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Values
1. Inall of (a), (b), (¢c) and (d) below, we consider the vector function
r(t)= (cost +tsint,0,sint — tcost) with 1 20.
[5] (a) Find the unit tangent vector T(¢).
(b) Find the normal vector N(¢).
(¢) Compute the bi-normal vector B(¢) at the point when ¢ = 7 . Write the
equation of the osculating plane at that point.
(d) Find the curvature at the point when t =7 .
Solution.

(a) We compute r’(t) = (t cost,0,¢sint) and

(1) = Ji2cos’t+02 +12sin’f =¢. So T() = |r,§t;| = (cost,0,sint).
r
, . , T(¢) .
(b) T'(t)=(—sint,0,cost) and |T’(t)|=1. So N(t)= ) = (—sint,0,cost).

(c) At the point t = we have T(7)= (cos ,0,sin n’) =(-1,0,0) and
N(m) = (=sinx,0,cosm)=(0,0,-1). So, B(w)=T(x)x N(r)=(0,-1,0).
This vector is normal to the osculating plane, and the plane passes through
the point r(r) = (—1,0,7r). So, its equation is —y=0,1i.e. y=0 (which was
obvious to start with, since the curve was given to be in the xz-plane).
Ir’(t)xr”(1)| e’ (m)x v ()|
/(1) e’ (m)[’
r’(¢) =(tcost,0,tsint) , we compute r’() = (-7,0,0). Since
r”(t)=(cost —tsint,0,sint + t cost ), we find r”(t) = (=1,0,—7). Further

(d) We have k(1) = and so k()= . Since

Fmxr’(m)| _#* 1

r'(r)xr”(n)=(0,—7>,0) and so x(7) =

|r/(7_[)|3 7_L_3 bia :

m—l and so K‘(ﬂ)Zl.
T

Alternative. k(1) = =

') ¢

2. It was observed that the velocity of an asteroid could be approximated by
the function v(z) = (2¢,3t*,1 - 4¢”) (measured in millions of kilometers

per day), where the time 7 is measured in days. The initial position of the
asteroid (at r =0 days) was at the point (1,2,3) (measured in millions of

kilometers). Find the position vector r(¢) . If the planet X is viewed as a
point and if it is positioned at (101,1002,-9997) (in millions of

kilometers) will the asteroid hit it? If yes, how many days after the initial
observation?

Solution. r(r) = [v(t)dr =[ (21,3 1= 4r*)dt =(t” + ¢,,1* + ¢,,t = 1* +¢;) . Since
r(0)=(1,2,3) we have (0* + cl,O3 +c,,0— 0* + c;)=(1,2,3), and so

r(t)= (> +1,t+2,t —t* + 3). Since r(t)=(101,1002,-9997) has no
solution, the planet X will not be hit.

[6] 3. Show that the following limits do not exist.
x’y
i
@ (-r.>')1—r>r(1(10) x*+ y6

1
Solution. Along x =0 the limit is 0, while along y = x it s 5 That shows the limit

does not exist.



) 3xy’
7 b) 1
7] ®) (-r.>')1—r>r(1(10) x’ +y6

Solution. Along x =0 the limit is 0. Along x =y’ the limit is 3/2 and so the limit does
not exist.

Values
[3] 4. (a) Use only the definition of ( 1)1rr(1 ) f(x,y) to prove that
X,y —\a,

lim )2+3\/x2+y2 =2

(x,5)-(0,0

3

(b) Use polar coordinates to evaluate lim Justify your steps.

(x3)=(0.0) x* + y2 '
Solution.
(a) We want to show that for every £ >0 there is some 0 >0 such that if

JX* 4y’ <8 then ‘2 +3x° +y - 2‘ < . The latter equation is obviously equivalent to

3Jx*+y* <€, ie,to \Jx*+y* <€e/3.Itis now obvious that choosing & = % will
guarantee that /x* +y* <& implies ‘2 +3x° +y" - 2‘ <E.

3r’cos’ 6

(b) The given limit is the same as to lirrg ——— in polar coordinates.
r— r

Simplifying a bit we get 31irr(} rcos’@.Now —r<rcos’@<r since —1<cos’@<1.1It

r—

follows by the squeeze theorem that lim rcos’@ =0 and so 3lim rcos’ 8 = 0.

r—0 r—0

(Note: I do not take out marks if you did not do it “my way”, as long as what you did is
correct and has no substantial gaps. For example, just saying that 3lim rcos’0=0 is a

r—0

bad argument, for if applied to, say, 31in(} L@ would imply that that limit is O, which it
r=0 sin

is NOT (why?).



