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The Kermack–McKendrick epidemic model revisited
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Abstract
The Kermack–McKendrick epidemic model of 1927 is an age of infection model, that is, a model in
which the infectivity of an individual depends on the time since the individual became infective. A special
case, which is formulated as a two-dimensional system of ordinary diﬀerential ordinary diﬀerential equations, has often been called the Kermack–McKendrick model. One of the products of the SARS epidemic
of 2002–2003 was a variety of epidemic models including general contact rates, quarantine, and isolation.
These models can be viewed as age of infection epidemic models and analyzed using the approach of the full
Kermack–McKendrick model. All these models share the basic properties that there is a threshold between
disappearance of the disease and an epidemic outbreak, and that an epidemic will die out without infecting
the entire population.
Ó 2005 Elsevier Inc. All rights reserved.
Keywords: Epidemic; Age of infection model; SARS models

1. Introduction
Almost since the beginning of recorded history there have been epidemics, sudden outbreaks of
a disease that infects a substantial portion of the population in a region before it disappears. One
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of the early triumphs of mathematical epidemiology [1] was the formulation of a simple model
that predicted just such behaviour. What has become known as the Kermack–McKendrick epidemic model is a special case of the model described in [1]. This model is a system of two ordinary
diﬀerential equations
S 0 ¼ bSI
I 0 ¼ ðbS  aÞI.

ð1Þ

The population being studied is divided into compartments, namely a susceptible class S, an infective class I, and a removed class R. The model is based on the following assumptions:
(1) An average member of the population makes contact suﬃcient to transmit infection with bN
others per unit time, where N represents total population size and is a function of time if
there are disease deaths.
(2) Infectives leave the infective class at rate a per unit time.
(3) There is no entry into or departure from the population, except possibly through death from
the disease.
The system (1) has been used successfully to ﬁt data from many epidemics, and it is very easily
analyzed qualitatively; see for example, [2, Section 7.2]. Two fundamental properties of this model
are (i) that there is a basic reproduction number determining whether the disease will die out without spreading or whether there will be an epidemic, and (ii) that the epidemic will die out leaving
some members of the population uninfected.
The basic reproduction number R0 is deﬁned to be the number of secondary infections caused
by a single infective introduced into a wholly susceptible population of initial size K over the
course of the infection of this single infective. In the situation described by (1) an infective makes
bK contacts in unit time, all of which are with susceptibles and thus produce new infections, and
the mean infective period is 1/a; thus the basic reproduction number is bK/a.
Our deﬁnition of an epidemic is a situation in which the number of infectives grows initially.
Because the equation for I may be approximated for t close to zero by
I 0 ¼ ðbK  aÞI
with initial exponential growth rate
r ¼ bK  a ¼ aðR0  1Þ
we see that there is an epidemic if and only if R0 > 1.
The orbits in the (S, I)-plane of (1) are the curves
a
I ¼ S þ log S þ c;
b

ð2Þ

with c an arbitrary constant of integration. The constant c is determined by the initial values S(0)
and I(0) of S and I, respectively. With S(0) + I(0) = K we have
a
c ¼ K  log Sð0Þ.
b
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If we use the fact that limt!1I(t) = 0, and let S1 = limt!1S(t), then we obtain
a
a
K  log Sð0Þ ¼ S 1  log S 1 ;
b
b
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ð3Þ

the ﬁnal size equation. Since no orbit reaches the I-axis, S > 0 for all times. In particular,
S1 = limt!1S(t) > 0, which implies that part of the population escapes infection. The ﬁnal size
equation makes it possible to calculate the fraction S1/K of the population that escapes the
epidemic.
The SARS epidemic of 2002–2003 renewed interest in the modelling of epidemics. Until the
SARS epidemic, most of the work in mathematical epidemiology concentrated on studies of speciﬁc diseases or on the interplay between epidemiological and demographic eﬀects. Although the
AIDS epidemic renewed interest in epidemic modelling, the long epidemiological time scale for
AIDS meant that it was necessary to include demographic eﬀects (recruitment into and departure
from a sexually active population). The study of short-term models which did not incorporate
demographic eﬀects was neglected, with the notable exception of [3]. Thus the studies of the SARS
epidemic began with the original so-called Kermack–McKendrick model but then incorporated a
variety of factors to make models more realistic; some dynamic models may be found in [4,5].
While these more recent extensions formulated for SARS included calculations for the basic
reproductive number they did not establish the property (ii) formally. Even for the simple model
(1) almost all descriptions of its analysis except [6] have shown graphically that the infection dies
out but have omitted an analytic proof.
The purpose of this work is to show that the properties (i) and (ii) hold for an age of infection
model closely related to the original Kermack–McKendrick model, of which (1) was a special case
and thence to conclude that these properties hold for the extended models which have come out of
the SARS epidemic. Our age of infection model is more general than the Kermack–McKendrick
age of infection model in that it allows general contact rates. Thus our contribution is to round
out the general theory. We remark that since S is a monotone decreasing function of time there is
no possibility of periodic solutions, and since I approaches zero there is no possibility of multiple
endemic equilibria or backward bifurcations. The general theory of epidemics is thus much
simpler than the corresponding theory for models which include demographic eﬀects, that admit
possibilities such as endemic situations and periodic solutions.
2. General contact rates
The assumption in the model (1) of a rate of contacts per infective which is proportional to population size N, called bilinear incidence, was used in all the early epidemic models. It is more realistic to assume a contact rate which is a non-increasing function of total population size. For
example, a situation in which the number of contacts per infective in unit time is constant, called
standard incidence, is probably a more accurate description for sexually transmitted diseases [7–9].
We will assume that on the average a member of the population makes C(N) contacts in unit
time with C 0 (N) P 0, [10,11] and we deﬁne
bðNÞ ¼

CðN Þ
.
N
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It is reasonable to assume b 0 (N) 6 0 to express the idea of saturation in the number of contacts.
Then bilinear incidence corresponds to the choice C(N) = bN, b(N) = b, and standard incidence
corresponds to the choice C(N) = k, b(N) = k/N. The assumptions C(N) = Nb(N), C 0 (N) P 0
imply that
bðN Þ þ N b0 ðN Þ P 0.

ð4Þ

Various other forms, satisfying (4) have been used for the contact function C(N); see for example,
[11–14]. If there are no disease deaths, so that the total population size is constant, all incidence
assumptions involving total population size are equivalent, but if there are disease deaths the
behaviour of a model may depend on the form of the incidence.
An epidemic model in which the incidence is assumed to depend on total population size must
include an equation for total population size. This forces us to make a distinction between members of the population who die of the disease and members of the population who recover with
immunity against reinfection. We assume that a fraction f of the members leaving the infective
class at time t recover and the remaining fraction (1  f) die of disease. For emerging diseases
it is not immediately clear that recovery brings permanent immunity, but the short time scale
being considered suggests that it is reasonable to assume immunity at least for the duration of
a single epidemic outbreak.
We generalize (1) to include a general contact rate. We use S, I, and N as variables, with
N = S + I + R. It will be convenient to use N as a model variable in place of R because the rate
of new infections is now b(N)SI. We obtain the three-dimensional model
S 0 ¼ bðN ÞSI;
I 0 ¼ bðN ÞSI  aI;

ð5Þ

0

N ¼ ð1  f ÞaI.
We also have the equation R 0 = faI, but we need not include it in the model since R is determined
when S, I, and N are known.

3. An age of infection epidemic model
The general model described by Kermack and McKendrick included a dependence of infectivity
on the time since becoming infected (age of infection). We will describe an age of infection epidemic
model similar to the Kermack–McKendrick model but even more general in allowing a general
contact rate. We continue to let S(t) denote the number of susceptibles at time t and R(t) the number of members who have recovered with immunity, but now we let I*(t) denote the number of
infected (but not necessarily infective) members. We also let /(t) be the total infectivity at time t.
We make the following assumptions:
(1) An average member of the population makes C(N) contacts in unit time. We deﬁne
b(N) = C(N)/N and assume b 0 (N) 6 0, C 0 (N) P 0.
(2) B(s) is the fraction of infecteds
remaining infected at infection age s; we assume an infected
R1
period of ﬁnite length, 0 BðsÞds < 1.
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(3) A fraction f(s) of infected members who leave the infected class when they have age of infection s recovers with immunity and a fraction (1  f(s)) dies of disease. In all our examples f
will be constant.
(4) p(s) with 0 6 p(s) 6 1 is the infectivity at infection age s; let A(s) = p(s)B(s), so that
Z 1
Z 1
AðsÞds 6
BðsÞds < 1.
0

0

(5) Initial data is S(s) = N(s) = K, /(s) = 0 for 1 < s < 0.
We let i0(t) be the density of new infecteds at time t, and i(t, s) the density of infecteds at time t
with infection age s. Then
i0 ðtÞ ¼ SðtÞbðN ðtÞÞ/ðtÞ;

iðt; sÞ ¼ i0 ðt  sÞBðsÞ; 0 6 s 6 t

and
S 0 ðtÞ ¼ bðN ðtÞÞSðtÞ/ðtÞ;
Z 1
Z 1
Z 1
I ðtÞ ¼
iðt; sÞds ¼
i0 ðt  sÞBðsÞds ¼
bðN ðt  sÞÞSðt  sÞ/ðt  sÞBðsÞds;
0
0
Z 1
Z 01
i0 ðt  sÞAðsÞds ¼
bðN ðt  sÞÞSðt  sÞ/ðt  sÞAðsÞds.
/ðtÞ ¼
0

0

I*

Diﬀerentiation of the equation for shows that the rate of recovery plus the rate of disease death
is
Z 1
bðN ðt  sÞÞSðt  sÞ/ðt  sÞB0 ðsÞds.

0

Thus the SI*R model is
S 0 ¼ bðNÞS/;
Z 1
/ðtÞ ¼
bðN ðt  sÞÞSðt  sÞ/ðt  sÞAðsÞds;
0
Z 1
ð1  f ðsÞÞbðN ðt  sÞÞSðt  sÞ/ðt  sÞB0 ðsÞds.
N 0 ðtÞ ¼

ð6Þ

0

I*

is determined when S, /, N are known we have dropped the equation for I* from the
Since
model, but it will be convenient to recall
Z 1
bðN ðt  sÞÞSðt  sÞ/ðt  sÞBðsÞds.
I ðtÞ ¼
0

If f (s) 1 then N(t) is a constant K, and the dimension of the model may be reduced, replacing N
by the constant K. In this case, since b(N) is replaced by the constant b(K) the contact rate may be
taken to be bilinear.
If a single infective is introduced into a wholly susceptible population, making Kb(K) contacts
in unit time, the fraction still infective at infection age s is B(s) and the infectivity at infection age s
is A(s). Thus R0, the total number of secondary infections caused, is
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Z

1

KbðKÞAðsÞds ¼ KbðKÞ
0

Z

1

AðsÞds.
0

At the beginning of a disease outbreak modelled by (6) we have
S

K;

N

K

and the linear approximation to the model is
u0 ðtÞ ¼ KbðKÞ/ðtÞ
Z 1
/ðtÞ ¼
KbðKÞ/ðt  sÞAðsÞds
0
Z 1
0
v ðtÞ ¼
ð1  f ðsÞÞKbðKÞ/ðt  sÞBðsÞds.
0

The corresponding characteristic equation is
^
KbðKÞAðkÞ
¼ 1;
^
where AðkÞ
is the Laplace transform of A(s). But if Rk P 0 we have
^
^
jKbðKÞAðkÞj
6 KbðKÞAð0Þ
¼ R0 .
Thus all roots of the characteristic equation have negative real part if R0 < 1, so that the solutions
of (6) die out exponentially initially. If R0 > 1, the characteristic equation has a positive real root
and solutions of (6) grow exponentially initially. This shows that if R0 < 1 the disease dies out
while if R0 > 1 there is an epidemic. We see also from this analysis that at an equilibrium
(S1, 0, N1) of (6) with / = 0 the corresponding characteristic equation is
^
S 1 bðN 1 ÞAðkÞ
¼ 1.
Thus the equilibrium is asymptotically stable if and only if
^
S 1 bðN 1 ÞAð0Þ
< 1.

ð7Þ

The model (1) is the special case of mass action incidence and
AðsÞ ¼ BðsÞ ¼ eas .
Because of the assumption of bilinear incidence in (1) it is not necessary to distinguish between
infectives who die of disease and infectives who recover. Of course, in order to track disease
deaths in modelling an epidemic it is necessary to make this distinction.
Returning to the general case (6), we note that S(t) and N(t) are non-negative, monotone, nonincreasing functions and therefore, have non-negative limits, S1 and N1, respectively; if there are
no disease deaths then N(t) is the constant K. We will show shortly that S1 > 0. Since S 0 (t) ! 0 as
t ! 1, we see from the ﬁrst equation of (6) that /(t) ! 0 as t ! 1. Thus the model approaches
an equilibrium (S1, 0, N1), and since this equilibrium must be asymptotically stable, the relation
(7) must be satisﬁed.
In fact, we have some information on the rate at which /(t) approaches zero. From the ﬁrst
equation of (6) we see that
Rt

bðN ðsÞÞ/ðsÞds
SðtÞ ¼ Sð0Þe 0
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so that


S 1 ¼ Sð0Þe

R1
0

bðN ðsÞÞ/ðsÞds
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.

Since S1 > 0 we must have
Z 1
bðN ðsÞÞ/ðsÞds < 1.
0

Because b(N(s)) P b(K) we obtain the estimate
Z 1
/ðsÞds < 1.
0

In order to obtain a relation between N1 and S1 we note that
S 0 ðt  sÞ ¼ Sðt  sÞbðN ðt  sÞÞ/ðt  sÞ
and integrate the equation for N in (6) with respect to t from 0 to 1, obtaining

Z 1 Z 1
0
0
K  N1 ¼
ð1  f ðsÞÞ½S ðt  sÞB ðsÞds dt
0
0
Z 1
Z 1
¼
ð1  f ðsÞÞ
½S 0 ðt  sÞdt B0 ðsÞds
0
Z0 1
ð1  f ðsÞ½SðsÞ  S 1 B0 ðsÞds
¼
0
Z 1
¼ ðK  S 1 Þ
ð1  f ðsÞÞB0 ðsÞds.

ð8Þ

0

Here, K  N1 is the number of disease deaths over the courseRof the epidemic, K  S1 is the total
1
number of disease cases over the course of the epidemic, and 0 ð1  f ðsÞÞB0 ðsÞds is the mean disease mortality rate. We note that this result is independent of the form of the equation for S in the
model (6).
To show that S1 > 0 for the model (6) we write
Z 1
S 0 ðtÞ
¼ bðN ðtÞÞ

½S 0 ðt  sÞAðsÞds.
SðtÞ
0
Integration with respect to t from 0 to 1 gives
Z 1
Z 1
K
¼
bðN ðtÞÞ
½S 0 ðt  sÞAðsÞds dt
log
S1
Z 10
Z0 1
AðsÞ
bðNðtÞÞ½S 0 ðt  sÞdt ds
¼
0
0
Z 1
Z 1
AðsÞ
½S 0 ðt  sÞdt ds
6 bð0Þ
0
Z0 1
¼ bð0Þ
AðsÞ½SðsÞ  S 1 ds
0
Z 1
AðsÞds
¼ bð0ÞðK  S 1 Þ
0
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and this shows that S1 > 0. It is assumed here that b(0) is ﬁnite. However, an assumption that
b(N) is unbounded as N ! 0 is biologically unreasonable. In particular, standard incidence is
not realistic for small population sizes. A more realistic assumption would be that the number
of contacts per infective in unit time is linear for small population size and saturates for larger
population sizes [10–14].

4. Some examples
The models (1) and (5) are age of infection models with p(s) = 1 and A(s) = B(s) = eas. An
obvious extension adds an exponentially distributed exposed period. We may view a model with
an exposed period as an age of infection model. We let u(s) be the fraction of infected members
with infection age s who are not yet infective and v(s) the fraction of infected members who
are infective. Then the rate at which members become infective at infection age s is ju(s), and
we have
u0 ðsÞ ¼ juðsÞ;

uð0Þ ¼ 1

0

v ðsÞ ¼ juðsÞ  avðsÞ;

vð0Þ ¼ 0.

ð9Þ

The solution of the ﬁrst of the equations of (9) is
uðsÞ ¼ ejs
and substitution of this into the second equation gives
v0 ðsÞ ¼ jejs  avðsÞ.
When we multiply this equation by the integrating factor eas and integrate, we obtain the solution
j
vðsÞ ¼
½eas  ejs 
ja
and this is the term A(s) in the general model. The term B(s) is u(s) + v(s). Thus we have
j
AðsÞ ¼
½eas  ejs 
ja
j as
a js
e 
e
BðsÞ ¼
ja
ja

aj  ðlþaÞs
B0 ðsÞ ¼ 
 eðlþjÞs .
e
ja
With these choices and the identiﬁcations
I ¼ /;

E ¼I /

we may verify that the system (6) reduces to the SEIR model
S 0 ¼ bðN ÞSI;
E0 ¼ bðN ÞSI  jE;
I 0 ¼ jE  aI;
N 0 ¼ ð1  f ÞaI.

ð10Þ
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If there is an asymptomatic period during which individuals have infectivity reduced by a factor ,
then the model can be described by the system
S 0 ¼ bðN ÞSðI þ EÞ;
E0 ¼ bðNÞSðI þ EÞ  jE;
I 0 ¼ jE  aI;

ð11Þ

N 0 ¼ ð1  f ÞaI.
This may be considered as an age of infection model with the same identiﬁcations of the variables
and the same choice of u(s), v(s) but with A(s) = u(s) + v(s).
Since the models (10) and (11) may be viewed as age of infection models they have the same
qualitative behaviour as the model (1), namely that there is a basic reproduction number which
distinguishes between disappearance of the disease and an epidemic outbreak, and that if there
is an epidemic some members of the population are left untouched.
5. Models incorporating reactions to an epidemic
An actual epidemic diﬀers considerably from the idealized models (1), (5) and (11), as was
shown by the SARS epidemic of 2002–2003. Some notable diﬀerences are:
(1) If a vaccine is available for the disease which has broken out, public health measures will
include vaccination of part of the population. Various vaccination strategies are possible,
including vaccination of health care workers and other ﬁrst line responders to the epidemic,
vaccination of members of the population who have been in contact with diagnosed infectives, or vaccination of members of the population who live in close proximity to diagnosed
infectives.
(2) Diagnosed infectives may be hospitalized, both for treatment and to isolate them from the
rest of the population.
(3) Contact tracing of diagnosed infectives may identify people at risk of becoming infective,
who may be quarantined (instructed to remain at home and avoid contacts) and monitored
so that they may be isolated immediately if and when they become infective.
(4) Isolation may be imperfect; in-hospital transmission of infection was a major problem in the
SARS epidemic.
In the SARS epidemic of 2002–2003 in-hospital transmission of disease from patients to health
care workers or visitors because of imperfect isolation accounted for many of the cases. This
points to an essential heterogeneity in disease transmission which must be included whenever
there is any risk of such transmission.
All these generalizations have been considered in studies of the SARS epidemic of 2002–2003.
While the ideas were suggested in SARS modelling, they are in fact relevant to any epidemic. One
beneﬁcial eﬀect of the SARS epidemic has been to draw attention to epidemic modelling which
may be of great value in coping with future disease outbreaks.
If a vaccine is available for a disease which threatens an epidemic outbreak, a vaccinated class
which is protected at least partially against infection should be included in a model. While this is
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not relevant for an outbreak of a new disease, it would be an important aspect to be considered in
modelling a bioterrorist outbreak of smallpox.
For an outbreak of a new disease, where no vaccine is available, isolation and quarantine are
the main control measures available. Let us formulate a model for an epidemic once control measures have been started. Thus, we assume that an epidemic has started, but that the number of
infectives is small and almost all members of the population are still susceptible.
We introduce a class Q of quarantined members and a class J of isolated members and we formulate a general model to describe the course of an epidemic of a disease for which no vaccine is
available when control measures are begun under the assumptions:
(1) Exposed members may be infective with infectivity reduced by a factor E, 0 6 E < 1.
(2) Exposed members who are not quarantined become infective at rate j1.
(3) Exposed members are quarantined at rate c1 per unit time (in practice, a quarantine will also
be applied to many susceptibles, but we ignore this in the model). Quarantine is not perfect,
but reduces the contact rate by a factor Q. The eﬀect of this assumption is that some susceptibles make fewer contacts than the model assumes.
(4) Infectives are diagnosed at rate c2 per unit time and isolated. In addition, quarantined members are monitored and isolated immediately when they develop symptoms at rate j2.
(5) There may be transmission of disease by isolated members, with an infectivity factor of J.
(6) Infectives who are not isolated leave the infective class at rate a1 with a fraction f1 recovering,
and isolated members leave the isolated class at rate a2 with a fraction f2 recovering.
These assumptions lead to the SEQIJR model
S0
E0
Q0
I0
J0
N0

¼ bðN ÞS½E E þ E Q Q þ I þ J J 
¼ bðN ÞS½E E þ E Q Q þ I þ J J   ðj1 þ c1 ÞE
¼ c1 E  j2 Q
¼ j1 E  ða1 þ c2 ÞI
¼ j2 Q þ c2 I  a2 J
¼ ð1  f1 Þa1 I  ð1  f2 Þa2 J .

ð12Þ

Here, we have used an equation for N to replace the equation
R0 ¼ f 1 a1 I þ f 2 a2 J .
The model before control measures are begun is the special case
c1 ¼ c2 ¼ j2 ¼ a2 ¼ f2 ¼ 0
of (12). The model (12) is equivalent to the SARS model of [5] except for the extension from standard incidence to a general contact rate and the omission of immigration and natural death rate
terms. The model of [4] has two susceptible classes with diﬀerent susceptibilities, which does not
aﬀect the age of infection structure of the model, and includes an isolated class but no quarantined
class. From an age of infection point of view it is a special case of (12).
We deﬁne the control reproduction number Rc to be the number of secondary infections caused
by a single infective in a population consisting essentially only of susceptibles with the control
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measures in place. It is analogous to the basic reproduction number but instead of describing the
very beginning of the disease outbreak it describes the beginning of the recognition of the epidemic. The basic reproduction number is the value of the control reproduction number with
c1 ¼ c2 ¼ j2 ¼ a2 ¼ f2 ¼ 0.
We may calculate Rc in the same way as we calculate R0 but using the full model with quarantined
and isolated classes. We obtain
E KbðKÞ KbðKÞ
þ
j1
a1
Q E KbðKÞ KbðKÞj1 Q KbðKÞc1 J KbðKÞj1 c2 J KbðKÞc1
Rc ¼
þ
þ
þ
þ
;
D1
D1 D2
D1 j 2
a2 D1 D2
a 2 D1
R0 ¼

where D1 = c1 + j1, D2 = c2 + a1.
Each term of Rc has an epidemiological interpretation. The mean duration in E is 1/D1 with
contact rate Eb, giving a contribution to Rc of EKb(K)/D1. A fraction j1/D1 goes from E to
I, with contact rate b and mean duration 1/D2, giving a contribution of Kb(K)j1/D1D2. A fraction
c1/D1 goes from E to Q, with contact rate QQb and mean duration 1/j2, giving a contribution of
QKb(K)c1/D1j2. A fraction j1c2/D1D2 goes from E to I to J, with a contact rate of Jb and a mean
duration of 1/a2, giving a contribution of JKb(K)j1c2/a2D1D2. Finally, a fraction c1/D1 goes from
E to Q to J with a contact rate of Jb and a mean duration of 1/a2 giving a contribution of
JKb(K)c1/D1a2. The sum of these individual contributions gives Rc.
We may view the epidemic management model (12) as an age of infection model at least if
f1 = f2. We deﬁne I* = E + Q + I + J, and we need only calculate the kernels A(s), B(s). We let
u(s) denote the number of members of infection age s in E, v(s) the number of members of infection age s in Q, w(s) the number of members of infection age s in I, and z(s) the number of members of infection age s in J. Then (u, v, w, z) satisﬁes the linear homogeneous system with constant
coeﬃcients
u0 ðsÞ ¼ ðj1 þ c1 ÞuðsÞ
v0 ðsÞ ¼ c1 uðsÞ  j2 vðsÞ
w0 ðsÞ ¼ j1 uðsÞ  a1 wðsÞ  c2 wðsÞ
z0 ðsÞ ¼ c2 wðsÞ þ j2 vðsÞ  a2 zðsÞ
with initial conditions u(0) = 1, v(0) = 0, w(0) = 0, z(0) = 0. This system is easily solved recursively, and then the system (12) is an age of infection epidemic model with
AðsÞ ¼ E uðsÞ þ E Q vðsÞ þ wðsÞ þ J zðsÞ
BðsÞ ¼ uðsÞ þ vðsÞ þ wðsÞ þ zðsÞ.
It follows that the the properties (i) and (ii) and the relation (8) hold for the management model
(12).
The model (12) is not included in (6) if f1 5 f2 because of the assumption in (12) that the disease
death fraction may not be the same in the infective and isolated classes, but it is possible to obtain
an analogue of the relation (8) directly, as is done in [15].
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The asymptotic behaviour of the treatment model (12) is the same as that of the simpler model
(1). If the control reproduction number Rc < 1 the disease dies out and if Rc > 1 there is an
epidemic which will pass leaving some members of the population untouched.

6. Discussion
We have established that general epidemic models behave in the same way in the sense
that there is a basic reproduction number which determines whether there will be an epidemic
and that an epidemic will pass through a population leaving some members untouched. We
conjecture that this remains true for more complicated models with more compartments
and more stages, including models with heterogeneity of mixing. This fact would be established by showing how to interpret such a model as an age of infection models. Thus the
age of infection approach started by Kermack and McKendrick was 75 years ahead of its time
and is a unifying way to view epidemic models. It is important to know that all epidemic
models have the same basic properties even though these properties may appear to be ÔobviousÕ.
Of course, our models assume that the course of the epidemic is rapid enough that demographic
eﬀects may be ignored. If this is not true, then it would be possible for a disease to become
endemic.
The management model (12) is viewed as a two stage model, with the imposition of control
measures marking the beginning of the second stage. The initial stage of an epidemic is actually
more complicated than is suggested by our model. For example, stochastic eﬀects are certainly
important early in an epidemic and a continuous model is not appropriate when the number of
infectives is very small. Such considerations are discussed in [3]. The beginning of an epidemic
is often marked by Ôsuperspreading eventsÕ in which a single source may produce a large number
of infections. Examples indicate that the probability of an epidemic depends strongly on the contact network at the beginning of a disease outbreak. The study of complex networks is a ﬁeld
which is developing very rapidly. Some basic references are [16,17]. Also, [18] investigates the
beginning of a disease outbreak from a network perspective.
We have been considering an epidemic in a single location, ignoring travel between locations
of individuals who may be infective. Modern transportation has permitted the rapid transfer
of infectious diseases over great distances, and an aspect of epidemic control that has become
important is the screening of travellers who may be infective. Epidemic models which include
some movement into and out of populations are a natural extension of the models considered
here.
Our model does not take into account behavioural changes in a population when an epidemic
breaks out. If the disease is debilitating, infectives make fewer contacts because of their weakness,
and the total number of contacts would depend on the number of infectives as well as the total
population size. Another aspect of epidemics which we have ignored is that when an epidemic occurs some members of the population will undoubtedly avoid crowds and change their behaviour
in other ways to reduce the number of contacts they make and will also adopt hygienic measures
to reduce the probability that a contact will transmit infection. This may occur because of personal decisions or because of government instructions. Inclusion of these eﬀects in an epidemic
model is an important problem to be explored.
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