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Math 1500 Midterm Exam Solutions Fall 2014
1)a) lim VaZ+1-1 lim VxZ+1-1 .\/x2+1+1 —lim (x2+1)-1 im x2 _
x—0 x - x—0 VXZ+i+l x=0 x(VaZ+1+1) - x=0 x(VxZ+1+1) o
lim * -2 —o
20 \Zi141 - VoZ+1+1
. 2x-3 .. 2x-3  _ 2(-1»)-3 -5 -5 o
b) lim,__;+ = =lim,_,_4+ DD - DI D @) o +oo Limit 4.
Or
I -5 I . .
Upon substitution, one gets the form < S° the limit does not exist but the functional values tend
to + oo . The question is: which one?!
The numerator approaches a negative number as x — —1.
The denominator factors as (x + 1)(x — 1) and the first factor approaches 0 from the positive
side as x — —1 and the second factor approaches a negative number as x — —1, which makes
the full denominator approaching 0 from the negative side as x - —1.
As the numerator is approaching a negative number as x - —1 and the denominator is
approaching 0 from the negative side as x — —1, we have determined that the functional values
are overall positive as x - —1.
From the first observation, we conclude that the functional values are increasing without bound.
(aka: +o0)
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fx)=0@l—-xe* > f'(x) =@ —x?)'e*+ (4 —x2)(e*) = (—2x)e* + (4 — x?)e*

x2+1

f&) = - f'(x)

cosx+1 (cosx+1)2 (cosx+1)2

f(x) =tan(1 +sinx) - f'(x) =sec?(1+sinx)e (cosx)

x> x<1
f(x) =142 x=1
e* 1 x>1

lim,_+ f(x) =lim,_+e¥ 1 =el"l=¢% =1
lim,_- f(x) =lim,_+ x> =12 =1

Is f continuousat x =17?

Condition #1: Does lim,_,; f(x) exist? (ie. does lim,_,;- f(x) = lim,_,+ f(x) ?)
Yes. The two one-sided limits both equal 1.

Condition #2: Is f(1) defined?
Yesitis. f(1) =2

Condition #3: Does lim,_ f(x) = f(1) ?
No it does not. 1+ 2

_ (cosx+1)(x2+1)’—(x2+1)(cosx+1)’ _ (cosx+1)(2x)—(x2+1)(—sinx)

Therefore, as all three conditions for continuity are not met, f is not continuousat x = 1.
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Given: g(x) = f(x?+1) and f'(2) = —1. Find: g'(1).
Using the chain rule for a composite function: g'(x) = f'(x? + 1)e(x?2 +1)' = f'(x? + 1)e2x

With substitution, g'(1) = f'(12 + 1)e2(1) = f'(2)e2 = —1e2 = -2

Prove: if f'(x) and g'(x) exist, then (f(x) +g(x))' =f'(x) + g' (%)

(F) + g = lim o LG TOII0] _ ji,  [Gt) gty f0)-0)

fx+h)=f(x)+g(x+h)-g(x) _ ;. [f(x+h)=f(x)]+[g(x+h)—g(x)] _
h - 11rﬂh—>0 h -

lirnh—>0

limh—>0 [f(x-'—hz_f(x) + g(x+h;_g(X)] = lirnh—>0 w + 1imh—>0 w :f,(x) + g,(x).

Determine an equation of the tangent line to the curve y? — xy + x? = 1 at the point (1,1).
By using implicit differentiation:

2_ 2
d(y xy"'x):@ N 2y.y’_[(1)y+xy')+2x=0 - 2yy’—y—xy'+2x=0 -

dx dx
2yy' —xy'=y—-2x - @2y-x)y'=y-2x - ¥ =32/;fi
, ,_ -2
At the point (1,1), y' = 20-()

Using the formula y — y; = m(x — x;), we obtain y —1 = —1(x — 1) as the tangent line.
Or

d(y?-xy+x?) a)

dx — - 2yey' —[(Dy+xy)]+2x=0

Upon substitution of the point (1,1), we get 2(1)ey’ — [1(1) + ()y")]+2(1) =0
whichyields 2y’ —=1—-y'+2=0 -y ' =1.

Using the formula y — y; = m(x — x;), we obtain y —1 = —1(x — 1) as the tangent line.
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Yertle the turtle(s) ...

ven: @ — _ ax _ _ y
Given: e 20m/h and e 30m/h

West and North are at right angles to each other.

Goal: Find Z—LZ when x =3m and y=4m.

Relationship: D? = x? + y?

As D,x and y are all implicit functions of time, we can perform implicit differentiation wrt time.

d(p?) _ d(x%+y?) dD dy dy dD dy dy
= 2De—=2x0—+4+2y— — De—=xe— —
dt dx dt x dt+ Yt ac X dt+ydt
dy dy
. dp  xe— +ty——
This yields — = —4t—dt.
dt D

Aside: Find D when x =3m and y=4m. D?=x%+y? —» D?=32+42 - D=5

dy . dy
Therefore: 22 = XeactYar _ 30(=30)+4(-20) _ 170 _

dt D 5 5 —34

The distance between the turtles is decreasing at a rate of 34 m/h at this time.



