A1 n A2 T Ar
(ax +b) (cx +d)s  ax+b (ax+ b)? (ax + b)"
LB B, B,

ox+d T oxtdE  (oxt dy
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Case lll: Q(x) has irreducible quadratic factors, none
of which is repeated

If Q(x) is a product of distinct quadratic factors, then we have the
partial fraction decomposition

R(x) _ Aix+ 5B
(a1X2 4+ byx + 1) - - - (kX2 + bxx + ck)  ax2 + bix + ¢
ArX + By
+ -+

akx2 + bgx + Ck.

Finding the integral of the terms on the right hand side is a bit harder
than the linear case (see next slide).
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Partial Fractions

Case lll: Q(x) has irreducible quadratic factors, none
of which is repeated

If Q(x) = (ax® + bx + ¢) and this doesn't factor, this can be integrated
using either the substitution

U=ax?+bx+c, du=2ax+ b,

and/or using
ax 1. 4/x
/x2+a2_atan <5>+C

possibly after completing the square.
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Partial Fractions

Mixed factors

If you have factors of Case |, Il, or Ill (or IV, coming up), then you add
the partial fractions decompositions corresponding to each term
together. For example if ax? + bx + ¢ does not factor, then

R(x) Ak A
(ax + b)(cx +d)(ex2+fx+9) ax+b (ax+ b)? (ax + b)"
N B Cx+D

+ .
cx+d ax2+bx+c
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Partial Fractions

Case IV: Q(x) contains a repeated irreducible
quadratic factor

If Q(x) has a factor of the form (ax? + bx + ¢)’, where ax? + bx + ¢
doesn’t factor, then use the partial fractions decomposition

R(x) Aix + By Aox + By Ax + B,

Q(x) ax2+bx+c  (ax?+bx+c)P  (ax?+bx+c)
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Tips

Tips:

(1) Don’t forget to simplify if possible.

(2) Look for an easy substitution. Is the denominator the derivative of
the numerator (up to a constant multiple)?

(3) Make sure you cancel all common factors in the numerator and
denominator. Have you missed any?

(4) Don't forget that quadratics ax? + bx + ¢ might factor into two linear
factors.
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Partial Fractions

Rationalizing substitutions

One last trick. (Phew!)

If you have a quotient and it isn’t rational, sometimes a substitution of
the form

will turn it into one.
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