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Inequalities

Facts and definitions

AM-GM inequality: For a1, as,...,a, >0,

a;+az+---+ap
n

> (a1a2"'an)1/n7

with equality iff all a;’s are equal.
Cauchy’s inequality: For reals ay,...,ay,b1,...,b,, if u=(ay,...,a,) and v = (by,...,b,),
then |u-v| < |[u]| - ||v]], or equivalently

(arby + -+ apbp)? < (a2 + -+ a2) (b3 + - +D2),

where equality holds iff (ay,...,ay) and (by,...,b,) are proportional.
Convex functions, Jensen’s inequality: For zi,...,z, € I, where I C R is an interval, if
f is a continuous function on I which is convex (concave up), then

f<:61+...—|—33n> < flz1) + ...+ f(zn)
n n
If f is strictly convex, then equality holds iff all z;’s are equal.

If the function is concave (concave down), then the sign of the inequality is reversed.

If the function is twice differentiable, it is convex iff f” > 0 on the interval. In practice,
it is usually easier to show that f’ is monotone increasing. The sum of two convex (concave)
functions is a convex (concave) function. Multiplication by a positive number also preserves
convexity (concavity).

Weighted Jensen’s inequality: If z1,...,z, € I, where [ is an interval, Aj,..., A, > 0,
AM+--+ A, =1, fis convex on I, then

Mf(x) 4+ M f(zn) > fazr + -+ 4+ M)

If f is strictly convex, then equality holds iff all z;’s are equal.
Corollary: weighted AM-GM inequality: If x1,...,2, >0, A1,..., A >0, A1+ -+ Ay =
1, then

AT+ AT in\l-...-x;\l”,

equality holds iff 1 = a9 =+ = .
Power mean inequality: Let x1,...,2, > 0, A\,..., A, > 0, A1 +---+ X\, = 1. For
t € R, t # 0, define the weighted mean M; of order t as M; = (M\jzt + -+ + Anx%)l/t.
Also My = a:i\l e = limy o My, M_o = min{zy,...,2,} = limy oo My, My =
max{zi,...,Tn} = limy_ oo M;. Then

Mg < My, if —co<s<t<oo.



Problems

1. For a,b,c > 0, prove a® + b> + ¢® > a®b + b’c + c?a.

2. For each positive integer n, find the smallest possible value of the expression (z7 + ---

xp)(xyt + -+ + 2 Y), over all possible @1, ...z, > 0.

3. Ifa,b>0,a+b=2, prove (14 /a)® + (1 + vb)® < 64.

4. For a,b,c > 0, prove

al® 4+ pl0 4 (10 a+b+c\’
> .
ad+b+cd ~ 3

5. For ay,...,a, > 0, prove

a? 4+t ai > a‘;’azag) + a§a3a4 + -+ aiala?

6. For x1,...,x2, > 0, prove
T1+x0 T2+ T3 Ty +x1 2 '
a b c 3
7. If a,b,¢> 0, > —.
G0 = IOV e e 3t b1 3¢ Ba+3btc 7
- n
8. Ifay,...,an > 1, > .
Wyeeeslin = prove;l—l—ak_l—i—"al-...-an
9. For ay1,...,a, >0 with ay-...-a, =1, prove
n+1
ar ++ag + -+ Yay, > 5
b a+b+c
10. If a,b,¢c > 0, prove (%) < abbct.
11. For ay,...,an,b1,...,b, > 0, prove
1 1 1
((ar4+0b1) ... (an+bp))n > (ar-... an)n + (by ... by)n.

12. Foral,...,an>O,provea’f+1—|—...+a2+12@1-...-an-(a1—|—...+an).



