Manitoba Mathematical Competition
SOLUTIONS

1. (a) ’The average of z and y is 3. What is the value of z if 3v — 2z = z — 3y?

Solution:
2z = 3z + 3y,

so
=3-3=09.

(b) |If real numbers a and b satisfy both a — b = 3 and ab = 2, what is the value of é — %?

Solution:
1 b—a —(a—0) 3

a b ab ab 2

Solution: (Note) It is possible, but unnecessary (and unnecessarily complicating) to find the values
of a and b.

2. (a) ’Find the area bounded by the z-axis, the y-axis and the line 5x + 4y = 20.

Solution: The intercepts are x = 4, y = 5, so this is a right triangle of side lengths 4 and 5; its area is

1
-4-5=10.

A=—
2

(b) |A circle has diameter AB, where A is the point (3,5) and B is the point (5,9). A line
through the origin divides this circle into two regions of equal area. Find the slope of that

line.
Solution: The line must pass through the center (%, %) = (4,7), so its slope is
Ay 7
m=-—=—.
Ax 4

3. (a) |Solve for z: /33 = 3%.

2
Solution: Squaring twice gives (3\/§)2 = ((336)2) =3% =33 sodr =3, 0rx = %_

=~

Solution: (Alternate) 3% = v/ 3V3 =V 3% = 3%, so x =




(b) ’Solve the equation z° — 523 + 4z = 0.

Solution:

25 =53 +dr = x(z* — 522 +4) = x(2? - 1) (22 —4) = x(x+ 1) (x — 1) (z+2)(z —2) =0,
sox =0,£1 or +2.

Solution:

Solution:

Solution:

Solution:

Solution:

An isosceles trapezoid has parallel sides of length 4 and 10,
as in the diagram. Find its area.

10

Vertical lines partition the trapezoid into a rectangle and two right triangles with one side 3
and hypotenuse 5, so other side is 4. The two triangles together have area 3-4 = 12, so the
trapezoid has area 4 x 10 — 12 =28. (Or, A = tb2 . p = 44104 = 28))

(Alternate) From the top left vertex a line parallel to the right side decomposes the trape-
zoid into a parallelogram and an isosceles triangle. The latter has height 4 (by Pythagoras’
Theorem) and since this is the common height the area is A = 12 + 16 = 28.

(Note) Once the height is obtained (e.g., by Pythagoras’ Theorem) the standard formula
for the area of a trapezoid may also be used: A = 44+—210 = 28.

A
In AABC, D is the midpoint of AB and F is the midpoint of
AC. If AADE has an area of 4, what is the area of trapezoid D E
DECB?
B C

AABC is similar to AADE, scaled 2x and so has 4 times the area. Thus the trapezoid
has three times the area of AADFE, which is 12.

(Alternate) Another approach is to use the fact that the segments joining the midpoints
of the three sides partition the triangle into four congruent triangles, three of which form
the required area.



5. (a) | Given that numbers z,y and z satisfy the equations

T+ 2y + 3z = 2008 and 3z + 2y + z = 8002,

what is the value of x +y + 27

Solution:
(r+2y+32)+ Bx+2y+2) ~ 2008 + 8002 10,010

4 4 4
The answer can also be left in the form %.

T+y+z=

= 2502.5.

(b) | Solve the equation (2% — 3z + 2)? + (2% — 4z + 3)? + (22 — 5z +4)? = 0.

Solution: The sum of three squares is equal to zero precisely when all three are zero. Therefore,
22 —3r+2 =2’ —4r+3 =2 -52+4=0= (z—1)(2—2) = (z—1)(z—3) = (z—1)(x—4).

It follows that z = 1.

Solution: (Note) Some students solved over the complex numbers, obtaining z = 1,3 + %. Full
marks for this, of course!

6. ’Find the sum of the digits of the number 10'%° — 10% — 3.

Solution:
10190 — 108 =108 -99--.9 = 99...900000000

(there are ninety-two 9's). So
10" — 10% — 3 = 99 - -- 900000000 — 3 = 99 - - - 9899999997
(the first string of 9's has length 91; the second has length 7). So the sum of the digits is

9-(914+7)+7+8=09-100 — 3 = 897.



Solution:

Solution:

Solution:

A North

A traveller at A wishes to reach B. To get there he must
walk six blocks, travelling only on the streets shown in the West
diagram. How many possible routes are there?

East

South

Starting at A and moving to the right and down one labels each vertex with the number of paths
to arrive at it, which is the sum of the numbers to the left and above it. Thus one arrives,
Pascal’'s-Triangle-style, at the array:

111

12 3 3

1 3 6 9
3 9 18

so there are 18 such routes.

(Alternate) Or, one may start with a 3 x 3 array and subtract the unique paths through the
top right and bottom left corners; the standard formula gives the number of paths as

<3§3>—2:20—2:18

(Alternate) Even easier: Every path must pass through exactly one of the two vertices, z,y
equidistant from A and B. It is easy enough to see that there 3 paths from A to x and so also
from x to B, so 9 paths through x; similarly 9 paths through y; thus 18 altogether.

Solution:

Solve for z,y and z:
r+y+z=4
r—y+z=0
Py +22=14

The difference between the first two equations is 2y = 4, or y = 2. Eliminating y gives
r+z=2
2?2+ 22=10

So we have
(x4 2)? — (2® + 2%) =222 =4 — 10 = —6.

Thus xz = —3, and x, z are roots of the equation t2 — 2t —3 = (t — 3)(t + 1) = 0. So the
solutions are
(x,y,2) = (—1,2,3) and (3,2, —1).




Solution:

Solution:

A, B and C are points on a circle of radius 1 such that AB = /2 and ZABC = 60°.
Find AC.

Let O be the center of the circle. Then ZAOB = 90°. B

So ZACB = 45°. The sine law gives
AC AB \ A

sin60°  sin4h°’

That is,

SN
&H =

So AC = /3. C

(Alternate) Since ZAOC stands, at the center, on the same segment as ZABC, its measure
is 120°. Partitioning it into two 30 — 60 — 90 triangles one obtains that AC = 2 - § = /3.
Note that this approach does not require use of sine or cosine laws, and it is seen that the given
measure of AB is redundant information.

10.

Solution:

2009 points are chosen on the line AB all lying outside the segment AB. Prove that the sum
of the distances from these points to the point A is not equal to the sum of their distances

to point B.

Let the points be C1, Cs, ..., Cogpg. Assume that
CIA+...+02009A:ClB+"'+CQOOQB'
That is,
(C1A = C1B) + -+ - 4 (Ca009A — C009B) = 0.

But each of C;A — C;B is =AB. So we have +AB £+ ---+ AB = 0, where there are 2009 terms
of equal absolute value AB. So their sum is an odd integer times AB, which cannot be 0, a
contradiction. The result follows.



