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1. Introduction

In this article we are interested in examining the existence of positive solutions of

(1+g(@))u(x)? in B,

—Au(z)
{ u =10 on O0Bp, (1)
where Bp is the open ball of radius R centered at the origin in RY (where N > 3) and where p = %

In this work we will only consider the case of g radial and continuous. We first consider the subcritical case
1l <p< % In this case a standard variational approach easily yields a nonzero H{(Bg) solution and
then one can apply elliptic regularity theory to show that the solution is in fact as smooth as g allows. In
. _ N+42
the case of p = 5
needed imbedding.

the direct variational approach no longer works since one loses the compactness of the

1.0.1. The Hénon equation
If one replaces 1 + g(z) with |z|” in (1) then one obtains the well known and extensively studied Hénon
equation given by

—Au = |z|"uP in £,
{ u =20 on 012. (2)
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A classical Pohozaev argument shows that there is no positive classical solution of (2) provided that {2 is a
smooth bounded star shaped domain in RN with p > % =: po(N). This suggests that one may hope
to prove the existence of a positive classical solution of (2) in the case where 1 < p < po(N), and indeed
one has the following result:

Theorem A (Ni [15]). Suppose N > 3,0 < «a, 2 = By and 1 < p < po(N). Then there exists a positive
classical radial solution of (2).

Proof. The idea of the proof is to show that Hj,,,(B1) == {u € Hg(B1) : uis radial} is compactly
imbedded in the weighted space LPT1(By,|z|"dz) for 1 < p < pa(N). One can then perform a standard
minimization argument to obtain a positive solution of (2). O

After the work of Ni [15] the Hénon equation did not receive much attention until [18], where they
examined (2) in the case of 2 = B;j. They showed, among many results, that for 1 < p < % the ground
state solution is non radial provided that o > 0 is sufficiently large. Since this work there have been many
related works, see [2-4,19], which show various results regarding properties of solutions to (2) in the case
where {2 = B;. Some of these works include certain ranges of p > % We now mention the recent work [10]
where they examine (2) for general bounded domains containing the origin. They show many interesting
results, one of which is the existence of positive solutions provided p = % — ¢ where € > 0 is small.
In addition they have another recent work [11] where they examine (2) on RY and obtain many interesting

results. We also mention the very interesting related works [12,13].

1.0.2. A generalized hénon equation
Consider replacing 1 4 g(x) with h(z) in (1) to get
{—Au(x) = h(z)u(z)? in Bg, 3)
u =20 on JBg,
where h > 0 is radial. In the case of h(0) = 0 one can use approaches similar to those for the Hénon equation
to obtain positive solutions of (3). We mention one result here is that if h is radial and continuous with
h(0) = 0 and p = {+2 then there is a positive solution of (3); see [21].
In this work we consider (1) in the case that g > 0 and radial. Note importantly that if h(z) = 1+ g(z)
then h(0) > 1 and hence we need an alternate approach. The approach we will use is a dynamical systems
approach developed by the first author in a prior work [1].

Theorem 1. Let N >3, p= % and assume g is nonnegative, radial and Hélder continuous.

1. Suppose B,b > 0 and g(r) = brP. Then for all R > 0 there is a positive solution of (1).
2. Suppose g > 0 is increasing. Then for sufficiently large R there is a positive solution of (1).

Remark 1. We make a few remarks about Theorem 1. For the case of large R we can prove part 1 using
a perturbation argument of the classical Hénon result. To prove the result for all R > 0 we use a dynamical
systems approach. For part 2 we use a standard variational approach and again we need a large parameter R.

We now mention some previous related results. In [5,9] the following

{ —Au(z) = uN + k(z)f(u) in Bg, (4)
u=20 on 0Bg,

was examined under various assumptions on k and f. In [5] the existence and nonexistence in the case
k(r) = r? with 8 > 0 and f(t) = t, is completed. In [9] the case of k(r) = 77 and f(t) = t7 is considered

N+4+2+428
for 1 <qg < —~N-1 -
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In the next theorem we generalize the equation we are considering and here the proofs will fully utilize
our dynamical systems approach.
Theorem 2. Let N >3, k= 3(N —2), and a >0 and 3 > 0 be constant that satisfy
0<f—ak<2k=N-2. (5)
Assume that g = g(r,u) > 0 is C* for r >0 and u > 0 and satisfies

g(rX,r=ku) = rf=2kg(X u) Vr>0 0<X <1, u>0, (©6)
|G (ryw)| < Myu=1 Vo<r<1,0<u<l,

where My > 0 and 0 < a; < p are constant, and g, = %, Then for every b > 0 there is a positive solution of

{ —Au(xzi i (()1 + bg(|z|, u)) u(z)? Z;glél 7

In particular, this result holds for g(r,u) = r#=°* 4 drfu® where d > 0 is constant.

Theorem 3. Let N > 3, k = 3(N —2), and a > 0 and B > 0 be constant that satisfy (5). Let
No = (3k*(p+ 1))@=V and assume that g = g(r,u) >0 is C* for r >0 and u > 0 and satisfies

&g(r,rFu) >0, ¥r>0,0<u< N,

g(r,r=Fu) < Morf=hke Vr>0,0<u< N, .
|gu(r,u)| < Myu—*1 Vo<r<l1, 0O0<u<l, (®)
g(r,r Fu) — oo as r — oo uniformly Yu € [ug, No] and Yug € (0, Np),

where My > 0, My > 0 and 0 < ay < p are constant. Fiz any 0 < v < p—1 and p > 0 small such that
B — ka < 2(k — 2p). Then for any sufficiently small § > 0, there is eg = €o(0) > 0 such that for any
0 <e<eg and any R satisfying

E—I/Q(k—QP) < R< (557)_1/(5_‘1]‘7)’ (9)

there exists a positive solution of

—Au(z) = (1+eg(|z|,u))uP in B, (10)
u=0 on 0Bg.

Remark 2.

N+42
1. We comment that in this paper we are considering various perturbations of —Au = uN=2 in B; C RY.
The main thing we need to utilize in our approach is to perturb off a homoclinic orbit of this unperturbed
equation. So we could have generalized our results in Theorems 2 and 3 to consider perturbations of

—Au = |x\aup°‘(N) in B; C RV, u=0on dB;.

2. We would like to point out that even though our results are new we hope that our dynamical systems
approach might apply to other elliptic problems where a more classical approach is not available.

Remark 3.

1. An alternate proof of Theorem A, using a change of variables, is available. This approach is taken
from [7] (and was also independently noticed in [11]) where it was used to analyze various numerically
observed phenomena related to the extremal solution associated with equations of the form

—Au= X1+ $)?|z|*f(u) in By,
u=20 on OBj.

See the appendix for details regarding this change of variables.
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2. Crucial in the proof of Theorem A is the fact that |z|” is zero at the origin. If one considers
H§ qq(B1) C LPYY(By, h(x)dz) where h is bounded away from zero and radial, one does not gain
any improved imbeddings. It is precisely this case we consider in the current work.

Remark 4. After the completion of this work we were notified of the work of Naimen—Takahashi [14]. They
examine similar equations to (1) but they use a purely variational approach to obtain positive solutions and
they also consider nonexistence of positive solutions. Their results seem quite strong and generalize the
results from Theorem 1. They do not consider as general equations as we consider in Theorems 2 and 3.

2. The classical perturbation and variational approaches for Theorem 1

Proof of Theorem 1 part 1; for large R. Here we want to find a solution of (1) for large R in the case
1 2+8

of g(r) = 1+ brf. For R > 0 define up(r) = b»~1T Rp=Tu(Rr) for r < 1. Then u is a positive solution of (1)

exactly when up is a positive solution of

{—AuR(rl)L i SLR(T)UR(T)Z’ g;gj}’gl, (11)

where hg(r) = r® + b}t%ﬁ‘ Note for large R that hg is a small perturbation of 7% in L>(By). Hence provided
the radial positive solution of the Hénon equation in the case of the above 3, p is nondegenerate in the
space of radial functions, then one can use a perturbation argument to obtain the desired result. One does
in fact have this radial nondegenerate condition. To see this one notes that the positive radial solution of
—Av =P in By with v = 0 on dB; is nondegenerate; see [16]. One can then use the change of variables in
Remark 3 to obtain the desired result; note one does not obtain directly the nondegeneracy of the solution
in the full space H}(Bj) but rather just in Hol,md(Bl). One can use arguments developed in [8,17] to obtain
the nondegeneracy on the full space for a reduced range of p; see [6] for details. The dynamical systems
approach to prove the result for all R > 0 is given in the next section. [

Proof of Theorem 1 part 2; for large R. For the proof we change notation slightly so as to agree with
the more standard notation from the Concentration Compactness Lemma IT, page 42 [20]. Set h(r) = 14g(r)
and set ¢ := 2* and so we are interested in finding positive solutions of
—Au(r) = h(r)u(r)?! in Bg, (12)
u =20 on OBR,

for sufficiently large R. Consider the energy

|Vu|*dx
E(u) = fBl;i
1l Za (B ginda)
for v € H&md(BR) =: X, here the L7 space in the denominator is using the measure h(z)dz. Set

T := inf,cx E(v) and let u,, € X (which we can assume is nonnegative) such that
Eum)=T+¢em

where €, \, 0. Let Sy denote the optimal constant in the critical Sobolev imbedding. We will show that if

T < SiN, (13)

2
(h(0))*

then there is a positive solution of (12). By normalizing we can assume ||ty ||La(Byshdzy = 1. Since h is

bounded away from zero and bounded on Bgr we see that u,, is bounded in L?(Bpg) with the Euclidean
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R
measure. By passing to a subsequence we can assume u,, — u in Hg,,,(Br) and in CZOO’C2 (Br\{0}). By the
concentration compactness lemma there are constants v, ) > 0 such that u,, = |Vum|2dx — p and
Um = |um|?dx — v in the sense of measures where

v = |u|dz 4+ vy, w > |Vul*de 4+ p™Mag

in the sense of measures and where Jj is the Dirac mass at the origin and
2
Sy (l,u)) T <,

Now note that if we can show that (*) = 0 then we have fBR [t | dx — fBR |u|?dz and hence we can prove
Um — w in LY(Bg). From this we can show that ||u||ze(By:nde) = 1 and from this one can see that u is a
nonnegative nonzero minimizer of F over X and hence is a nonzero nonnegative solution of (12) and one
can then argue that w is strictly positive.

So we now assume (13) holds and ") > 0 and we hope to arrive at a contradiction. Then we have (after
passing to limits)

2
fBR |VU|2dx+/“L(1) > fBR |VU|2dx+SN(1/(1))q
: 2
(IBR hlul?dz + V(l)h(0)> Tl pinan) + PO)T (VD)

and this inequality is strict in the case of u # 0. In the case of v = 0 this contradicts (13) and so we can

now assume u % 0. Let v > 1 such that Ty = SN - and we write the above as

h(0)d

2

T> IBR‘VuFdx“FSN(V(l))q B a+b
2 2 T

)20 5 iy + BO)E ()T cFd

T>

2
q

and note ¢ > T and % =T and hence

a+b S Te+ Tvd
c+d~ c+d
which gives us a contradiction. So we have shown if (13) holds then we must have (') = 0 and from our
earlier arguments this implies we have the needed compactness of the minimizing sequence.
We now show that we do in fact have (13). To show the dependence on R we now write Tg for T. Fix
€ > 0 sufficiently small such that

>T

3

(1+2)3h(0) < h(1).
Then there is some 6 > 0 small and 0 < ¢ € H&md(Bl) smooth, compactly supported in B;\Bj such that

Jo 99 e
(J, 1o "dz)*

Set ¢r(z) = ¢(R~1x) and then note we have
f5<|y\<1 V() dy _ f5<‘y‘<1 IVo(y) | dy B

(fypyier PEDISW)"dy)* (hemy)? (e [6)1"ay) " (HOTD)
and note this quantity is strictly less than
Sx  f h(1) 7
(h(0))7 {h(6R)} ’

for R > %, which completes the proof. [

Tr < E(¢r) =

)

(1 + {:‘)SN
2
q

SN
(h(0))

and this is strictly less than

2
q
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3. Dynamical systems approach

We begin by looking for positive classical solutions of (10). A radial solution u(r) = u(]z|) of (10) satisfies

u”’(r) + n- 1u’(r) +[1+eg(r,u)u(r)? =0, 0<r<R, u(R)=0, (14)

note we are omitting the condition «/(0) = 0, which we get for free provided the solution is sufficiently
regular. We make the standard change of variables

2 1
t=Inr, o(t) = rFu(r), k:EZQ(N_Q)’
and yields that v is the solution of
V' (t) — K2o(t) + [1 4 eg(et, e o(t))]u(t)? = 0, —00 <t <T, v(T) =0,

where T' = In R. We shall prove the following result.

Theorem 4. Let N > 3, k = %(N —2), and a« > 0 and B > 0 be constant that satisfy (5). Let
No = (3k*(p + 1))Y/®=Y and assume that g = g(r,u) > 0 is C' for r > 0 and u > 0 and satisfies
(8). The following hold.

(i) For any sufficiently small § > 0, there is g = €0(8) such that if 0 < € < &g, then for every vy € (0, 4]
the equation

v — k20 + [1 +eg(el, e Fu)oP = 0 (15)
has a solution v = v, ., defined on (—oo,T| for some T :=T.(vo) € (0,00) satisfying

v(0) = v,

(Uﬂ/)(*oo) = (070)3

o(T)=0, v(t)>0 Vt<T,

V'(Th) =0  for some Tp € (0,T),

v' >0 on (—o0,Ty) and v' <0 on (Ty, T,
U(To) < Np.

Furthermore, h:(vo) = v, (0) and T-(vo) are continuous functions of vy € (0, d].
(i) Let 0 < v < p—1 and let p > 0 be small such that 8 — ko < 2(k —2p). Let § > 0 be sufficiently small.
If e > 0 is sufficiently small, then the range of T, over (0,6], namely, T-((0,0]) := {Te(vo) : vo € (0,6]},

satisfies

Tgaxﬂ);[—2 Ine, 1n@&U}. (17)

1 1
(k—2p) B — ka
We need a series of lemmas to prove this theorem. In the proofs of these lemmas the energy function E(t)

of (15) plays key roles. Along any positive solution v of (15), E(t) is defined as
2
E(t) == v"2(t) — E*0*(t) + ﬁvpﬂ(t), E'(t) = —2eg(e’, e ()P (t)v' (t).
p

When e = 0, Eq. (15) reduces to a Hamilton’s equation v” — k?v + vP = 0 and E(t) is constant along any
positive solution of it; in particular, this equation has a homoclinic orbit Iy (see Fig. 1) in the (v,v’) phase
plane that connects the origin (the trivial equilibrium point) and has also a continuum of closed orbit inside
Iy that surround the other equilibrium point (k?/7~1,0); we also have that E(t) < 0 when (v(t),v'(t)) lying
inside I'p and E(t) > 0 when (v(t),v'(t)) lies outside I, and the maximum value of v along Iy is Ng. When
e > 0 we have E’(t) < 0 whenever v(t) > 0 and v'(t) > 0 and E’(¢t) > 0 whenever v(t) > 0 and v/(t) < 0,
and

V(t) = i\/k%Q(t) — () + B(D).

p+1
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0.5

-0.5

0 0.’5 i 1j5
Fig. 1. The homoclinic orbit I'y of v/ = w, w’ = k?v — vP.
Lemma 1. Let § > 0 such that 5?~! < %(p + 1)k%. Then for sufficiently small ¢ > 0, if
0<wv(0)<6, 2'(0)>0, FE)>0,

then there is T € (—00,0) such that T > ——22_ and

VE®
{ v(T) = v(t) >0 Vte (T,0],
V() > 0 vt € [T, 0).

Proof. Let Tj = —\}’% and T = inf{t € (To,0) : v(s) > 0,v'(s) >0, Vs € [t,O]}. It follows that
T > Tp. Since v'(t) > 0 for ¢t € (T,0], we have E’'(t) < 0 and E(t) > E(0) on (7,0), and

V' (t) = \/k2v2(t) - ilvl’ﬂ(t) +E@t) > VE{) > VE() > 0

where we used 0 < v(¢t) < v(0) and 1U”+1(t) < £k?v%(t) by the choice of 4, from which we obtain
(0) + /E(0)T and so T > —v(0)/+/E(0) = Ty. By the definition of T" and v'(T) > 0 we conclude
v(T) = 0 as well as the rest of the assertions of the lemma. O

p

Lemma 2. Let § >0 be small and My := supy_¢<; 9(1,&). Then for sufficiently small € > 0, if

2M26

0<v(0) <6, 2(0)>0 E0)<-—
w(0) <0, v(0) 0<%

v H0),

then there is T € (—o0,0) such that

V(T)=0, V'(t)>0 Vte(T,0],
{v(t) 0, BE(t)<-Z2wrH(t), VielT,0].

Proof. Let

QMQE

:inf{t<0: v(s) > 0,v'(s) >0,E(s) < 1

vPT(s), Vi<s< O}.

W have —oo < T < 0. We claim that T > —oo. If this is not true, then we would have T' = —oo, v/ > 0,
and v > 0 on (—00,0], and so 0 < v(—o0) < 4. Since E’(t) < 0 for t < 0, it follows that F(—o0) exists with
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E(0) < E(—x) < —%’UP—H(—OO) and so v'(—o00) exists from the definition of F, which together with the
finiteness of v(—o0) gives v'(—o0) = 0. On the other hand, for ¢ € (T, 0),

E(t) = E(0) + 25/t g(e®, e *u(s))vP (s)v'(s) ds < E(0) + 2M25/t vP(s)v'(s) ds

2M26 2M28
S —U

) — o ] < EO) +

= E(0) + rH0), (18)
where we used the first assumption on g in (8) to get g(e®, e *w(s)) < g(1,v(s)) < My, then sending
t — —oo gives

2M2€
E(— < E0)+ ——
(~o0) < B(0)+ =]

which together with the definition of E(—o00) < 0 and v'(—o0) = 0 yields v(—o0) > 0. Now it follows

from Eq. (15) and the smallness of § that for t € (—o0,0), v”(t) > v(t)[k* — (1 + eMa)vP~1(t)] >

v(—00)[k? — (1 + eM3)6P~ 1] > 0, implying v'(—o00) = —oo, a contradiction. Therefore we have T' > —oo.
Note that (18) still holds for ¢ € (T,0) and letting t — 7'~ in (18) yields

vPT1(0) < 0,

2M2€
p+1

2M2€
-0

E(T) < E(0) + P

["*1(0) — o?H(T)] < PR,

Thus, by the definition of T we have either v(T) = 0 or v/(T) = 0. Since E(T) < 0, it follows from the
definition of E again that v/(T) = 0 and v(T) > 0. The rest of the assertion of the lemma follows from the
definition of T'. [

Lemma 3. Let d > 0 be sufficiently small. Then for sufficiently small e > 0 and any vy € (0, 4], there is a
unique solution v(t) = ve ., (t) of (15) satisfying

v(0) = wp,

— 20 < B(0) <0,
(v,0")(=00) = (0,0),

v >0 on (—o0,0].

(19)

Furthermore, h.(vo) = v, (0) is a continuous functions of v € (0,9].

Proof. Fix vy € (0,0]. For each v > 0, let v(¢,vg,v) be the solution of (15) with v(0,v,v)) = v and
v'(0,vg,v4) = v}, with the left maximal interval of existence (tvé,O] where v(t, vg,v)) > 0. Let

v'(t,vo,v5) >0 on [T,0],
A(vg) =< v, >0:3T € (tvé,O) such that ¢ v(t,vo,v)) > 0 on (T,0],
v(T,vg, v}) =0,
and
v(t,vg,v5) >0 on [T,0],
B(vg) =< v, >0:3T € (¢t ;»0) such that ¢ v'(¢,v0, vp) > 0 on (T',0],
V' (T, vg,v() = 0.
It follows from Lemmas 1 and 2 that both sets A(vg) and B(vg) are not empty. Since any solution v of (15)
with v(tg) = v/'(tg) = 0 implies v = 0, we see that A(vg) and B(vg) are disjoint. By the connectedness of
(0, 00), it follows that
C(vo) = (0,00) \ (A(vo) U B(vo)) # 0

and for any v} € C(vg), the solution v(t, vy, v{)) satisfies (19).
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Next we show that C(v) is a singleton set and h.(vp) is continuous on vy € (0,0]. Let vj € C(vg) and
v(t) = v(t, vo,v(). Since v is bounded on (—o0, 0], it satisfies the integral equation for ¢ < 0:

0 0
vu):(vo—l ksf(s,v(S))vp(s)ds> o / =) £(s, v(s))v7 (s) ds

t

+ — _k(t_s)f(s, v(s))vP(s) ds, (20)

where f(t,v) =1 +eg(e?,e*v), and it holds

0
v'(0) = kvg — / e*s f(s,v(s))vP(s) ds. (21)
We show that
v(t) < 3vee Vi <O. (22)

To do so, we let w(f) := sup{v(t) : t < ¢} for £ < 0. Taking the supremum of (20) over (—oo,#] we have

t 0
w(t) < voe® ty L sup (/ ek(tfs)f(s,v(s))vp(s) ds +/ ek(tfs)f(s,v(s))vp(s) d3>

2k _ooci<i \Jt i
1 t
+ — sup / e R=5) £ (5, v(s))vP(s) ds.

2k —co<t<t

and

O ~
w(t) < (1- 5P D~ Lugekt + (1 — 2 o= - kap—l/ P w(s) ds
t

~ 9 o
< 2upeft + %5”71/ e*=5)w(s)ds (by taking & small),

t

—kt < 2y + 25” ! f e *sw(s)ds, and applying the Gronwall’s inequality gives that

yielding that w(#)e
#9771 hence v(t) < w(t) < 200 79" for ¢+ < 0. Using this estimate and (20) we get,

w(f)e * < e
for t <0,

1/ 1/t
o(t) Svoektﬁ-g/ ek(t—s)vp(s)ds—i—g/ vP(s)ds
t —
0 t
< wpett + (21;:)pekt/ plp(h— 267 1) —Kls go o (21;:) / p(k=257 s g
t —00

(2v9)” kt (2v0)” E—26P~ 1y
< voe*! + et 4 plk=5 370
Wtk —3or 0 =R ek~ 3r0)
< 3ugert (by taking § > 0 further smaller if needed),

which shows (22).
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Next we first prove the following: If v; and v, are solutions of (15) with v1(0) = v§ and v5(0) = v¢ and

v](0) € C(v}) and v4(0) € C(v3), then
[v1 — valy := sup v1(t) — v2(t)] < 2Jvp — v
¢<0

To this end, subtracting the Eqs. (20) for v; and vy we have

0
9 1

vit) —va(t) =vo — 05 — 5 | e [f(s,v1(8)v] (5) = f(s,v2(s))v5(s)] ds €™

1 0
+ o | UTIF (s, 01(8))0h (s) = f (s, v2(s))0b (5)] ds

2k J,
+ i - e R f (5,01 ()00 (s) — f(5,v2(s))v5(s)] ds.

Note that, for s <0,
f(sa U1 (5))0{)(8) - f(sv 1)2(8))1)5(8)

= [f(s,01(5)) = f(s,02(s))]07 (5) + [ (s, 02(5))[v] (5) — 05 (s)]
=elg(e®, e ™ vi(s)) — g(e®, e va(s))]of (s) + f(5,v2(3)[v] (5) — w5 (s)];

(23)

(24)

use the mean value theorem, v{ < 4, v;(t) < 3de** (i = 1,2), and the third condition in (8) with p — a3 > 0

to get
|07 (s) — w5 (s)] < p(36)7~ €@V vy () — va(s)] < p(38)7 1P oy — s,

and

l9(e®, e (s)) — g(e®, e va(s))|v] (5) < Mife™ vi(s)] 7 e o (s) — va(s)[v] (s)

< Mle(o‘l_l)ks[vl(s)]p_al|vl(s) —va(s)| < M1(35)p_ale(p_l)ks\v1 — 2]
Hence, for s <0,
| f(5,01(5))07 (s) — f(s,v2(s))v5(s)]

< M, (38)P~1ee®P VRS |y — w4+ 2p(38)P L P DRy — ),

< p3PaPLePmDRS gy |, (by taking e small),

and hence,

| s ool (s) = Fls.ealo)i(o)] ds

—0Q0

< p3PP vy — U2|0/

— 00

O Lk 3 1
el ds < ?6”7 lvr — v,

0
/t M| f(s,01(5))0] (s) = f(s,va(s))v5 ()| ds

-1 O k(—s) (p—1)ks P3P i
< p3P6P oy — v, e e'? ds < 7(5" [v1 — v2lys
t

(25)
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and

t
/ e I (s, v1())0} (5) — f (s, va(s))0E(s)| ds
t
efk(tfs)e(pfl)ks ds S I%ap*lh}l — V2

< p376 o1 — val, /

— 00

o
Therefore, from (24)

p3rtt
22

_ 1
o1 = waly < |vg —v5] + 8P~ ot —waly < v —vp| + v = w2l

by taking ¢ small which yields (23).

Now it readily follows from (23) that for any vy € (0, 4], if v} = v} = vo then v — va|, = 0, showing that
C(vo) is a singleton set. Hence we denote the solution of (15) with v(0) = vo and v'(0) € C(vo) by e ., (1),
and he(vo) = v, ,, (0) is a well defined function of vo € (0, d].

Next we show that h.(vg) is Lipschitz continuous on vg. To see this, let v}, v3 € (0, 6], then use (21) for
vy and v to get the equations for v](0) and v5(0), then subtract these equations to give

0
v1(0) — v5(0) = k(v — v5) — / e [f(s,v1(5))v1 (s) — f(s,v2(5))v5 (s)] ds,

— 0o

and then use (25) and (23) to get
1 2 / I 2-3° p—1 1 2
|he(vg) — he(vg)| = [v1(0) —v3(0)[ < (K + T(S lvg — vol,
which shows that he(vg) is Lipschitz continuous on vg. This completes the proof of the lemma. O

Lemma 4. Let 6 > 0 be sufficiently small. If ¢ > 0 is sufficiently small, then for every vy € (0,6], the
solution ve v, of (15) given in Lemma 3 has the following properties:

(i) There is t7° € (0,00) such that v_, (t7"°) =0, vZ, (t7"°) <0, and v_, (t) >0 fort € [0,t7"°);

(i) There is t3"° € (170, 00) such that ve vy (t3"°) = 0 and vl (t) < 0 fort € (1770, t5"°]. Furthermore,
5”0 is continuous on vy.

(iii) For all t € (—00, 15", Ve, vy (t) < Ve, (8777°) < No.

Proof. Let v(t) := v.y,(t) with the maximal interval of existence (—oo,w™). Let t; = sup{t € (0,w™) :
v’ > 0}. For t € (0,t1), since E'(t) = —2egvP(t)v'(t) < 0, we have E(t) < E(0) < 0, so (v(t),v'(t)) lies
inside the homoclinic orbit I, so v(t) is bounded. We claim that ¢; < oo. Suppose this is not true. We have
v(t) /' Vo as t  0o; Now taking T > 0 sufficiently large such that for ¢ > T, using v(t) > v(0) > 0 for
t > T, the first and fourth assumptions in (8) give

eg(el, 7 ()P (t) > eg(el, r F T u(t))vP(0) > 2k%vae.
Hence, for ¢t > T,
v (t) = k2u(t) — vP(t) — eg(el, e Fu(t)vP(t) < —k va,

yielding v/(t) < v/(T) — k*vs (t — T') < 0 for sufficiently large ¢, a contradiction. Hence we have t; < oo, and
from the definition of ¢1, v’(t1) = 0, and furthermore, v”(t1) < 0, for if it is false, then we have v’ (t1) = 0
and so

V(1) = [e g, Fu(t) s +2gu(e, e ()0 ()] o (1)

d
= —gag(r,r’kv(tl))h:etlvz’(tl) <0,
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yielding that v/(t1) = 0 is a local maximum of v" and v'(t) < 0 for ¢ < t1, which is a contradiction. This
shows v”(t1) < 0. Letting ¢7""° := ¢; completes the proof of (i).

Next we show (ii). Let to := sup{t > ¢ : v/'(t) < 0,v(¢) > 0}. We claim that t5 < co. If not, then we have
v(t) \( Voo as t 00 for some v > 0. If o > 0, then taking T > ¢; sufficiently large and using the similar
reasoning as above with v(t) > v > 0 for t > T we have for ¢ > T,

eg(el,r~Fu())vP(t) > eg(el, r=*u(t))vP, > 2k%v(t),

so v''(t) < k?v(t1) — 2kv(t1) = —k%v(t1), so v'(t) < v'(T), and so v(t) < v(T) + V'(T)(t — T) — —o0 as
t — o0, a contradiction. Hence, t2 < co.

By the definition of ¢2, we have either v/(t3) = 0 or v(t2) = 0. Assume that v’(¢3) = 0. Let tg < ¢; be the
time where v(tg) = v(t2). Then we have

E(te) — E(to) = —25/ ’ g(el, e o (t))wP () (t) dt

to

131 to
—25/ glet, e * ()P (t)' (t) dt — 25/ glet, e Fu(t))wP () (t) dt
to t1
v(t1) v(t1)
= 725/ glet=) e Ft=(y) P dy + 25/ g(et+®) ekt ()P dy

(to) v(t2)

v(ty)
= 25/ ' [g(et‘F(“)7 e_kt+(”)v) — g(et—(”)7 e_kt—(”)v)} vP dv > 0,
v(to)

which contradict to the fact that E(t2) — E(tg) = —v'(tg)? < 0. Hence v'(t3) < 0 and v(t2) = 0. Let
"0 = ty. Since v, (0) is continuous on vy from Lemma 3 and v, (t°°) # 0, it follows from the

continuous dependence of solution on initial data that t5"° is continuous on vy € (0,d]. This shows (ii).

Finally, since E(t1) < E(—o0) = 0 and v'(¢1) = 0, it follows from the definition of E that v(¢1) < Np.
Since v(t;) is the unique maximum of v(¢) for ¢ < tq, (iii) follows. O

. . 5 . .
In the next two important lemmas we estimate 5" and ¢5° where vy is defined in Lemma 5.

k
Lemma 5. Let 6 > 0 be sufficiently small, 0 < v < p—1, and vy := §(e07) B~k . If e > 0 is sufficiently
small, then t5™° for the solution ve ,, of (15) given in Lemma 3 satisfies

U 1
570 > ~ 5 a In(gd7). (26)
Proof. Let v(t) := ve,(t) and to := +1n % = 75_1% In(ed7), and T = sup{t € (0,tp) : v’ > 0 on [0, t]}.
We show that T = tg. First for ¢ € [0, 7], v'(¢) = (/k?v%(t) — Z%vpﬂ(t) + E(t), and since E(t) < E(0) < 0,

we have v/(t) < kv(t) and so v(t) < voe*' < vgeFlo = §. Using the second assumption in (8) we have
eg(et, e v (t)) < MoeelP=*)to = My6=7 for t € [0,T], which together with the fact that —zﬁzfvgﬂ <
E(0) < 0 gives

T
0> E(T)=E(0) — 28/0 gle®, e *5u(s))vP (s)v'(s) ds

> _2M2£Up+1 _ Moo=
p+17° p+1
Myd—" Moo=
> _Oivzﬁl(T) - 707
p+1 p+1

(1) = o)

VPN (T (T) > —ModP T 702(T),
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hence,

= \/ 1vp+1(T) +O(67=1-7)02(T)

= \/k2+051’ 1)+ 0(6r=1-7) > 0,

and hence by the definition of T we have T' = ¢, and v(tg) < §. By the definition of 7", we have
1770 > tp = —ﬁ In(e07), which implies (26). This completes the proof of the lemma. O

In the following lemma we estimate t5°. 9. To this end, we need to study the properties of the solution v, 5.
We show that for sufficiently small ¢ > 0, in the (v,v’) phase plane, (ve s, v 5,6) lies in an € neighborhood
of the homoclinic solution (V' (t), V'(t)) of (15) when ¢ = 0 with V(0) = ¢ and V'(0) > 0. Note that the
following properties of V(t) are useful in the proof of Lemma 6: V(¢) is defined for all ¢t € (—o0,00), V()
has a unique maximum value reached at some 77 > 0 with V'(¢) > 0 for t < Ty, V'(t) < 0 for ¢t > Ty,
V"(T1) < 0), and V(T1) = Np; the graph of V(t) is symmetric about t = T} and the graph of V'(¢) is
anti-symmetric about T1; V(277) = V(0) = 6; E(t) = 0 along V (¢), and

- \/k2v2(t) — ZLVeH(t) if ¢ < T,
; —\/kQVQ(t) — ZVrr(t) if t > T

Also note that 77 — oo as 6 — 0.

Lemma 6. Let p > 0 be small such that 8 —ka < 2(k —2p) and let § > 0 be sufficiently small. If e >0 is

sufficiently small, then

1
0 < — —  _Ine.
2 = T2(k-2)

Proof. Let (v(t),v'(t)) = (ves(t), vl 5(1)), t1 = 2% and ty == t5°, and let E(t) be evaluated along
(v(t),v'(t)) for t € (—o0,t2). We proceed the proof in two steps.

Step 1. We first show: If € > 0 is sufficiently small, then there is a constant M > 0 independent of € such
that
() = V(@) + '(¢) - V') < Me  Vtel0,2T1 +1], (27)

and furthermore, letting t3 € (¢1,t2) such that v(t3) = v(0) = ¢ we have
tq :Tl—‘rO(E), t3=2T1+O(E).

Now we start to prove the above claim. Since —215\1—21561’“ < E(0) < 0 from Lemma 3 and V'(0) =
/K262 — %51’“, we have
2 E(0)
’UI(O) = \/k252 — 1(51""'1 +E(O) :V/(O)\/1+W
P

= V'(0)\/1+ O(6P—1)e = V'(0) [1 + 0(51’—1)5} = V'(0) + O(6)e.

It follows from the continuous dependence of solutions with respect to the initial data and parameters that,

for sufficiently small € > 0,

o) =V @)+ @) - V') <1 Vtel0,2Ty +1].
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Integrating Eq. (15) for both v and V over [0,¢] C [0,27} + 1] and then subtracting the resulting integral
equations gives

[o(t) = V(O] + [v'(t) = V'(1)]

< () - V'(0)] + / [1V/(5) = V/ ()] + K2lo(s) = V(3)]| + [0 (s) = VP(s)]| ds
+e [ lotet e u(a)) o7 ()] ds
< Mse + M4/o [\v (s) = V'(s)| + |v(s) — V(s)ﬂ ds,

where M3 = (211 4 1) max(s 0,21 +1]x[0,No] 9(€5, € F*v)N§ + O(67) where we used v(t) < Ny for
t € [0,2Ty41], and My = k24pNP~". Applying the Gronwall’s inequality gives (27) with M = MzeMaGT1+1),

Next we use t; = Ty + o(1) to show that t; = T; + O(e). Since v/'(¢1) = 0, it follows from (27)
that Me > [W'(t1) = V'(t1)] = |[V'(t1)] = |V'(t1) = V'(T1)| = |[V"(T1) + o(1)||t1 — T1|. This shows that
t1 = T1 + 0(8)

Similarly we use t5 = 277 + o(1) to show that t3 = 2T} 4+ O(e). Since v(t3) = 4, it follows from (27)
that Me > |v(t3) — V(t3)| = |0 — V(t3)| = |[V(2Th) — V (t3)] = |[V'(2T1) + o(1)]|t3 — 2T1] for some 6 € (0, 1).
This shows that t3 = 2T} + O(e). This shows the Step 1.

Step 2. Since v(t) is strictly increasing on (0,¢1) and decreasing on (t1,t3), let ¢ = ¢_(v) be the inverse
function of v = v(t) for ¢ € [0,¢1] and ¢ =: t4(v) be the inverse function of v = v(¢t) for ¢ € [t1,t3]. It follows
that ¢_(v) is strictly increasing for v € [, 9] and ¢4 (v) is strictly decreasing for v € [§,v(¢1)], and we can
write

v(t1)
E(t3) — E(0) = 26/ [g(etﬂL(”)7 e Ry — g(et -, eikt*(”)v)} P dv. (28)
5

We fix a number v € (0, V(T})) such that V(T) — v is very small. Since v(¢1) < V(T1), for sufficiently small
€ we may assume that v(t1) > v from (27). By the mean value theorem, for given v € [4, V],

et —tw),

d
g(6t+(v),e*kt+(v)v) _ g(et,(’u)7 efkt*(v)v) = <dig(ra Tﬁkv)
T

where for some 61,02 € (0,1),
Fr=0e+ ) 1 (1—0)et=-® e [1,e?HY), 1= 0yt (v) 4 (1 — O)ty (v) € [0,2T) + 1],
there is also mg > 0 such that for sufficiently small € > 0, ¢4 (v) —t_(v) > mo for v € [§, 1], and hence (with
el > 1)
g+ e D) gt () - 0Dg) >y,
where m; == (maX(T7,U)E[17€2T1+1]Xe[é,y] %g(r,rikv))mo. Hence from (28) we have
v 2mqe
E(t3) — E(0) > 2m15/5 vPdv = pTll [VPH — 5p+1}.
Using E(0) = O(6P*1)e we have, by taking § > 0 sufficiently small if necessary,

2
E(t3) > ¢ {0(6”“) + Z% [V”“ - 5”“} } > me, where m = Jt4.

Finally, for t € (¢3,t2), since v'(t) < 0, E(t) is increasing in this interval and so E(t) > E(t3) > me and
so by choosing § > 0 small enough and using v(t) < v(t3) = ¢ gives

v (t) = \/ k202(t) —

() + B(t) <~/ 70 + e,
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and so

P A D) 2 —'(t) P dv
f2 13 /t3 —v'(t) it < /ts V (k= p)2v2(t) + me it = /0 (k — p)?v% + me

_ — 1252
1 (k—p)o++/(k—p)?s +tme _ 1 In 3ké

:k—p Vme “k—p me’
and so by taking ¢ > 0 sufficiently small

1 ké 1 k& 1
t2§t3+—1n3—§2T1+1+ m Sk Ine.

k—p +/me k—p me— 2(k-—2p)

This completes the proof of Lemma 6. [

Proof of Theorem 4. Let T.(vg) = t5"°. The first part of Theorem 4 follows from Lemmas 3 and 4. We
now show (ii).

»V0

Since t5"° is continuous on vy € (0,6] from Lemma 4, it follows that 7.((0,4]) is a connected set in R

and hence an interval. Since from Lemma 5 we have T.(vg) > —=—— In(g67) for vy = (¢67)F~%a§ and from

B—ka
Lemma 6 we have T, (0) < In ¢, it follows that (17) holds. This shows (ii) and whence Theorem 4. [

1
2(k—2p)

Proof of Theorem 3. It follows from Theorem 4 that for sufficiently small ¢ and vy € (0, 6], the solution
of ve o, of (15) satisfying (16) and (17). In particular, from (17) we obtain

Te(08) 5 [o=1/2(k=2p) (am—l/w—ak)]
Hence, for any given any R satisfying (9), there is vy € (0,6] such that e=(*0) = R. Then u(z) :=
|x|7kv€7vO (In|z|) solves the problem
—Au(z) = (1 4+ eg(|z],u)u(z)?, |z| <R, u(z) =0 on |z|=R.
This completes the proof of Theorem 3. [J

Proof of Theorem 2. Note that g satisfies (6) implies that g satisfies (8). Let u be a solution of (10) given
in Theorem 3. Then w(z) := R*u(Rx) solves the problem

— Aw(@) = (1+eg(Rlel, R w(@) Ju(e)” = (1+ eRP g(le]w(@) Jw(@)y, o] <1,
w(x)=0 on |z]=1

Since from (9) the range of R is [e~1/2(k=20) (g57)=1/(B=ak)] it follows that the range of eR?~* is the
interval [¢!~(8=ke)/2(k=2¢) §=7]. Note by (5) that e!=(B=F)/2(k=20) _ 0 and §=7 — co as € — 0 and § — 0.
Hence, for any given b > 0, we can take ¢ and ¢ sufficiently small such that e R°~** = b and w(x) = R*u(Rx)
is the solution of (7). This shows Theorem 2. O

Appendix

Given a radial function we define the m dimensional Laplacian by

v'(r).

Note this is well defined for fractional dimensions. The following theorem gives the precise change of variables

m—1

Apo(r) =" (r) + .

result, which has been modified for our particular nonlinearity. We remark this change of variables was
independently noticed in [11].
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2 a
Theorem B. ([7)). For any a > =2, the change of variable u(r) = (1 + $)7=Ta(r'*2) gives a
correspondence between the radially symmetric solutions of the equation

—Anu = |z|*uP in B,
{ u=20 on 0B, (29)
in dimension N and those of the equation
—An@@ =@ in DB,
{ i=0 ondB, (30)
in — the potentially fractional — dimension N(a) = %

Proof. A computation shows that

2 o
Anu(r) +r®u(r)? = (1 + %)z?Tpfra (AN(Q)G(S)LIT%H + ﬂ(r?ﬂ)p) 7

and the desired result easily follows. [
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