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ABSTRACT. We consider perturbations of the diffusive Hamilton-Jacobi equa-
tion
—Au = (14 g(z))|VulP in RY,
{ u = 0 on ORY,

for p > 1. We prove the existence of a classical solution provided p € (%, 2)
and ¢ is bounded with uniform radial decay to zero.
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1. INTRODUCTION

In this work we will investigate perturbations of

—Au = |VulP in RY, (1)
u = 0 on ORY,
where RY = {(z1,...,2x) € RY, 2y > 0} and § < p < 2. In particular we are

interested in classical nonzero solutions.

Example 1. Fort > 0 set
1

ug(x) == - —dy.
=] G

A computation shows that for p > 1, uy is a classical solution of (1). For p > 2 the
solution is unbounded when xny — 0o and when 1 < p < 2 the solution is bounded.
Note that this solution has a closed form. Also note that u; converges to zero as
t — oo.

A particular perturbation of the above problem will be

{ —Au = (1+g(x))|VulP in RY, @)
u = 0 on aRf .
In particular we are interested in nonzero solutions of (2) for sufficient smooth
functions g which satisfy needed assumptions. Our approach will be to linearize
around u; to obtain solutions of (2).
We now state our main theorem.

Theorem 1. Suppose % < p <2 and g is bounded, Holder continuous and satisfies

sup lg(x)] — 0 as R — oo.
|z|>R, x>0

Then there is a nonzero classical solution of (2).
1
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Remark 1. (1) The conditions on g can surely be weakened but our interest
was mainly in not making any smallness assumptions on g.

(2) The condition on p may seem somewhat arbitrary but we mention that the

restriction 3 < p < 2 ensures that p+1 — o € (0,1) (see Section 2.0.1 )

which is needed for the proof of Liouville-type theorems, Propositions 3 and

4, that arose in the blow up analysis.

1.1. Background. A well studied problem is the existence versus non-existence of
positive solutions of the Lane-Emden equation given by

—Au = uP in Q,
{ u = 0 on 01, (3)

where 1 < p and € is a bounded domain in RY (where N > 3) with smooth

boundary. In the subcritical case 1 < p < % the problem is very well understood

-2
and H{ () solutions are classical solutions; see [31]. In the case of p > L2 there
are no classical positive solutions in the case of the domain being star-shaped; see
[44]. In the case of non star-shaped domains much less is known; see for instance
[14, 21, 22, 23, 43]. In the case of 1 < p < % ultra weak solutions (non H
solutions) can be shown to be classical solutions. For % <p< % one cannot
use elliptic regularity to show ultra weak solutions are classical. In particular in [39]
for a general bounded domain in R they construct singular ultra weak solutions
with a prescribed singular set, see the book [42] for more details on this.

‘We now consider

—Au = |VulP in €,
{ u = 0 on 02, (4)

where € is a bounded domain in R™. The first point is that it is a non variational
equation and hence there are various standard tools which are not available any-
more. The case 0 < p < 1 has been studied in [2]. Some relevant monographs for
this work include [32, 28, 47]. Many people have studied boundary blow up versions
of (4) where one removes the minus sign in front of the Laplacian; see for instance
[35, 48]. See [2, 5, 6, 7, 8,9, 10, 11, 12, 13, 25, 26, 29, 30, 33, 34, 45, 37, 38, 40, 41]
for more results on equations similar to (4). In particular, the interested reader
is referred to [40] for recent developments and a bibliography of significant earlier
work, where the author studies isolated singularities at 0 of nonnegative solutions
of the more general quasilinear equation

Au = |z|%u? + |2]P|Vu|? in Q\ {0},

where Q C RN (N > 2) is a C? bounded domain containing the origin 0, a > —2,
B > —1and p,q > 1, and provides a full classification of positive solutions vanishing
on 02 and the removability of isolated singularities.

Let us finally mention that for the whole space case, it was proved in [37] that any
classical solution of (4) when Q = RY with p > 1 has to be constant. Also, for
the half-space problem (1) in the superquadratic case p > 2, it was proved in [27]
a Liouville-type classification, or symmetry result, which asserts that any solution
u € C? (Rf ) N C(RY) has to be one-dimensional, where the result was obtained
by using moving planes technique, combined with Bernstein type estimates and a
compactness argument. A similar result in the subquadratic case p € (1,2] was
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proved in [46].

Before outlining our approach we mention that our work is heavily inspired by
the works [20, 39, 42, 17, 18, 19, 24]. Many of these works consider variations
of —Au = uP on the full space or an exterior domain. Their approach is to find
an approximate solution and then to linearize around the approximate solution to
find a true solution. This generally involves a very detailed linear analysis of the
linearized operator associated with approximate solution and then one applies a
fixed point argument to find a true solution.

This current work continues the theme of examining —Awu = |Vu|P (or variations)
for singular or classical solutions, see [15, 16, 4, 1, 3].

We also mention the recent work [27] where they examine various results, some
of which are Liouville theorems related to (1).

1.2. Outline of approach. First we note that by a scaling argument, instead of
finding a nonzero solution of (2), it is sufficient to find a nonzero solution of

{ —Au(z) = (1+g(Ax))|Vu(z)|P in RY, 5)
u = 0 on aRf,

for some A > 0. We will look for a solution of (5) of the form u(x) = us(z) + ¢(x)
(where t = 1; but we leave ¢ > 0 arbitrary for now) where ¢ is unkown. Then ¢
must satisfy

Li(0) 9(A)| Vg + VOIP + [V, + VP
—| V[P — p|Vuy P2V, - Vo in RY, (6)
o = 0 on aRf,

where the arguments for all the functions are x except for g and where a computa-
tion shows that

Li(9) = ~A¢ — p|Vuy P>V, - Vo = —Ag — (1)—pl¢;331v—&-1f .

We will develop a linear theory for the mapping L;, a rescaled version of /Lvt We
will show for all ¢ > 0 there is some C; > 0 such that for all f € Y there is some
¢ € X (see Section 2.0.1 for the definition X and Y') which satisfies Li(¢) = f
in RY with ¢ = 0 on ORY. Moreover one has ||¢||x < Ci||f|ly. Using this we
will find a solution of (6) using a fixed point argument. Toward this we define a
nonlinear mapping on Bg (the closed ball of radius R centered at the origin in X)

by Jx(¢) = Jr(¢) = 1, where

L) = g\a)|Vug + Vo|P + [Vu, + Vol
—|Vug|P — p|Vus|P~2Vuy - Vo in Rf, (7)
v =0 on ORY.

2. THE LINEAR THEORY

We begin by collecting the various parameters and function spaces for the reader’s
convenience.
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2.0.1. The parameters, spaces and linear operators. Let p € (%,2), a = p%l > 1,
v = p%l > 1, p = 7 (note this implies that 41—« € (0,1)) and o > 0 small
(chosen small enough so that our solution in the end is a classical solution after
applying elliptic regularity). We introduce the norms

[6llx = sup \mNI Vo ()| + SUEIIINIQIWS(I)I,

<zxn<
Iflly = sup_|on|7FHf(2)] + sup Jan|*"|f(2)],
<zrn<1 rzny>1

where for ¢ € X we require ¢ = 0 on 8R]4\_' . The linear operator we deal with is,
fort>1,

L( ) A¢+;fivt

and note that
Li(¢) = =L_+ ().
After considering the operator L; it is natural to consider a slight modification

of the space X (call it X ) whose norm is given by
16l 2 sup {\$N| [Vo(a)| + |zn |7 Ag(x)]}

0<zn<

+ sufl{lxwl [Vo(@)| + |z |*FHAb(2)|}

so we are defining X := {¢: [|¢|| ¢ < 0o and ¢ = 0 on IRY}.
We will use a change of variables ¢(z) = (zn + t)*¢(z) and set L' by

plp— 1.

(xn +1)%

Then L(¢) = f in RY if L'(¢)) = (zn + ¢)*f(z) in RY. The natural function
spaces for 1) are endowed with the norms

1llx, = sup |en|""Ho(@)| + sup |en|*T |y ()],
O<zn<1 TN >1

L'(y) = —A¢ +

where as before we take ¥ =0 on 8Rf , the Yy, norm is given by

Wlly, = sup x| ()] + sup |an|* T h(2)].

<zrn<l zny>1

Again it is natural to consider the modified Xy norm given by

Il = sup_ {lanl™ @)+ lon |7 IV9(@)] + lanl ™ |Av (@)}
+ sup {aw " @)+ o | V()| + | A (@)}

where we are imposing ¥ = 0 on GR{E .

2.1. The linear theory. We need to consider the following equation
o = 0 on aRf .

Theorem 2. For allt > 1 there is some C = C; such that for oll f € Y there is
some ¢ € X which satisfies (8) and ||¢]|x < C|flly-
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Instead of working directly with ¢ we prefer to use a change of variables. If we
set ¥(x) = (xy + t)*¢(x) and set L by

plp — 1)y

L =AY+

then it is sufficient to develop a theory for
t _ N
L'(y) = h(x) in R?\'ﬂ )
v = 0 on ORY.
A computation shows that if ¢ satisfies (9) with h(z) = hy(z) = —(zn + )" f(z)
then ¢ satisfies (8). The result relating the two problems is given by
Proposition 1. Suppose there is some C > 0 such that for all h € Yy there is
some ¢ € Xy that solves (9) and ||1/JH5(‘; < Cllhlly, . If we set ¢ := (xn +1)7H
and put h(z) = hp(z) = —(xn + )" f(z), where f € Y with || f|lly = 1, then ¢
satisfies (8) and ||¢||x < C4.
Proof. Let f € Y with ||f|ly =1 and set h(z) = hy(x) = —(xn + t)*f(z). Then
there is some C; such that ||h|ly, < C; and hence there is some C;; and 1 € X,
which solves (9) and H1/)||§; < Ciyz. A direct computation shows that ¢ satisfies
the needed equation. Also note that
Vi (z pen(x
(n + ) (zn +1)H

where ey is the N** coordinate vector. Since 1 € )/(:/J one easily sees that ¢ € X
and there is some C; depending only on ¢,p, N such that ||¢]|x < Cl‘W”}} This

gives the desired result. O

To prove the needed linear theory for L' we will use a continuation argument
and to start the process we will need some results for Laplacian.

Proposition 2. Assuming the earlier assumptions on the parameters we have A :
Xy — Yy is a homomorphism.

Proof. Into. Let ¢ € X, with Aty = 0 in RY. Note that for 0 < zy < 1 we
have |(z)] < Cz) ® and so ¢ = 0 on ORY. Let 1 <i < N — 1 and for any fixed
h e R\ {0} set
Y(x + he;) — P(x
’(/Jh(x) _ ( h) ( )’
and note that 1" is also harmonic in R_IX . Note also that there is some C}, such
that [ (x)] < Chray @ for 0 < xx < 1. Also for zx > 1 we have

1
()] < / Vi + they)|dt < Clay ",

where C'is independent of h and also note the exponent y—« is negative since p < 2.
We can extend ¥ oddly across xx = 0 to see that the extension is harmonic and
bounded on RY and hence is constant. Taking into account the boundary condition
of " we see ¢ = 0 and hence 1)(z) = ¢(zy) and recalling 1/ is harmonic and the
bound near zn = 0 we see that ¢¥(zy) = Azy. Now recalling for zy > 1 we have
[(zn)| < Cxh™ ™ and since this exponent is in (0,1) we get 1) = 0.
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Onto. We will find a supersolution on finite domains and then pass to the limit.
To construct our supersolution we will first consider a one dimensional problem.
Firstly consider the one dimensional analogs of the X, and Y norms (written
XJ.,Y}) on (0,00). For h € Y} we want to find an H € X} which solves

—H"(zn) = h(zy) for zy € (0,00), with H(0) = 0. (10)

A direct computation shows that

f(zy) = /0 ()T — oy / i),

oo

satisfies (10). Additionally one sees there is some C such that ||ﬁ||X5 < C||i~z||y$.
Set

7 _ X(0,2) (zn) X(l,oo)(‘rN)
ho(zn) = 25T 2 IH
a~nd let Hy denote the corresponding solution as defined above and set ¥(x) =
Hy(zn); this will be our supersolution on a truncated domain. Now let h € Y, with
[2lly, =1 and for R > 1 (big) and £ > 0 (small) consider Qg := Br X (¢, R) C
RN~ x R. Let C be from the 1 dimensional problem. Let 1z . denote a solution
of
*AwR,s(I) = h(gj) in QRr.e Yre=0 on aQR,e~

Then by comparison principle we have ¢ (x) > g (x) in Qg and one can argue
similarly to get |¢Ygc(x)] < ¥(z) in Qr. Hence there is some C; > 0 such that
for all R > 1 and 0 < ¢ small (and independent of h) we have

sup o re(@)+ sup e M gr(a)] < Ci
0<zn<1;zE€EQR, zN>1,2€QR,e
By taking € = % and using a diagonal argument and compactness we see that we
can pass to the limit to find some ¢ such that —A(z) = h(z) in RY. Also by
fixing = we can pass to the limit in the quantities in the norm and see that 1) € X,
(hence 1 = 0 on ORY). Additionally we have |[¢|x, < Ci. A standard argument

now gives the desired bound in Xy; we will include the argument for the sake of
the reader.

For 0 < z < 1 consider ¢(y) := x5 T (z + 2ny) for y € Bi. Fix N < ¢ < oo
and then by local regularity there is some C' = C(g, N) such that

[ lw2asy) < ClAY sy + Clidlla, ), (1)

and note the bounds on h and v show that the norms on the right are bounded
(independent of z in the allowable range). One can now use the Sobolev imbedding
to see that

sup V| < Col[¢llw2aes,)
By B
and hence we have the gradient bounded; writing this out in terms of v gives the
desired bound on the gradient of 1. To get the second order bound we directly use
the equation for .
A similar argument gives the desired estimate for xy > 1. Combining these
results gives the desired )/(;, bounds. O
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Theorem 3. For allt > 1 there is some Cy such that for all h € Yy, there is some
¥ € Xy such that (9) holds and H1/)||5{z < Cy||h|

Yy -

Proof. Since A : )/(:/J — Y is a homomorphism we can use a continuation argument
to get the desired result. So towards this we consider

T(p — 1)1

t e
L‘r(d}) T A¢+ (ng+t)2 !

Then note that (7,1) — Lt (1) is a continuous mapping from [0, 1] x )/(;, toY. Soto
get the desired result it is sufficient to get estimates on this mapping uniformly in 7.
So we suppose the result is false and hence there are sequences 7, € (0, 1], ¢, € )/(;
and hp, € Yy such that |||l = 1 and [|hm]|y, — 0 and Lt (m) = hp in RY.
We first assume that the zero order term in the norm of 1), is bounded away from
zero; so after renormalizing we can assume that [[1,||x, = 1 and we still have
|hmlly,, — 0. For ease of notation now we will slightly switch notation; we will
write (z,y) € RV~! x (0,00) instead of z € RY.

We consider three cases:

(i) there is y™ — 0 such that (y™)7 [, (=™, y™)| > 3,

(ii) there is some y™ — oo such that (y™)* 1= # |, (2™, y™)| > 3,

(iil) there is some y™ bounded and bounded away from zero such that |¢),, (2™, y™)|

is bounded away from zero.

In all three cases we write 2™ = (z™

y").
Case (i). Set ¥™(2) = (y™)° Y, (2™ + y™z2) for zy > —1. Then [¢™(0)] is
bounded away from zero and
W) < (L4 2n)' 77 for 0 <y™(1+2n) <1,
and a computation shows that

T pt(pp — )™ (2)
(zn + 14+ (y™)~1t)?

with /™ = 0 on 2y = —1 where h™(z) = (y™)° 1y, (2™ + y™2). Note that

—AY™(z) + = ﬁm(z) in zy > —1,

n ||hmHY
h™ < - Tw 0<y™(1 <1
(@) < (14 zy)ot! y"(L+zn) <1
and hence ﬁm — 0 uniformly away from zy = —1. By a standard compact-

ness and diagonal argument (and after passing to a subsequence) Y™ — ¥ lo-
cally in CL%(2n > —1) and ¢ satisifes Ap(z) = 0 in zy > —1, [(0)] # 0,
[¥(2)] < (1 + 2x)177. Using a similiar argument as in the proof of the previ-
ous proposition we see that we must have 1) = 0 which is a contradiction.

Case (ii). Set ¥™(z) = (y™)* 1 7F,, (2™ + y™2) for zx > —1. Then |™(0)] is
bounded away from zero and
()] < (14 201 for g™ (14 2n) > 1,

and recall that 4+ 1 —a € (0,1). One should note there is an estimate valid for
zn near —1 but we won’t need this. A computation shows that
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Tm,u(ﬂ' - 1)¢m(z)

—AY™(2) + :?Lmz inzy > —1,
with 9™ = 0 on zy = —1, where hp, (2) = (y™)* # L h,, (Z7+y™z). A computation
shows that
- .
|hm (2)] < | Yy for y™ (14 zn) > 1,

(1 —+ ZN)O‘_:U“"l ’

and hence hy,, — 0 uniformly away from zy = —1. Again by compactness and a

diagonal argument we can assume 9" — 9 in Cllo’g(zN > —1) and 7, — 7 € [0, 1]
and v satisfies

Tu(p — Dip(z) :

—AY(z)+ ————==0 inzy > -1, 12

v + B v (12)

with [1(2)] < (1 + 2x)**172 for zy > —1 and hence 1 = 0 on zy = —1. We can
now apply Proposition 4 to get the desired contradiction.

Case (iii). Here we set ¢™(z) = ¥ (2™ + y™z) for zy > —1. Then [¢p™(0)] is
bounded away from zero and there is some C' (independent of m) such that
[ (2)] < Cx(1,1) (2n) (14 28) 77 4 OX(0,00) (28 (1 +2)FH72, (13)

for zy > —1. A computation shows that

T pi(pp — D)™ (2)
(1+ 2y + (ym)~1t)?

—AY™(2) + = hn(2) in 2y > —1,

where T, (2) = (y™)2h (T + y™2) and hy, — 0 uniformly away from zy = —1.
Using compactness and a diagonal argument we have Y™ — 9 in Cllo’f(zN > —1),
hence 1) satisfies

Tu(p — 1)(z) ,
—————= =0 inzy>-1
(1+zy+T)2 N
with T' = ﬁ, where y™ — y> € (0,00). Note also that |¢)(0)] # 0 and % also
satisfies the pointwise bound for ¢ given in (13). We can now apply Proposition
3 to get the desired contradiction.

—A(z) +

We have proven the desired estimates on || ||x,, i-e., [[¥mlx, — 0. To see
that in fact ||7,Z1m||)/(; — 0 one can now use a standard scaling argument, see the

end of the proof of Proposition 2 for an idea of the needed scaling argument. [J

2.2. Liouville theorems. In this section we prove the needed Liouville theorems
that arose in the blow up analysis.

Proposition 3. Lett >0, 7 € [0,1] and ¢ € )/(; be such

Tu(p — 1) (x)

—A(z) + (on + )2

=0 in RY. (14)

Then v = 0.



A NONLINEAR ELLIPTIC PROBLEM INVOLVING THE GRADIENT ON A HALF SPACE 9

Proof. The case of 7 = 0 has already been handled since this is just the Laplacian.
Again we will switch notation to t =7 = (z,y). For L <i< N—-land0< |h| <1
we consider

wh(aﬁ,y) _ 1/J(($7y) + hljl) — ’(ﬂ(.T, y) 7

and note that 1" satisfies the same equation as 7. Also note that since t > 0
the equation has no singularities in it at y = 0 and hence % is in fact smooth
up to the boundary. Also there is some C' > 0 (independent of h) such that
| (z,y)| < CyP~ for xxy > 1 and note p — a < 0. Also there is some Cj,
such that |¢"(z,9)| < Cry'~ for 0 < y < 1 and again we have " is in fact
smooth. Using the above bounds we see that 1" is bounded and so if we assume its
not identically zero we can then assume (after multiplying by —1 if needed) that
SUPy Y = T € (0,00). If this is attained at some (2°,%°) (with ° € (0,00))
we get a contradiction via the maximum principle. Hence there must be some
(x™,y™) such that ¥" (2™, y™) — T and note that we must have y™ bounded and
bounded away from zero after considering the pointwise bound. For zy > —1 we
set (m(2) = PP ((z™,y™) + y™z) and note (,,,(0) — T and ¢, < T. Also note that

[Gm(2)] < Cly™)H (L +2n)"7 fory™(1+2y) > 1, and

[Gm(2)] < Cu(y™)' 7 (1 +2n)' 77 for 0 <y™(1+2n) < 1.

By a compactness and diagonal argument we see there is some ¢ such that 1, — ¢
in C1%(zy > —1) and ( satisfies

loc
Tu(p — 1)¢(2)

_AC(Z)+—(1+ZN+y%)2

=0 inzy>-1,

where y™ — y*° € (0,00) and ( satisfies the same pointwise bounds as (,, and
hence ( is nonconstant on zy > —1 and attains its maximum at the origin which
contradicts the maximum principle. From this we see that 1" is zero and hence
Y(x) = ¥(zy). Returning to the equation for ¢ we see it is now an ode of Euler
type and hence has solutions of the form

Y(zn) = Crlzn + )+ + Co(zny +1)P- 7,

where

1 1+4+4ru? —4ru

ﬁi(T):§i 9

A compuation shows that £/, (1) > 0 for 7 € (0,1) and hence for 7 € (0,1] one has
B4(1) > B4(0) = 1. Note that

a—l-p+Bi(r)>a—-1-p+p(0)=a—-pn>0,
and hence writing out limsup, .. 2% ' “[¢(zy)| < C gives that C; = 0. To

satisfy the boundary condition one sees they must have C; = 0 and hence ¢y = 0. O

Proposition 4. Suppose 7 € [0,1] and ¢ satisfies

—Ay(z) + W =0 nRY, (15)

with [(z)] < Cah™ = for x € RY. Then ¢ = 0.
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Proof. The case of 7 = 0 is handled in the proof of a previous result. As in the
previous proof, for 1 <7< N —1 and 0 < |h| < 1, we consider

wh(x,y) — 1/’((937y) + h;z) — w(% y) ,
and note that )" satisfies the same equation as v. Note this time the equation is
singular on the boundary.

Also there is some C' > 0 (independent of h) such that [ (z,y)| < Cy#~ for all
y > 0 and note u — a < 0. Also there is some Cj, such that |"(x,y)| < Cpyt—o+!
for all y > 0 and this exponent is positive. Combining the pointwise estimates we
see there is some € > 0 such that

sup | (z,y)| = sup " (2, y)|.
(2.9)eRY (2,)€RN =1 x (c,e-1)

We can argue exactly as in the previous case to see that () = ¢ (xn) (we have
switched notation back to just z € RY). So we have
P(an) = Cra ™ 4+ Coais ),

where S84 (7) is from the previous proof. Provided we have both 54 (7), 8_ () differ-
ent from p + 1 — « then by sending z — 0,00 we can see C7 = Cy = 0. From the
previous proof we know that 8. (7) > p+ 1 — « for 7 > 0. By using monotonicity
in 7 one sees that 5_(7) < £+ 1 — « and this gives us the desired result.

O

3. THE FIXED POINT ARGUMENT

We now will fix ¢ = 1. The following lemma includes some fairly standard
inequalities that are needed to prove the nonlinear mapping is a contraction. Note
there are no smallness assumptions on the y and z terms. See, for instance, [3, 36]
for a proof.

Lemma 1. Suppose 1 < p < 2. Then there is some C = C, such that for all
vectors .y, z € RN one has

0< |z +ylP — 2P = pla|P ™%z y < Cly|”, (16)

’Ix +ylP —plafP 2z -y — |z + 2P + plzP 22 - Z( <Oy~ +zP7Y) [y — 2] (17)

|12+ 917 =+ 217 | < C (gl + |27~ + [ ) Jy = 2. (18)

We will now prove Theorem 1 and for the readers convenience we restate the
theorem.

Theorem 1. Suppose % < p<2and g is bounded, Holder continuous and satisfies

sup lg(x)] — 0 as R — oo.
|z|>R, Ny >0

Then there is a nonzero classical solution of (2).

Proof of Theorem 1. We will show that Jy is a contraction mapping on Bg as
we outlined in the outline. In what follows C is a constant that can change from
line to line but is independent of A and R.
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Into. Let 0 < R <1, ¢ € Bg and let v» = Jx(¢). Then ¢ satisfies (7) and by the
linear theory (Theorem 2) and using (16) we see that

[x(D)lx = I¥lx < Cllg2)|[Vue|’[ly + Cllg(Az)[VolPlly + Cll|Vur + Vol?
—| V[P = p|Vue P>V - Voly
< Cllgz)[VuePlly + Cll|[Vo|P[ly

since g is bounded. Using the bound on ¢ we see that |||V¢|P|ly < CRP and we
now examine the other term. So towards this we set
o+1
L= sup 2% gO0)||VuslP < C sup — N |g(Az , and
L= s of lgO0)|VaP <C s o)
2 +1 x}xvﬂ
I := sup z% A2)||[Vue|? < C sup ————|g(Ax)|,
2= sup fH o) [V < C sup X o()
and note that ||g(A\z)|VuP|ly < I} +I3. Let 0 < § < 1 (small). Set A(T) :=
SUP, \ >0,jz(>7 [9(2)] and recall that A(T') — 0 as T' — co. Then

1 x‘fvﬂ x}vv—&-l
I, < C sup ————|g(\x)|+C sup ————|g(\x
A o<azn<é (TN +t)ap‘ () s<an<1 (TN th)ap' ()l

< CoTT H CANG).

Similarly one sees that I/% < CA(X). Combining the above results and using the
fact that A is monotonic we see that

[I3()]lx < C{RP 4+ 67T + A(XS)} .
So for Jy(Br) C Bg it is sufficient that
C{RP + 35T + AN)} < R. (19)

Contraction. Let 0 < R < 1, ¢; € B and 9; = Jx(¢;), i = 1,2. Writing out the
equations for 92 and ¢ and taking a difference and using (17) and (18) we arrive
at

| Ix(¢2) = Ia(é1)|x = [[v2 — 1|lx < CH) + CKy,
where

Hy = ||gz) {[VueP ™ + [V~ + [Veu [P~} [V — Vo], and

Ky = [{IVo2lP ™ + V1P } Vo — Vo [y
We first estimate K. So using the bound on ¢- one can see

sup a3t Vel Ve — Vor| < RPTU sup ol 7T T Ve, — Ve
O<zn<1 O<zn<1

< R Mgz — oullx
provided o + 1 — o(p — 1) — o > 0, which is satisfied after recalling we are taking
o > 0 very small. A similar argument shows that
- - 1—a—a(p—1

sup 2% Vol Vo — Von| < RP™ ga — nl|x sup a7 7o@Y,

rny>1 rny>1
and so here we need the exponent to be less or equal zero and note that this exponent
is zero. Combining these two results we see that Ky < CRP™{|¢a — ¢1 x.
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We now examine the H) term.
e First we examine the term ||g(Az)|Vu [P~ |V — V1]||y. Using an argu-
ment as before one has

sup an|g(Az)| < Cod+ CA(NS).

0<zNn<1

A computation shows that
sup |g(\2)[[VueP7H Vo = V| < Cllga = dullx sup anlg(Az)|
O<zn <1 O<zny<l1
< C(6+ AX9))|d2 — ¢nllx-
We now examine the outer portion of the norm,
a — X
sup 23 |g(Aa)|[ Va1V = Von| = C sup ———|g(\z)| {a|V2 — Vu}
rn>1 n>1 TN +1

CAN)|¢2 — ¢1x-

IN

Combining the results gives
lg(A2)[Vue| P~V do — Vnllly < C {5+ AN} 2 — ¢nllx (20)

after using monotonicity of A.
e We now examine the term || g(Az)|Vo [P~ [V, — V¢1|Hy. Using the esti-
mate for ¢ one sees that

sup_ 2% g(A)[|VealP ™ Vo —Ven| < B a=dullx sup "% V]g(a)].
0<zn <1 O<zn<1
A computation as before shows that
sup x}vfg(pfl)|g()\x)| < st L CAND),
0<zny<1
and hence
sup a3 |g(A0)| [V~ Vo —Vion| < CRIH{7070 1 A(X0) | [ld2—on |-
O<zny <1
Similarly the outer portion of the norm gives
sup 23 [g(A)|[VolP ™ [Vdo — Veu| < RPT! sup |g(Az)|afy[Veo — V|

Tn>1 rn>1
RPIAN) |92 — 61l

and hence combining these two results gives

l9(a) [Vl V62 = Voul|,, < CRH {51700 4 400) } gz — dullx, (21)

IN

where again we have used the monotonicity of A.

Combining with the previous results gives
Hy < C {6+ A08) + R (8177070 1 400)) } 162 — o1 x.

Combining the estimates for Hy) and K shows that

1Ia(62)—Ja(81)lx < C{RP™ + 6+ A0S + Bt (87000 1 4(06) ) } 12— | x.
Hence, J) is a contraction on Bg provided

C {RP*I 6+ AN + RV (51*”@*“ + A(M)) } < (22)

> w
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So for Jy to be a self-map and contraction mapping on Br we need both (19)
and (22) to hold. To pick the R,d, A one first chooses R > 0 very small but fixed,
then fixes & very small and finally picks A very big. Once J, is a contraction we can
use Banach’s Contraction Mapping Principle to see there is a fixed point ¢ € Bpr
and hence we see that u(xz) = u(z) + ¢(x) is a solution of (5). Note that u; is
smooth and the gradient of ¢ can have slight blow up at xy = 0; depending on
o > 0. By taking ¢ > 0 very small one can apply elliptic regularity to see that u is
a classical solution. To see that u is not identically zero one needs to choose R > 0
sufficiently small (relative to |lu.||x) and then one sees that |[Vu(z)| > 0 for zx > 1
(for instance). O
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