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Abstract

The main thrust of our current work is to exploit very specific characteristics of a given
problem in order to acquire improved compactness for supercritical problems and to prove exis-
tence of new types of solutions. To this end, we shall develop a variational machinery in order
to construct a new type of classical solutions for a large class of supercritical elliptic partial
differential equations.
The issue of symmetry and symmetry breaking is challenging and fundamental in mathematics
and physics. Symmetry breaking is the source of many interesting phenomena namely phase
transitions, instabilities, segregation, etc. As a consequence of our results we shall establish
the existence of several symmetry breaking solutions when the underlying problem is fully sym-
metric. Our methodology is variational, and we are not seeking non symmetric solutions which
bifurcate from the symmetric one. Instead, we construct many new positive solutions by devel-
oping a minimax principle for general semilinear elliptic problems restricted to a given convex
subset instead of the whole space. As a byproduct of our investigation, several new Sobolev
embeddings are established for functions having a mild monotonicity on symmetric monotonic
domains.
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1 Introduction

In this work we develop a variational machinery to examine a large class of significant supercritical
elliptic partial differential equations that arise naturally in various physical models: solitary
waves in nonlinear Schrödinger equations; gravitational potential of a Newtonian self gravitating,
spherically symmetric, polytropic fluid; and a model for a cluster of stars. Our method is
variational but as opposed to working on the natural energy space, which typically limits problems
to subcritical and critical, we work on closed convex sets (not necessarily a linear subspace) which
increases the available compactness. Working on symmetric functions can sometimes increase
compactness, which together with the principal of symmetric criticality provides an efficient tool
to deal seemingly nocompact settings (see for instance [5] and [46]). Our method further increases
compactness as we are restricting our problems on an appropriate subsets which goes well beyond
the symmetry induced function spaces under certain compact groups. The main thrust of our
current work is to exploit very specific characteristics of a given problem in order to acquire
improved compactness for supercritical problems and to prove existence of new types of solutions.
Our approach is broad enough to cover many elliptic partial differential equations, and in general,
one can employ a combination of symmetry, monotonicity, smallness in certain norms, convexity,
and etc to name a few.

Broadly speaking we are interested in obtaining positive classical solutions of equations of the
form

−∆u+ V (x)u = a(x)up−1 in Ω, (1)

where Ω ⊂ RN is either the full space or Ω is a bounded subset and in which case we add the
boundary condition u = 0 on ∂Ω. Our main interest will be in obtaining solutions in the case
of p > 2 and supercritical. Generally a will be a sufficiently smooth function which satisfies
some symmetry and monotonicity assumptions and we point out any added compactness is not
coming from a; which is a different phenomena from the Hénon equation. The domains we will
examine will be domains of double and triple revolution with some added monotonicity properties.
Additionally when the problems has extra symmetry we will obtain solutions which do not inherit
the extra symmetry of the problem. On radial domains we will obtain nonradial solutions which
are not foliated Schwarz symmetric. As a consequence of our approach, many new multiplicity
results are also obtained.

Since we address existence and multiplicity issues for numerous supercritical problems we list
the equations here for the convenience of the readers. Even though each of these problems poses
their own difficulty, our variational machinery is able to give a unified approach.
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• In Section 4 we examine the following problem{
−∆u = a(x)up−1 in Ω,
u = 0 on ∂Ω.

(2)

Here we consider annular domains which are radial and nonradial. On the radial domains we
obtain new type of positive nonradial solutions for which do not have the foliated Schwarz
symmetry. In all cases we obtain results for a supercritical range of p. The main result is
Theorem 4.1.

• In Section 5 we examine {
−∆u = |x|αup−1 in B1,
u = 0 on ∂B1,

(3)

where B1 is the unit ball in RN . In Theorem 5.1, we obtain several types of positive new
nonradial solutions on a range of supercritical p.

• In Section 6 we examine

−∆u+ u = |x|αup−1 in RN = Rn × Rn, (4)

and we show there is a positive classical solution for

2N + 2α− 4

N − 2
< p <

2N + 2α

N − 2
,

and for large α we obtain a nonradial solution. Theorem 6.1 is devoted to this problem.

• In Section 7 we examine {
−∆u+ u

|x|α = up−1 in B1,

u = 0 on ∂B1,
(5)

where α > 2 (note this is in some sense supercritical). For 2 < p < 2N+2α−4
N−2 we obtain a

positive classical solution of (5) and for large α we obtain a nonradial solution. Additionally
the solution decays to zero at the origin quicker than any polynomial. See Theorem 7.1 for
details. Note here the zero order potential is playing a key role and we believe this is new
phenomena.

• In Section 8 we give an approach to show ground states of various problems on radial do-
mains are nonradial. Indeed, as stated in Theorem 8.1, the best constant in the well known
hardy inequality corresponding to the underlying domain plays a major role to address this
challenging affair.

• In Section 9 we examine {
−∆u = a(x)up−1 in Ω,
u = 0 on ∂Ω,

(6)

where Ω is a bounded domain in RN which is also a domain of triple revolution. Under
various assumptions we prove the existence and also some multiplicity results (for a range of
supercritical p). We have listed our contributions in Theorems 9.1, 9.4, 9.5 and Corollary 9.5.

A crucial step in proving the above existence results will be in obtaining improved Sobolev
imbeddings for various classes of symmetric and monotonic functions. The increases in compactness
comes from two distinct properties of the closed convex sets we choose to work on, namely the
symmetry and also the monotonicity. One should note that these improved imbeddings also play a
crucial role in the proof of the regularity of the solution. One added benefit of our approach is we
can use energy levels directly to prove various results.
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1.1 Outline of the paper

We now give a brief outline of the paper. In Section 2 we develop our abstract variational machinery.
In Section 3 we introduce domains of m revolution and in particular we discuss domains of double
revolution. Then in Section 4 we consider elliptic problems on domains of double revolution which
are also annular type domains. The Hénon equation on the unit ball is considered in Section 5.
In Section 6 we consider a Hénon like equation, but with a zero order term, on the full space.
In Section 7 we consider a singular potential problem. Section 8 is where we develop the needed
machinery to obtain solutions on symmetric domains without the naturally expected symmetry.
Finally in Section 9 we consider domains of triple revolution.

1.2 Background

Here we give some background on the the problem and for this we take a(x) = 1 and V (x) = 0 and
hence we consider 

−∆u = up−1 in Ω,
u > 0 in Ω,
u = 0 on ∂Ω.

(7)

We assume Ω a bounded smooth domain in RN . For N ≥ 3 the critical exponent 2∗ := 2N
N−2 plays

a crucial role and for 2 < p < 2∗ a variational approach shows the existence of a smooth positive
solution of (7). For p ≥ 2∗ there is no positive classical solution via the Pohozaev identity on
star shaped domains, see [57]. For general domains in the critical/supercritical case, p ≥ 2∗, the
existence versus nonexistence of positive solutions of (7) presents a great degree of difficulties; see
[6, 22, 32, 31, 30, 29, 33, 49, 53, 54, 59, 60]. Many of these results are very technical and some
require perturbation arguments.

The possibility of utilizing the most of features that a given problem can offer to gain improved
compactness for supercritical problems and to prove existence of new types of solutions is what mo-
tivated us for this work. As mentioned earlier, these features could be a combination of symmetry,
monotonicity, convexity and etc. For instance, let us consider the Neumann boundary problem{

−∆u+ u = a(r)up−1 in B1,
∂νu = 0 on ∂B1,

(8)

where B1 is the unit ball centered at the origin in RN . The interest here is in obtaining nontrivial
solutions for values of p > 2N

N−2 . In [8] they considered the variant of (8) given by−∆u+u = |x|αup−1

in B1 with ∂u
∂ν = 0 on ∂B1 (for Dirichlet versions of the Hénon equation see, for instance, [52, 36, 24]).

They proved the existence of a positive radial solutions of this equation with arbitrary growth
using a shooting argument. The solution turns out to be an increasing function. They also perform
numerical computations to see the existence of positive oscillating solutions. In [61] they considered
(8) along with the classical energy associated with the equation given by

E(u) :=

∫
B1

|∇u|2 + u2

2
dx−

∫
B1

a(|x|)F (u) dx,

where F ′(u) = f(u) (they considered a more general nonlinearity). Their goal was to find critical
points of E over H1

rad(B1) := {u ∈ H1(B1) : u is radial}. Of course since f is supercritical the
standard approach of finding critical points will present difficulties and hence their idea was to find
critical points of E over the cone {u ∈ H1

rad(B1) : 0 ≤ u, u increasing}. Doing this is somewhat
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standard but now the issue is the critical points don’t necessarily correspond to critical points
over H1

rad(B1) and hence one can’t conclude the critical points solve the equation; for instance the
critical point could lie on the boundary of the convex cone and then one cannot perturb in all
directions. The majority of their work was to show that in fact the critical points of E on the cone
are really critical points over the full space. We remark that this work generated a lot of interest in
this equation and many authors investigated these idea’s of using monotonicity to overcome a lack
of compactness. For further results regarding these Neumann problems on radial domains (some
using these monotonicity ideas and some using other new methods) see [3, 39, 10, 9, 11, 21, 27, 47].

In [25], by making use of duality theory in convex analysis, we examined the super critical
Neumann problem given by 

−∆u+ u = a(x)f(u), in Ω,
u > 0, in Ω,
∂u
∂ν = 0, on ∂Ω,

(9)

for multiradial domains which are a natural extension of radial domains. The idea of using
convexity to deal with partial differential equations has a very long history starting from
[35, 64] and also the recent papers [50, 51]. For Neumann problems on general domains see
[3, 28, 38, 40, 41, 42, 43, 58, 65].

We now return to the Dirichlet problems. There have been many supercritical works that deal
with domains that have certain symmetry, for instance, see [15, 16, 17, 18, 19, 20, 48].

In the case of the annulur domains the authors in [13, 14, 45] examined subcritical or slightly
supercritical problems on expanding annuli and obtained nonradial solutions. In [37] they obtain
nonradial solutions to supercritical problems on expanding annulur domains. In [7] they consider
nonradial expanding annulur domains and they obtain the existence of positive solutions. In [33, 19]
they consider domains with a small hole and obtain positive solutions. We shall also refer the
interested reader to the recent works [1, 12, 26] where the idea of monotonicity together with
variational and non-varitioanal methods were employed to deal with equation (9) in annular type
domains.

2 A variational approach towards supercritical problems

In this section we assume that Ω is a domain in RN which is not necessarily bounded. We also
assume that a is a non-negative measurable function that is not identically zero. For p > 1, we
define

Lpa(Ω) =

{
u :

∫
Ω
a(x)|u|p dx <∞

}
,

equipped with the norm

‖u‖Lpa(Ω) =

(∫
Ω
a(x)|u|p dx

) 1
p

.

We have the following general variational principle for possibly super critical elliptic problems.

Theorem 2.1. (K ground state solution) Let Ω be a domain in RN , p > 2, and a be a non-negative
function that is not identically zero. Let λ be a non-negative number which is strictly positive if Ω
is unbounded. Consider the problem{

−∆u+ λu = a(x)|u|p−2u, x ∈ Ω,
u ∈ H1

0 (Ω),
(10)
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and its formal Euler-Lagrange functional

I(u) =
1

2

∫
Ω

(|∇u|2 + λu2) dx− 1

p

∫
Ω
a(x)|u|p dx.

Let K be a convex and closed subset of H1
0 (Ω). Suppose the following two assertions hold:

(i) K is compactly embedded in Lpa(Ω), i.e., every bounded sequence in K has a converging sub-
sequence in Lpa(Ω).

(ii) (Pointwise invariance property) For each ū ∈ K there exists v̄ ∈ K such that

−∆v̄ + λv̄ = a(x)|ū|p−2ū,

in the weak sense, i.e.,∫
Ω
∇v̄ · ∇η dx+ λ

∫
Ω
v̄η dx =

∫
Ω
a(x)|ū|p−2ūη dx, ∀η ∈ H1

0 (Ω) ∩ Lpa(Ω).

Then there exist c > 0 and ũ ∈ K such that I(ũ) = c and ũ is a weak solution of the equation{
−∆u+ λu = a(x)|u|p−2u, x ∈ Ω
u = 0, x ∈ ∂Ω.

(11)

We call ũ a K-ground state solution of (11). A characterization for the critical value c is given
in the proof.

We shall need some preliminaries before proving this theorem. Consider the Banach space
V = H1

0 (Ω) ∩ Lpa(Ω) equipped with the following norm

‖u‖V = ‖u‖H1
0 (Ω) + ‖u‖Lpa(Ω),

and note that the duality pairing between V and its dual V ∗ is defined by

〈u, u∗〉 =

∫
Ω
u(x)u∗(x) dx, ∀u ∈ V, ∀u∗ ∈ V ∗.

We define Ψ : V → R and Φ : V → R by

Ψ(u) =
1

2

∫
Ω

(|∇u|2 + λu2) dx,

and

Φ(u) =
1

p

∫
Ω
a(x)|u|pdx.

We remark that even though Φ is not even well-defined onH1
0 (Ω) for large p, but it is continuously

differentiable on the space V = H1
0 (Ω) ∩ Lpa(Ω). Finally, let us introduce the functional EK(u) :

V → (−∞,+∞] defined by
EK(u) := ΨK(u)− Φ(u) (12)

where

ΨK(u) =

{
Ψ(u), u ∈ K,
+∞, u 6∈ K. (13)

Note that EK is indeed the Euler-Lagrange functional corresponding to (11) restricted to K. We
shall now recall some notations and results for the minimax principles for lower semi-continuous
functions.
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Definition 2.1. Let V be a real Banach space, Φ ∈ C1(V,R) and Ψ : V → (−∞,+∞] be proper
(i.e. Dom(Ψ) 6= ∅), convex and lower semi-continuous. A point u ∈ V is said to be a critical point
of

I := Ψ− Φ (14)

if u ∈ Dom(Ψ) and if it satisfies the inequality

〈DΦ(u), u− v〉+ Ψ(v)−Ψ(u) ≥ 0, ∀v ∈ V, (15)

where 〈·, ·〉 is the duality pairing between V and its dual V ∗.

Definition 2.2. We say that I satisfies the Palais-Smale compactness condition (PS) if every
sequence {un} such that

• I[un]→ c ∈ R,

• 〈DΦ(un), un − v〉+ Ψ(v)−Ψ(un) ≥ −εn‖v − un‖, ∀v ∈ V,

where εn → 0, then {un} possesses a convergent subsequence.

The following non-smooth mountain pass theorem is due to A. Szulkin [63].

Theorem 2.2. Suppose that I : V → (−∞,+∞] is of the form (14) and satisfies the Palais-Smale
condition and the Moutaint Pass Geometry (MPG):

1. I(0) = 0.

2. There exists e ∈ V such that I(e) ≤ 0.

3. There exists some ρ such that 0 < ρ < ‖e‖ and for every u ∈ V with ‖u‖ = ρ one has
I(u) > 0.

Then I has a critical value c > 0 which is characterized by

c = inf
γ∈Γ

sup
t∈[0,1]

I[γ(t)],

where Γ = {γ ∈ C([0, 1], V ) : γ(0) = 0, γ(1) = e}.

Proof of Theorem 2.1 Note first that K is a weakly closed convex subset in H1
0 (Ω) where we

equip H1
0 (Ω) by the following norm:

‖u‖2H1
0 (Ω) =

∫
Ω

(|∇u|2 + λ|u|2)dx.

It follows from condition (i) in the theorem that K is compactly embedded in Lpa. Thus, there
exists a constant C such that

‖u‖H1
0 (Ω) ≤ ‖u‖V ≤ C‖u‖H1

0 (Ω), ∀u ∈ K. (16)

Both the mountain pass geometry and (PS) compactness condition for the function EK = ΨK−Φ
given in (12) follow from the standard arguments together with inequality (16). Here, for the
conveience of the reader, we sketch the proof for the (PS) compactness condition and the mountain
pass geometry. Suppose that {un} is a sequence in K such that EK(un)→ c ∈ R, εn → 0 and

ΨK(v)−ΨK(un) + 〈DΦ(un), un − v〉 ≥ −εn‖v − un‖V , ∀v ∈ V. (17)
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We must show that {un} has a convergent subsequence in V . Firstly, we prove that {un} is bounded
in V . Note that since EK(un)→ c, then for large values of n we have

1

2
‖un‖2H1

0 (Ω) −
1

p

∫
Ω
a(x)|u|pdx ≤ c+ 1. (18)

Note that

〈Dϕ(un), un〉 =

∫
Ω
a(x)|un(x)|pdx.

Thus, by setting v = run in (17) with r = 1 + 1/p we get

(1− r2)

2
‖un‖2H1

0 (Ω) + (r − 1)

∫
Ω
a(x)|un|pdx ≤ εn(r − 1)‖un‖V . (19)

Adding up (19) and (18) yields that

‖un‖2H1
0 (Ω) ≤ C0(1 + ‖un‖V ),

for some constant C0 > 0. Therefore, by considering (16), {un} is bounded in H1
0 (Ω). Using standard

results in Sobolev spaces, after passing to a subsequence if necessary, there exists ū ∈ H1
0 (Ω) such

that un ⇀ ū weakly in H1
0 (Ω) and un → ū a.e.. Also according to condition (i) in the theorem,

from boundedness of {un} ⊂ K in H1
0 (Ω), one can deduce that the strong convergence of un to ū

in Lpa. Now in (17) set v = ū to get

1

2
(‖ū‖2H1

0 (Ω) − ‖un‖
2
H1

0 (Ω)) +

∫
Ω
a(x)|un|p−1(un − ū)dx ≥ −εn‖un − ū‖V . (20)

Therefore, it follows from (20) that

1

2
(lim sup
n→∞

‖un‖2H1
0 (Ω) − ‖ū‖

2
H1) ≤ 0.

The latter yields that
un → ū strongly in V

as desired. We now verify the mountain pass geometry of the functional EK . It is clear that
EK(0) = 0. Take e ∈ K. It follows that

EK(te) =
t2

2

∫
Ω

(|∇e|2 + λ|e|2)dx− tp

p

∫
Ω
a(|x|)|e|pdx

Now, since p > 2, for t sufficiently large EK(te) is negative. Take u ∈ K with ‖u‖V = ρ > 0. We
have

EK(u) =
1

2
‖u‖2H1 −

1

p

∫
Ω
a(|x|)|u|pdx.

Note that by (16), there exist positive constant C such that for every u ∈ K one has

‖u‖H1 ≤ ‖u‖V ≤ C‖u‖H1 . (21)

We also have that ∫
Ω
a(|x|)|u|pdx ≤ C0‖u‖pV .
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Therefore

EK(u) ≥ 1

2
‖u‖2H1 −

1

p

∫
Ω
a(|x|)|u|pdx ≥ 1

2
‖u‖2H1 −

C0

p
‖u‖pV

≥ 1

2C2
‖u‖2V −

C0

p
‖u‖pV =

1

2C2
ρ2 − 1

p
ρp > 0,

provided ρ > 0 is small enough, since p > 2. If u /∈ K, then clearly EK(u) > 0. Thus, (MPG) holds
for the functional EK . It now follows from Theorem (2.2) that EK has a critical point ū ∈ K, with
EK(ū) = c > 0 where the critical value c is characterized by

c = inf
γ∈Γ

max
t∈[0,1]

EK [γ(t)], (22)

where
Γ = {γ ∈ C([0, 1], V ) : γ(0) = 0 6= γ(1), EK(γ(1)) ≤ 0}.

Since EK(ū) > 0, we have that ū is non-zero. Since ū is a critical point of EK , it follows from
Definition 2.1 that

〈DΦ(ū), ū− v〉+ ΨK(v)−ΨK(ū) ≥ 0, ∀v ∈ V. (23)

On the other hand, by (ii), there exists v̄ ∈ K satisfying{
−∆v̄ + λv̄ = a(x)|ū|p−2ū, x ∈ Ω
v̄ = 0, x ∈ ∂Ω,

(24)

in the weak sense. By setting v = v̄ in (23) we obtain that

1

2

∫
Ω
|∇v̄|2 + λv̄2dx− 1

2

∫
Ω
|∇ū|2 + λū2dx ≥

∫
Ω
a(x)|ū|p−2ū(v̄ − ū) dx

=

∫
Ω
∇v̄ · ∇(v̄ − ū) + λv̄(v̄ − ū) dx

where the last equality follows from (24). Therefore,

1

2

∫
Ω
|∇v̄ −∇ū|2 dx+

λ

2

∫
Ω
|v̄ − ū|2 dx ≤ 0, (25)

which implies that ū = v̄. Taking into account that ū = v̄ in (24) we have that ū is a weak solution
of (11): {

−∆u+ λu = a(x)|u|p−2u, x ∈ Ω,
u = 0, x ∈ ∂Ω.

(26)

�

3 Domains of double revolution

In this section we gather some information about the domains of double and higher revolution. We
also state and prove useful embedding theorems for these type of domains.
We start by domains of double revolution. Consider writing RN = Rm × Rn where m,n ≥ 1 and
m+ n = N . We define the variables s and t by

s :=
{
x2

1 + · · ·+ x2
m

} 1
2 , t :=

{
x2
m+1 + · · ·+ x2

N

} 1
2 .
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We say that Ω ⊂ RN is a domain of double revolution if it is invariant under rotations of the
first m variables and also under rotations of the last n variables. Equivalently, Ω is of the form
Ω = {x ∈ RN : (s, t) ∈ U} where U is a domain in R2 symmetric with respect to the two coordinate
axes. In fact,

U =
{

(s, t) ∈ R2 : x = (x1 = s, x2 = 0, ..., xm = 0, xm+1 = t, ..., xN = 0) ∈ Ω
}
,

is the intersection of Ω with the (x1, xm+1) plane. Note that U is smooth if and only if Ω is smooth.
We denote Ω̂ to be the intersection of U with the first quadrant of R2, that is,

Ω̂ =
{

(s, t) ∈ U : s > 0, t > 0
}
. (27)

Using polar coordinates we can write s = r cos(θ), t = r sin(θ) where r = |x| = |(s, t)| and θ is
the usual polar angle in the (s, t) plane.

All domains will be bounded domains in RN with smooth boundary unless otherwise stated. To
describe the domains in terms of the above polar coordinates we will write

Ω̃ :=
{

(θ, r) : (s, t) ∈ Ω̂
}
. (28)

Define
H1

0,G :=
{
u ∈ H1

0 (Ω) : gu = u ∀g ∈ G
}
,

where G := O(m)×O(n) where O(k) is the orthogonal group in Rk and gu(x) := u(g−1x).
In [26] we have considered annular domains and annular domains with monotonicity via the

following definition:

Definition 3.1. We refer to a domain of double revolution in RN with N = m + n an annular
domain if its associated domain Ω̂ in the (s, t) plane in R2 is of the form

Ω̃ =
{

(θ, r) : g1(θ) < r < g2(θ), θ ∈
(

0,
π

2

)}
(29)

in polar coordinates. Here gi > 0 is smooth on [0, π2 ] with g′i(0) = g′i(
π
2 ) = 0 and g2(θ) > g1(θ) on

[0, π2 ]. We call Ω an annular domain with monotonicity if g1 is increasing and g2 is decreasing on
(0, π2 ).

To distinguish these domains from the new ones we will refer to these as π
2 annular domains

with and without monotonicity. We proved the following imbeddings:

Theorem A. [26] Let Ω denote a π
2 annular domain in RN .

1. (Imbedding without monotonicity) Suppose Ω has no monotonicity and

1 ≤ p < min

{
2(n+ 1)

n− 1
,
2(m+ 1)

m− 1

}
.

Then H1
0,G(Ω) ⊂⊂ Lp(Ω) with the obvious interpretation in the case of m = n = 1.

2. (Imbedding with monotonicity) Suppose Ω has monotonicity, n ≤ m and

1 ≤ p < 2(n+ 1)

n− 1
= max

{
2(n+ 1)

n− 1
,
2(m+ 1)

m− 1

}
.

Then K−,π
2
⊂⊂ Lp(Ω) with the obvious interpretation if n = 1 where

K−,π
2

=
{

0 ≤ u ∈ H1
0,G(Ω) : uθ ≤ 0 a.e. in Ω̃

}
.
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Remark 3.2. 1. The above imbedding makes sense with a bit of heuristics. Consider an annular
domain in RN with N = m+ n and we suppose n ≤ m. Suppose we are given a sequence of
functions 0 ≤ uk ∈ H1

0,G(Ω). If the functions concentrate near t = 0 then the problem looks
like a problem in dimension n+ 1 (ie. the t variable has dimension n and the s variable has

dimension 1 since we are away from s = 0) and hence the critical Sobolev exponent 2(n+1)
(n+1)−2

should play a role. The functions can also concentrate near s = 0 and then the relevant
exponent is 2(m+1)

(m+1)−2 . The functions can also concentrate in other regions but they are of
lower dimension and hence doesn’t limit the imbedding. This suggests part 1 of Theorem A.

2. To see part 2 of Theorem A we note that we now have monotonicity in θ and hence the
functions only have the option to concentrate on θ = 0 or on the s axis and hence this gives
the improved result.

Before going into more details we give some more background on domains of double revolution.
Assume Ω is a domain of double revolution and v is a function defined on Ω that just depends

on (s, t), then one has ∫
Ω
v(x)dx = c(m,n)

∫
Ω̂
v(s, t)sm−1tn−1dsdt,

where c(m,n) is a positive constant depending on n and m. Note that strictly speaking we are
abusing notation here by using the same name; and we will continuously do this in this article.
Given a function v defined on Ω we will write v = v(s, t) to indicate that the function has this
symmetry.

To solve equations on domains of double revolution one needs to relate the equation to a new
one on Ω̂ defined in (27). Suppose Ω is a domain of double revolution and f has is function defined
on Ω with the same symmetry (ie. gf(x) = f(g−1x) all g ∈ G). Suppose that u(x) solves{

−∆u(x) = f(x) in Ω,
u = 0 on ∂Ω.

(30)

Then u = u(s, t) and u solves

−uss − utt −
(m− 1)us

s
− (n− 1)ut

t
= f(s, t) in Ω̂, (31)

with u = 0 on (s, t) ∈ ∂Ω̂\({s = 0} ∪ {t = 0}). If u is sufficiently smooth then us = 0 on
∂Ω̂ ∩ {s = 0} and ut = 0 on ∂Ω̂ ∩ {t = 0} after considering the symmetry properties of u.

One can easily refine the notion of the domain of double revolution to domains of m revolution.

Domains of m revolution. Consider writing RN = Rn1×Rn2×···×Rnm where n1 + · · ·+nm = N
and n1, ..., nm ≥ 1. We say that Ω ⊂ RN is a domain of m revolution if it is invariant under rotations
of the first n1 variables, the next n2 variables, ..., and finally in the last nm variables. We define
the variables ti via

t21 := x2
1 + · · ·+ x2

n1
, t22 := x2

n1+1 + · · ·+ x2
n1+n2

,

and similar for ti for 3 ≤ i < m. Finally we define

t2m :=
N∑

k=n1+n2+···+nm−1+1

x2
k.

11



We now define

U =
{
t ∈ Rm;x = (x1, ..., xN ) ∈ Ω, where x1 = t1, xn1+n2+···+nk−1+1 = tk for 2 ≤ k ≤ m, and

xi = 0 for i 6= 1, n1 + 1, n1 + n2 + 1, ..., n1 + n2 + ...+ nm−1 + 1
}
.

We define Ω̂ ⊂ Rm to be the intersection of U with the first sector of Rm. We now define the
appropriate measure

dµm(t) = dµ(n1,...,nm)
m (t1, ..., tm) =

m∏
k=1

tnk−1
k dtk.

Given any function v defined in Ω, that depends only on the radial variables t1, t2, .., tm one has∫
Ω
v(x)dx = c(n1, ..., nm)

∫
Ω̂
v(t)dµm(t),

where c(n1, ..., nm) just depends on n1, ..., nm. Given that Ω ⊂ RN is a domain of m revolution
with

∑m
i=1 ni = N , let

G := O(n1)×O(n2)× ...×O(nm),

where O(ni) is the orthogonal group in Rni and consider

H1
0,G :=

{
u ∈ H1

0 (Ω) : gu = u ∀g ∈ G
}
,

where gu(x) := u(g−1x). If u ∈ H1
0,G then u has symmetry compatibility with Ω, ie. u(x) depends

on just t1, ..., tm and we write this as u(x) = u(t1, ..., tm) where (t1, ..., tm) ∈ Ω̂. We have the
following embedding result for the domains of m revolution.

Theorem 3.1. Let Ω denote a bounded domain of m revolution in RN with N = n1 + ...+nm and
ni ≥ 1 such that 0 6∈ Ω̄. Assume that

1 ≤ p < min

{
2(N − ni + 1)

N − ni − 1
; i = 1, ...,m

}
.

Then H1
0,G(Ω) ⊂⊂ Lp(Ω) with the obvious interpretation in the case of N − ni = 1.

Proof. Assume that x = (y1, ..., ym) ∈ RN = Πm
i=1Rni . Let R1 and R2 be such that 0 < R1 <

|x| < R2 for all x ∈ Ω. Choose δ small enough such that
√
mδ < R1. It then follows that for each

x = (y1, ..., ym) ∈ Ω we have that |yi| ≥ δ for at least one i ∈ {1, ...,m}. Therefore,∫
Ω
|u|p dx ≤ Σm

i=1

∫
Ω, |yi|≥δ

|u|p dx ≤ Σm
i=1ci

∫
Ω, |ri|≥δ

rni−1
i |u(y1, ..., yi−1, ri, yi+1, .., ym)|p dy1 ...dri...dym

≤ Σm
i=1ciR

ni−1
2

∫
Ω, |ri|≥δ

|u(y1, ..., yi−1, ri, yi+1, .., ym)|p dy1 ...dri...dym

for appropriate constants ci. Morovere, for

1 < p <
2(N − ni + 1)

N − ni − 1
,

we have that ∫
Ω, |ri|≥δ

|u(y1, ..., yi−1, ri, yi+1, .., ym)|p dy1 ...dri...dym

12



is being controlled by the H1(Ω, |ri| ≥ δ). On the other hand∫
Ω, |ri|≥δ

(
|∇u(y1, ..., yi−1, ni, yi+1, .., ym)|2 + |u(y1, ..., yi−1, ri, yi+1, .., ym)|2

)
dy1 ...dri...dym ≤

δ−ni+1

∫
Ω, |ri|≥δ

rni−1
i

(
|∇u(y1, ..., yi−1, ri, yi+1, .., ym)|2 + |u(y1, ..., yi−1, ri, yi+1, .., ym)|2

)
dy1 ...dri...dym ≤

Ciδ
−ni+1

∫
Ω

(
|∇u(y1, ..., yi−1, yi, yi+1, .., ym)|2 + |u(y1, ..., yi−1, yi, yi+1, .., ym)|2

)
dy1 ...dyi...dym =

Ciδ
−ni+1‖u‖2H1(Ω),

for appropriate constants Ci. This completes the proof.

4 Supercritical elliptic problems on domains of double revolution

In this section we examine the equation{
−∆u = a(x)up−1 in Ω,
u = 0 on ∂Ω,

(32)

where Ω is a domain of double revolution in RN = Rn × Rn. Note when m = n, Theorem A does
not show any improvements in compactness when using monotonicity. In this case the equation has
a certain invariance across θ = π

4 and this suggests one examine domains with a certain invariance
also. This brings us to a first type of new domains.

Definition 4.1. We will call a domain of double revolution in RN a π
4 -annular domain with

monotonicity provided the domain is an annular domain via Definition 3.1 (ie. gi > 0 is smooth on
[0, π2 ] with g′i(0) = g′i(

π
2 ) = 0 and g2(θ) > g1(θ) on [0, π2 ]) and g1 is increasing and g2 is decreasing

on (0, π4 ) and both g1, g2 are even across θ = π
4 . For these new domains we define a suitable subset

of Ω̃ given by

Ω̃0 =
{

(θ, r) : g1(θ) < r < g2(θ), 0 < θ <
π

4

}
. (33)

We now are in a position to define the class of functions we work on in this setting.

1. (K−) In the case of Ω a π
4 -annular domain with monotonicity (see Definition 4.1) we define

K− to be the set of nonnegative functions u ∈ H1
0,G(Ω) with uθ ≤ 0 in Ω̃0 and which are even

across θ = π
4 .

2. (K+) In the case of Ω an annulus we define K+ to be the set of nonnegative functions
u ∈ H1

0,G(Ω) with uθ ≥ 0 in Ω̃0 and which are even across θ = π
4 .

Note K− is defined for an annulus and a more general annular domain with the added assumptions
where as we only define K+ for an annulus. Our approach utilizing K+ will fail on a more general
annular domain. The imbeddings we prove regarding K− are essentially the same as Theorem A.
For K+ one expects to get more. Before we state our main theorem for this section we need to
define a quantity that will be relevant to showing the ground states on radial domains are nonradial
and this quantity will be relevant for the equaitons that follow in later sections also. Indeed, we
define

β0(Ω) := inf
u∈H1

0 (Ω)

∫
Ω |∇u|

2 dx∫
Ω

u2

|x|2 dx
. (34)
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Note this quantity is just the best constant in the classical Hardy inequality. So if 0 ∈ Ω or Ω is

an exterior domain then β0(Ω) = (N−2)2

4 .

Theorem 4.1. Let Ω be a bounded domain in RN with N = 2n.

1. Suppose Ω is a bounded π
4 -annular domain with monotonicity, a = a(s, t) is positive and

sufficiently smooth and aθ ≤ 0 in Ω̃0. Then for all

2 < p <
2N + 4

N − 2
,

there is a positive classical K− ground state solution u of (32). Note this case includes the
case of Ω an annulus.

2. Suppose Ω is an annulus with a = a(s, t) positive and sufficiently smooth and aθ ≥ 0 in Ω̃0.

2-a Then for all 2 < p <∞ there is a positive classical K+ ground state solution u of (32).

2-b Moreover, if a is a radial function then for

4(N + 2)

β0(Ω)
< p <∞,

the ground state solution u in 2 -a in nonradial.

We shall make use of Theorem 2.1 to prove the above result. In that regard, we shall need to
verify two conditions in Theorem 2.1, namely, the compact embedding and the point wise invariance
property.

Proposition 4.1. (π4 - annular domain imbeddings) Suppose n = m = N
2 .

1. (K− imbedding) Suppose Ω is π
4 -annular domain with monotonicity and

1 ≤ p < 4(N + 1)

N − 2
.

Then K− ⊂⊂ Lp(Ω).

2. (K+ imbedding) Suppose Ω is an annulus in RN and 1 ≤ p <∞. Then K+ ⊂⊂ Lp(Ω).

Proof. Part 1: The proof used in the proof of Theorem A carries over to this case.
Part 2: If we take u ∈ K+ note that the function is largest at θ = π

4 . So note the problems appears
to be a genuine two dimensional problem near θ = π

4 and hence we expect to have imbeddings for
all p, see Remark 3.2 for related comments. For concreteness we work on the annulus centered at
the origin with inner radius 1 and outer radius 2.

Then note for 0 ≤ u ∈ H1
0,G(Ω) (which are also even about θ = π

4 but may not have any
monotonicity) we have∫

Ω
u(x)pdx =

∫ 2

1

∫ π
4

0
u(r, θ)pr2n−1 cosn−1(θ) sinn−1(θ)dθdr,

and ∫
Ω
|∇u(x)|2dx =

∫ 2

1

∫ π
4

0

{
u2
r +

u2
θ

r2

}
r2n−1 cosn−1(θ) sinn−1(θ)dθdr.
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For any 1 ≤ p <∞ there is some Cp > 0 (independent of u as above) such that{∫ 2

1

∫ π
4

π
8

u(r, θ)pr2n−1 cosn−1(θ) sinn−1(θ)dθdr

} 2
p

, (35)

is bounded above by

Cp

∫ 2

1

∫ π
4

π
8

{
u2
r +

u2
θ

r2

}
r2n−1 cosn−1(θ) sinn−1(θ)dθdr.

The two important points are that the integrals are over 1 < r < 2 and π
8 < θ < π

4 . Note on this
range of θ and r the measure dµ(r, θ) = r2n−1 cosn−1(θ) sinn−1(θ)dθdr is essentially two dimensional,
ie. comparable to dθdr. This allows one to use the two dimensional Sobolev imbedding. To see
this more rigously one can consider working on (r, θ) ∈ (1, 2) × (π8 ,

π
4 ) and hence we can consider

the Sobolev imbeddings in the product space. Let u ∈ K+ and then note that∫ 2

1

∫ π
8

0
u(r, θ)pr2n−1 cosn−1(θ) sinn−1(θ)dθdr ≤

∫ 2

1

∫ π
8

0
u(r, θ +

π

8
)pr2n−1 cosn−1(θ) sinn−1(θ)dθdr

≤
∫ 2

1

∫ π
4

π
8

u(r, θ̂)pr2n−1dθ̂dr

where in the first line we used the monotonicity of u. Note this final quantity is bounded above by
the p

2 power of (35). We can now combine the results which completes the proof of part 2.

The following theorem develops pointwise invariance property (see Theorem 2.1 part (ii)) which
is related to the linear problem {

−∆v = a(x)up−1 in Ω,
v = 0 on ∂Ω.

(36)

Proposition 4.2. (Pointwise invariance property; case m = n = N
2 ). Suppose a is nonnegative

with a = a(s, t), aθ = sat − tas is bounded and a is even across θ = π
4 .

1. Suppose Ω is π
4 -annular domain with monotonicity and aθ ≤ 0 in Ω̃0. If u ∈ K− and v

satisfies (36) then v ∈ K−.

2. Suppose Ω is an annulus and aθ ≥ 0 in Ω̃0. If u ∈ K+ and v satisfies (36) then v ∈ K+.

Proof. Much of the proof won’t depend on which case we are in. Additionally we have m = n but
for the time being we won’t indicate this since many of these computations will be useful in later
cases where they are not equal. Let u ∈ K± and for k large consider uk(x) = min{u(x), k} and
note that uk ∈ K±. Let vk denote a solution of{

−∆v = a(x)up−1
k in Ω,

v = 0 on ∂Ω.
(37)

By elliptic regularity we have vk ∈ H1
0,G(Ω) ∩ C1,α(Ω) for any 0 < α < 1. In terms of (s, t) we

see that vk satisfies

−vkss − vktt −
(m− 1)vks

s
− (n− 1)vkt

t
= aup−1

k in Ω̂, (38)
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with vk = 0 on (s, t) ∈ ∂Ω̂\({s = 0} ∪ {t = 0}). Since vk is sufficiently smooth then vks = 0 on
∂Ω̂∩ {s = 0} and vkt = 0 on ∂Ω̂∩ {t = 0} after considering the symmetry properties of vk (see [26]
for details). We now want to show that vk has the added symmetry across the line t = s. Here
there are a few ways to argue. We can directly use the (s, t) coordinates or we can switch to polar
coordinates, we will use the second approach.

A computation shows that

(m− 1)vks
s

+
(n− 1)vkt

t
=

(N − 2)vkr
r

+
vkθ
r2

{
n− 1

tan(θ)
− (m− 1) tan(θ)

}
if we write the equation in terms of polar coordinates (recall we have s = r cos(θ), t = r sin(θ)).
Writing out (38) in polar coordinates gives

−vkrr −
(N − 1)vkr

r
−
vkθθ
r2

+
vkθ
r2
h(θ) = aup−1

k , in Ω̃, (39)

with vk = 0 on ∂Ω̃\ (ΓL ∪ ΓR) where ΓL (respectively ΓR) corresponds to the portion of ∂Ω̃0 given
by {θ = 0} (respectively {θ = π

2 }) and where vkθ = 0 on ΓL ∪ ΓR and where

h(θ) = (m− 1) tan(θ)− (n− 1)

tan(θ)
. (40)

We now show that vk is even across θ = π
4 ; so we set v̂(r, θ) = vk(r, π2 − θ) and we want to show

that v̂ = vk in Ω̃. Because of the smoothness of vk we have ∂θv
k = 0 at θ = 0, π2 and hence we have

the same for v̂. Also note that since m = n we have h is odd across θ = π
4 , ie.

h(θ) = −h(
π

2
− θ)

for 0 < θ < π
2 . Note the right hand side of (39) is even across θ = π

4 . From this we see v̂ satisfies

(39) with the same boundary conditions and hence by uniqueness of solution we have v̂ = vk in Ω̃.
Now since vk is even across θ = π

4 and vk is sufficiently smooth we have vkθ = 0 on θ = π
4 .

Monotonicity. Let w = vkθ and then note that if we take a derivative in θ of the equation for vk

we arrive at

−wrr −
(N − 1)wr

r
− wθθ

r2
+
wθ
r2
h(θ) +

w

r2
h′(θ) = ∂θ

{
aup−1

k

}
, in Ω̃, (41)

and in particular the equation is satisfied in Ω̃0 with w = 0 on the portion of ∂Ω̃0 corresponding
to θ = 0, π4 . A computation shows that if write the left hand side of (41) in terms of x we arrive at

−∆w(x) +
(n− 1)|x|2w(x)

(x2
1 + · · ·+ x2

m)(x2
m+1 + · · ·+ x2

N )
,

which, at least formally, satisfies a maximum principle.

We now separate the cases of u ∈ K− and u ∈ K+. Suppose u ∈ K+ and Ω an annulus. Then
w = 0 on the curved portions of Ω̃0 since vk = 0 on these portions of the boundary. Also note that
the right hand side of (41) is nonnegative and assuming we can apply the maximum principle we
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arrive at w ≥ 0 in Ω̃0.

We now suppose u ∈ K−. Then we have the right hand side of (41) is nonpositive. Since vk ≥ 0
in Ω̃0 and noting the monotnicity of g1 and g2 we see that w = vkθ ≤ 0 on the curved portions of

∂Ω̃0 and again if we can apply the maximum principle we arrive at w ≤ 0 in Ω̃0.

To make these maximum principle arguments used above rigorous we use the idea of [12] (see
also [26]). Consider the case of u ∈ K−. Let ε > 0 be small and consider ψ := (w − ε)+. By the
smoothness properties of vk and noting the boundary values of vk we have w = 0 near θ = 0 and
θ = π

4 . Using ψ as a test function on a suitable weak notion of a solution of (41) one will arrive at
ψ = 0 and sine ε > 0 is arbitrary we have w ≤ 0.

Sending k →∞. We now get bounds on vk which allow us to pass to the limit in k. We assume
that u ∈ K− and vk as above. Then testing the weak formulation for vk on vk gives∫

Ω
|∇vk|2dx =

∫
Ω
aup−1

k vkdx

≤ C‖up−1
k ‖Lp′‖v

k‖Lp
≤ C0‖uk‖p−1

Lp
′(p−1)

‖∇vk‖L2

= C0‖uk‖p−1
Lp ‖∇v

k‖L2

where the second last inequality follows by part 1 of by Proposition 4.1 after noting the restriction
on p and the final equality follows since p′(p− 1) = p. Using the imbedding again we arrive at

‖∇vk‖L2 ≤ C0‖uk‖p−1
Lp ≤ C1‖∇uk‖p−1

L2 ,

since uk ∈ K−, and now note this quantity on the right is bounded independently of k and hence
vk is bounded in H1

0,G(Ω) and after passing to a subsequence we can assume that there is some

v ∈ H1
0,G(Ω) such that vk ⇀ v in H1

0,G(Ω) and its clear that v is an H1
0,G(Ω) solution of (36). Also

note that up−1
k → up−1 in Lp

′
(Ω) and hence by passing to another subsequence we have vk → v

in W 2,p′(Ω) and hence we can assume ∇vk → ∇v in Lp
′
(Ω) and a.e. in Ω. We now suppose that

0 ≤ ψ ∈ C∞c (Ω̃0) and note that we have

0 ≥
∫

Ω̃0

vkθψdrdθ = −
∫

Ω̃0

vkψθdrdθ,

and noting that vk → v in L2
loc(Ω̃0, drdθ) (recall we are away from the origin in this problem and

the measures only have issues on θ = 0, π2 )) and hence we can pass to the limit here to see that

0 ≥
∫

Ω̃0
vψθdrdθ but this is sufficient to see that vθ ≥ 0 a.e. in Ω̃0.

The case of u ∈ K+ has a similar proof and we skip the details.

Proof of Theorem 4.1. We are going to use Theorem 2.1 for the proof. Note that conditions
(i) and (ii) in Theorem 2.1 follows from Propositions 4.1 and 4.2 respectively. This proves the
existence of a weak solution of (32) for both cases (1 ) and (2 -a). It also follows from Theorem 8.1
that for

4(N + 2)

β0(Ω)
< p <∞,

the ground state solution u in 2 -a is non-radial.
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Regularity of the solution. We will prove the case of part 1, the case of part 2 is easier since one
doesn’t need an iteration. Let q := 2(n+1)

n−1 and take t0 = 1 and

tk+1 :=
qtk
2
− p− 2

2
,

where 1 < p < q. Then by examining the cobweb we see that tk →∞.

We now prove the following inductive step. If k ≥ 0 and utk ∈ K− then utk+1 ∈ K−. Assuming
this is true for a moment then note we see that since ut0 = u ∈ K− we can iterate to see u ∈ LT (Ω)
for all T < ∞ and hence we see that u is C1,δ(Ω) and then we can proceed with the Schauder
regularity theory and the exact smoothness of u will depend on the smoothness of a. Assuming a
at least Hölder continuous we have u is a classical solution.

We now prove the iteration step. Suppose utk ∈ K− for some k ≥ 0 and for i a large integer
define

ϕ(x) =

{
u(x)2tk−1 if u(x) < i,
i2tk−1 if u(x) ≥ i. (42)

Note that ϕ ∈ K−. We can test (32) on ϕ to arrive at (here Ωi := {x ∈ Ω : u(x) < i})

(2tk+1 − 1)

t2k+1

∫
Ωi

|∇utk+1 |2dx =

∫
Ω
aup−1ϕdx

=

∫
Ωi

aup+2tk+1−2dx+ εk,i

=

∫
Ωi

a
(
utk
) p+2tk+1−2

tk dx+ εk,i

=

∫
Ωi

a
(
utk
)q
dx+ εk,i

≤
∫

Ω
a
(
utk
)q
dx+ εk,i,

where

εk,i := i2tk+1−1

∫
Ω\Ωi

aup−1dx = iqtk−(p−1)

∫
Ω\Ωi

aup−1dx.

First note since utk ∈ K− then we see the utk ⊂ Lq(Ω) by the imbedding and hence the integral on
the right is finite. Set Ck =

∫
Ω u

tkqdx and note we have

itkq|Ω\Ωi| ≤ Ck,

for all large i. Put δk,i :=
∫

Ω\Ωi u
tkqdx and note δk,i → 0 as i → ∞. Let (p − 1)τ = tkq and then

note

εk,i

iqtk−(p−1)
=

∫
Ω\Ωi

aup−1dx

≤ Ca

(∫
Ω\Ωi

utkqdx

) 1
τ

|Ω\Ωi|
1
τ ′
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so we have

ετ
′
k,i

i(qtk−(p−1))τ ′
≤ Cτ

′
a δ

τ ′
τ
k,i

Ck
itkq

which gives us

ετ
′
k,i ≤ Cτ

′
a δ

τ ′
τ
k,iCk → 0,

as i→∞. From this we see that

(2tk+1 − 1)

t2k+1

∫
Ω
|∇utk+1 |2dx ≤

∫
Ω
a(utk)qdx <∞,

and hence we see that utk+1 ∈ H1
0,G(Ω) and its clear the monotonicity and symmetry is sufficient

that utk+1 ∈ K−. �

5 Hénon equation on B1 in even dimensions

In this section we examine the Hénon equation given by{
−∆u = |x|αup−1 in B1,
u = 0 on ∂B1,

(43)

where B1 is the unit ball in RN centered at the origin and N ≥ 3 and α > 0. Our interest is in
obtaining positive classical nonradial solutions in the supercritical case

2N

N − 2
< p <

2N + 2α

N − 2
,

via our variational approach. In the radial case the weight improves compactness of the Sobolev
imbedding to H1

0,rad(B1) ⊂⊂ Lp(B1, |x|αdx) to 1 ≤ p < 2N+2α
N−2 , see [52] and this allows one to

obtain a positive radial solution for this range of p. The first work to obtain a nonradial solution
was in [62] in the subcritical case. This was later extended to other values of p in [4, 34, 44, 55, 56].
Many of these works used bifurcation approaches to show the existence of nonradial solutions.

We now define K+ in essentially the same way we did on the annulus;

K+ =
{

0 ≤ u ∈ H1
0,G(B1) : u is even in θ across θ = π

4 with uθ ≥ 0 for 0 < r < 1 and 0 < θ < π
4

}
,

and we define Ω̃ and Ω̃0 in the obvious way after considering the definitions in Section 3. We will
not consider working on K− here even though it would give a different type of solution as compared
to K+, but one would need to further restrict the upper bound on p and so we chose not to include
this.

Here is our main theorem in this section.

Theorem 5.1. (K+ solutions for Hénon equation). Let B1 is the unit ball in RN centered at the
origin, N ≥ 4 is even and α > 0. The following assertions hold:

1. Suppose 2 < p < 2N+2α
N−2 . Then there is a positive classical K+ ground state solution u of

(43).
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2. Suppose
16(N + 2)

(N − 2)2
+ 2 < p <

2N + 2α

N − 2
.

Then the positive classical K+ ground state solution u of (43) is nonradial.

Remark 5.1. Note all these results can immediately give results regarding fast decay solutions of
related problems on exterior domains after applying a Kelvin transform.

We shall need some preliminaries before proving this theorem.

Proposition 5.1. (Imbedding iteration) Let Ω denote a bounded domain of double revolution in
RN = Rm+n (here m and n need not be equal). For all integers k ≥ 0 there is some Ck ≥ 0 such
that for all 0 ≤ ϕ ∈ H1

0,G(Ω) with ‖∇ϕ‖L2(Ω) = 1 we have∫
Ω̂

(ϕ(s, t))2∗+2ks(k+1)(m−1)t(k+1)(n−1)dsdt ≤ Ck, (44)

where 2∗ = 2∗N = 2N
N−2 .

Proof. Take 0 ≤ u ∈ H1
0,G(Ω) (and say Lipschitz) and take βi > 0. By extending u to the full first

quadrant by extending it to be zero outside of Ω̂ we have

u(s, t) ≤
∫ ∞
s
|∇s,tu(τ1, t)|dτ1,

u(s, t) ≤
∫ ∞
t
|∇s,tu(s, τ2)|dτ2,

and hence we have

u(s, t)2 ≤
∫ ∞
s
|∇s,tu(τ1, t)|dτ1

∫ ∞
t
|∇s,tu(s, τ2)|dτ2,

and we now multiply by sides by s2β1t2β2 where βi > 0 and integrate over Ω̂ we arrive at∫
Ω̂
u(s, t)2s2β1t2β2dsdt ≤

(∫
Ω̂
|∇s,tu(s, t)|sβ1tβ2dsdt

)2

. (45)

We now suppose 0 ≤ ϕ ∈ H1
0,G(Ω) is smooth and with the gradient assumption as in the hypothesis

and we put u = ϕγ into (45) where γ ≥ 1. Then we arrive at∫
Ω̂
ϕ2γs2β1t2β2dsdt ≤ γ2

(∫
Ω̂

{
|∇s,tϕ|s

m−1
2 t

n−1
2

}{
ϕγ−1sβ1−m−1

2 tβ2−n−1
2

}
dsdt

)2

≤ γ2‖∇ϕ‖2L2(Ω)

∫
Ω̂
ϕ2(γ−1)s2β1−(m−1)t2β2−(n−1)dsdt,

where we performed the Cauchy–Schwarz inequality and recall ‖∇ϕ‖L2 = 1. We will now use this
inequality to perform an iteration in γ and βi. For k ≥ 0 define

γk =
2∗

2
+ k, βk1 =

(k + 1)(m− 1)

2
, βk2 =

(k + 1)(n− 1)

2
.

Now suppose for k ≥ 1 we have ∫
Ω̂
ϕ2γk−1s2βk−1

1 t2β
k−1
2 dsdt = Ck,
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then by putting γ = γk and β1 = βk1 , β2 = βk2 into (45) we arrive at∫
Ω̂
ϕ2γks2βk1 t2β

k
2 dsdt ≤ γ2

k

∫
Ω̂
ϕ2(γk−1)s2βk1−(m−1)t2β

k
2−(n−1)dsdt

= γ2
k

∫
Ω̂
ϕ2γk−1s2βk−1

1 t2β
k−1
2 dsdt

= γ2
kCk,

after noting

2(γk − 1) = 2γk−1, 2βk−1
1 = 2βk1 − (m− 1), 2βk−1

2 = 2βk2 − (n− 1).

Also note we can start the iteration since the first term is given by∫
Ω̂
ϕ2∗sm−1tn−1dsdt,

which is controlled by ‖∇ϕ‖L2(Ω) by the classical critical Sobolev imbedding theorem.

Corollary 5.2. Let m = n = N
2 and suppose we have 1 < p ≤ 2N+2α

N−2 where α > 0. Then we have
K+ ⊂ Lp(B1, |x|αdx) (ie. a continuous imbedding).

Note the imbedding if optimal after considering the radial imbedding.

Proof of Corollary 5.2. We first prove the result for the case of p = 2∗ + 2k for some positive
integer k and we suppose α satisfies the hypothesis. Let ϕ ∈ K+ and we suppose ‖∇ϕ‖L2(Ω) = 1.

By the symmetry of the function it is sufficient we bound the desired integral on {(s, t) ∈ Ω̂ : s > t}
which in polar coordinates corresponds to {(θ, r) : 0 < θ < π

4 , 0 < r < 1}. Since ϕ ∈ K+ we have

ϕ(r, θ) ≤ 16

π

∫ π
4

3π
16

ϕ(r, θ̂)dθ̂ for 0 < θ <
π

8
,

and by Jensen’s inequality we have (for p = 2∗ + 2k)

ϕ(r, θ)p ≤ 16

π

∫ π
4

3π
16

ϕ(r, θ̂)pdθ̂.

Then note if we write out the Lp(B1, |x|αdx) norm of ϕ over the region corresponding to 0 < θ < π
8

we arrive at (note the extra power of r is from dsdt = rdrdθ)∫ 1

0

∫ π
8

0
ϕ(r, θ)prαr2(n−1)r cosn−1(θ) sinn−1(θ)dθdr

but this is bounded above by

16

π

∫ 1

0

∫ π
4

3π
16

ϕ(r, θ̂)pdθ̂rα+2(n−1)+1dr

∫ π
8

0
cosn−1(θ) sinn−1(θ)dθ,

and hence we just need to control∫ 1

0

∫ π
4

3π
16

ϕ(r, θ)prα+2(n−1)+1dθdr. (46)
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We now show for all 0 < θ0 <
π
4 we can control∫ 1

0

∫ π
4

θ0

ϕ(r, θ)prα+2(n−1)+1dθdr. (47)

We now write out (44) in terms of polar coordinates and noting the sine and cosine terms don’t
play a role now we see (44) gives the existence of some Dk(θ0) > 0 such that∫ 1

0

∫ π
4

θ0

ϕ(r, θ)pr2(k+1)(n−1)+1dθdr ≤ Dk. (48)

Note the assumption on α is exactly 2k(n− 1) ≤ α and this gives us that

α+ 2(n− 1) + 1 ≥ 2(k + 1)(n− 1) + 1,

and hence we get the desired result for the case of p = 2∗ + 2k.

We now prove the result for general p. Let p and α satisfy the hypothesis and we assume
p > 2∗. First note that this assumption on p implies p(n− 1)− 2n > 0. Since p ≤ 2N+2α

N−2 we have

α ≥ p(n− 1)− 2n. Define αp = p(n− 1)− 2n and hence p =
2N+2αp
N−2 so p− 2∗ =

αp
n−1 . Pick k large

integer such that 2∗ + 2k > p and 2k(n− 1) > αp. Then set

βk =
(2∗ + 2k)αp
2k(n− 1)

and note βk < p for large k. Set tk = 2∗+2k
βk

> 1 for large k. Then note we have t′k(p − βk) = 2∗.
Hence we have ∫

Ω
ϕ(x)p|x|αpdx =

∫
Ω
ϕβk |x|αpϕp−βkdx

≤
(∫

Ω
ϕβktk |x|αptkdx

) 1
tk

(∫
Ω
ϕt
′
k(p−βk)dx

) 1
t′
k

=

(∫
Ω
ϕ2∗+2k|x|2k(n−1)dx

) 1
tk

(∫
Ω
ϕ2∗dx

) 1
t′
k

and this gives us the desired bound at least in the case of αp. Noting that α ≥ αp gives the desired
result. �

Proposition 5.2. (Pointwise invariance for the Hénon equation) Suppose N is even with 2m =
2n = N , u ∈ K+ and v solves {

−∆v = |x|αup−1 in B1,
v = 0 on ∂B1.

(49)

Then v ∈ K+.

Proof. The proof that proved the analagous result on an annulus works in this case also (the main
difference is one needs to take some care near the origin now). In this proof we will write Ω̂, Ω̃, Ω̃0

even though its understood that Ω = B1. Let u ∈ K+ and we perform the cut off as always
uk(x) = min{u(x), k} and we let vk denote a solution of{

−∆vk = |x|αup−1
k in B1,

vk = 0 on ∂B1.
(50)
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Writing this in term of polar coordinates gives

−vkrr −
(N − 1)vkr

r
−
vkθθ
r2

+
vkθ
r2
h(θ) = rαup−1

k = G(r, θ), in Ω̃, (51)

where h is defined as in (40) with m = n and note that G is even across θ = π
4 after noting the

conditions on u. Using the symmetry of vk one sees, as in the case of the annulus, that vkθ = 0
on θ = 0, π2 provided one stays away from the origin. As in the case of the annulus we consider
v̂(r, θ) = vk(r, π2 − θ) and as before v̂ also satisfies (51) with the same boundary conditions as vk.
Set v̂(x) to be v̂(r, θ) written in terms of x and we set W (x) = vk(x)− v̂(x). Then note ∆W (x) = 0
in B1\{0} with W = 0 on ∂B1 and since we are assuming the dimension N ≥ 3 we can use the
regularity of W to see that W = 0 and hence we have vk is even across θ = π

4 and hence we have
vkθ (r, π4 ) = 0 for 0 < r ≤ 1.

Monotonicity. Let w = vkθ and then note that if we take a derivative in θ of the equation for vk

we arrive at

−wrr −
(N − 1)wr

r
− wθθ

r2
+
wθ
r2
h(θ) +

w

r2
h′(θ) = ∂θ

{
rαup−1

k

}
, in Ω̃, (52)

and in particular the equation is satisfied in Ω̃0 with w = 0 on the portion of ∂Ω̃0 corresponding
to θ = 0, π4 and w = 0 on r = 1. As before a computation shows that if write the left hand side of
(52) in terms of x we arrive at

−∆w(x) +
(n− 1)|x|2w(x)

(x2
1 + · · ·+ x2

m)(x2
m+1 + · · ·+ x2

N )
,

which, at least formally, satisfies a maximum principle. We can now proceed as in the annulus
case to show that w ≥ 0 in Ω̃0; the only real difference is the added singularity at the origin. Note
that w is Hölder continuous and there is some C > 0 such that |wθ| ≤ Cr. This bound allows us
to proceed as before using the method of [12] to see that w ≥ 0 in Ω̃0.

Sending k → ∞. We can utilize the same arguments from the case of the annular domain in
passing to the limit in k in Theorem 4.2.

Proof of Theorem 5.1. Here again, we are going to use Theorem 2.1 for the proof. Note that
conditions (i) and (ii) in Theorem 2.1 follows from Corollary 5.2 and Proposition 5.2 respectively.
This proves the existence of a weak solution u of (43). It also follows from Theorem 8.1 that for

4(N + 2)

β0(B1)
< p− 2,

the ground state solution u obtained above is non-radial. Here β0(B1) is the best constant for
the Hardy inequality on B1, and in fact β0(B1) = (N − 2)2/4. Thus, our solution u is non-radial
provided

16(N + 2)

(N − 2)2
+ 2 < p <

2N + 2α

N − 2
.

Regularity of the solution. Set q := 2N+2α
N−2 and consider t0 = 1 and

tk+1 :=
qtk
2
− p− 2

2
,
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for k ≥ 0. Since 1 < p < q we have, as before, tk → ∞. Let u ∈ K+ denote the ground state and
note then we have ∫

B1

|x|αup+2(1)−2dx =

∫
B1

|∇u|2dx <∞.

We now prove the following iteration:

if

∫
B1

|x|αup+2tk−2dx = Ck <∞ then

∫
B1

|x|αup+2tk+1−2dx = Dk <∞.

Fix k ≥ 0 and suppose Ck is finite and then we consider

ϕ(x) =

{
u(x)2tk−1 if u(x) < i,
i2tk−1 if u(x) ≥ i, (53)

for positive integers i. This is a suitable test function to test the equation for u on and we then
arrive at

(2tk − 1)

∫
Ωi

u2tk−2|∇u|2dx =

∫
Ωi

|x|αup+2tk−2dx+ εk,i,

where Ωi := {x ∈ B1 : u(x) < i} and

εk,i =

∫
Ωci

|x|αup−1i2tk−1dx,

where Ωc
i is the compliment of Ωi in B1. We will later show that εk,i → ∞ as i → ∞ and hence

lets accept this for now. Sending i→∞ in the above equality we arrive at

(2tk − 1)

t2k

∫
B1

|∇utk |2dx =

∫
B1

|x|αup+2tk−2dx.

From this we see that utk ∈ H1
0,G(B1) and hence we see that utk ∈ K+. We can now use the

continuous imbedding to see there is some C = Cq such that

(2tk − 1)Cq
t2k

(∫
B1

|x|αutkqdx
) 2
q

≤
∫
B1

|x|αup+2tk−2dx = Ck,

but note that qtk = 2tk+1 + p − 2 and hence we have Dk < ∞, which proves the inductive step.
Since we have the result for t0 we can start the iteration and hence we have Ck is finite for all k.
Since α > 0 we see that after a finite number of steps that |x|αup−1 ∈ LT (B1) for some T > N

2 and
hence we have the solution is Hölder continuous. We can now use Schauder regularity theory to
show the solution is a classical solution.

We now prove the claim that εk,i → 0 as i→∞. First note that since∫
B1

|x|αup+2tk−2dx = Ck <∞,

we have ∫
Ωci

|x|αdx ≤ Ck
ip+2tk−2

. (54)
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Let 1 < τ <∞ be such that (p− 1)τ = p+ 2tk − 2 and then note we have

εk,i
i2tk−1

=

∫
Ωci

|x|p−1dx

≤

(∫
Ωci

|x|αuτ(p−1)dx

) 1
τ
(∫

Ωci

|x|αdx

) 1
τ ′

and put δi :=
∫

Ωci
|x|αuqdx and note δi → 0. So we can now use this and (54) to see that

ετ
′
k,i

iτ ′(2tk−1)
≤ δ

τ ′
τ
i

Ck
ip+2tk−2

,

and note the exponents on i are equal and hence we see that εk,i → 0 as i→∞. �

6 Hénon equation with a zero order term on RN

In this section we examine solutions of

−∆u+ u = |x|αup−1 in RN = Rn × Rn. (55)

A particular interest will be in obtaining positive classical nonradial solutions. Before stating our
main result we recall the definition of the best constant in Hardy inequality for RN , that is,

β1 = inf
u∈H1

0 (RN )

∫
RN |∇u|

2 dx+
∫
RN u

2 dx∫
RN

u2

|x|2 dx
. (56)

Here is our main result in this section.

Theorem 6.1. Let N ≥ 3 be an even number and α > 0. The following assertions hold:

1. Suppose
2N + 2α− 4

N − 2
< p <

2N + 2α

N − 2
.

Then there is a positive classical K+ ground state solution u of (55) (see below for a definition
of K+).

2. Suppose

max

{
4(N + 2)

β1
+ 2,

2N + 2α− 4

N − 2

}
< p <

2N + 2α

N − 2
.

Then the positive classical K+ ground state solution u of (55) is nonradial.

Consider the full space RN = Rm × Rn (here m and n need not be equal but later we will set
them equal)

H1
G(RN ) :=

{
u ∈ H1(RN ) : gu = u ∀g ∈ G

}
,

where gu(x) and G := O(m)×O(n) are as defined before. We now take Ω̂ as before and hence in
this case we have Ω̂ is the first quadrant in the (s, t) plane. We define

Ω̃ :=
{

(θ, r) : 0 < r <∞, 0 < θ <
π

2

}
,
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and we take
Ω̃0 :=

{
(θ, r) : 0 < r <∞, 0 < θ <

π

4

}
.

We set K+ where the definition has the added modifications to RN that one would expect; so the
functions are even across θ = π

4 and increasing in θ on (0, π4 ).

Proposition 6.1. (Imbedding) For all integers k ≥ 0 there is some Ck such that for all 0 ≤ ϕ ∈
H1
G(RN ) with ‖ϕ‖H1 ≤ 1 one has∫

Ω̂
(ϕ(s, t))2∗+2ks(k+1)(m−1)t(k+1)(n−1)dsdt ≤ Ck, (57)

∫
Ω̂

(ϕ(s, t))2(k+1)s(k+1)(m−1)t(k+1)(n−1)dsdt ≤ Ck. (58)

Proof. Both results will start with the same basic proof and they will follow by almost the same
computation as the proof of Proposition 5.1. By a density argument we can assume ϕ ≥ 0 is smooth
and zero for large enough r = (s2 + t2)

1
2 and we write dµ(s, t) = sm−1tn−1dsdt. Suppose∫

Ω̂

(
|∇s,tϕ|2 + ϕ2

)
dµ(s, t) ≤ 1.

Let 0 ≤ u denote a function defined in (s, t) and zero for large (s, t) (we will take u to be a power
of ϕ). As before we have

u(s, t)2 ≤
∫ ∞
s
|∇s,tu(τ1, t)|dτ1

∫ ∞
t
|∇s,tu(s, τ2)|dτ2,

and we now multiply by sides by s2β1t2β2 where βi > 0 and integrate over Ω̂ we arrive at∫
Ω̂
u(s, t)2s2β1t2β2dsdt ≤

(∫
Ω̂
|∇s,tu(s, t)|sβ1tβ2dsdt

)2

. (59)

We now suppose 0 ≤ ϕ as above and take u = ϕγ and put into abouve (γ ≥ 1). Then we arrive at∫
Ω̂
ϕ2γs2β1t2β2dsdt ≤ γ2

(∫
Ω̂

{
|∇s,tϕ|s

m−1
2 t

n−1
2

}{
ϕγ−1sβ1−m−1

2 tβ2−n−1
2

}
dsdt

)2

≤ γ2‖∇ϕ‖2L2(Ω)

∫
Ω̂
ϕ2(γ−1)s2β1−(m−1)t2β2−(n−1)dsdt,

where we performed the Cauchy–Schwarz inequality and recall ‖∇ϕ‖L2 ≤ 1.

We now perform the iterations. For (57) we will follow the exact same choice of parameters
as in Proposition 5.1 and this gives the desired result. Note in the first step here we choose the
parameters so that the right hand side is exactly∫

Ω̂
ϕ2∗sm−1tn−1dsds,

which we know is controlled by the critical Sobolev imbedding.
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To prove (58) the only difference is we choose the parameters so that in the first step of the iteration
the right hand side is ∫

Ω̂
ϕ2sm−1tn−1dsdt.

If one performs the iteration they get the desired result.

Corollary 6.1. For N ≥ 3 even, α > 0 and

2N + 2α− 4

N − 2
< p <

2N + 2α

N − 2
, (60)

we have K+ ⊂⊂ Lp(RN , |x|αdx).

Proof. Let ϕ ∈ K+. Using a suitable compactly supported radial cut off function and Corollary
5.2 we see that there is some C (independent of ϕ) such that(∫

B1

ϕ(x)p|x|αdx
) 1
p

≤ C‖ϕ‖H1(RN ),

and hence we really only need to bound the integral on the region |x| ≥ 1.
By using Proposition 6.1 and similar arguments that we used to prove Corollary 5.2 we can show

for all integers k, i ≥ 0 there is some constant depending just on k, i such that for all ϕ ∈ K+ with
‖ϕ‖H1 ≤ 1 one has ∫

RN
ϕ2+2i|x|2i(n−1)dx ≤ Ci, (61)∫

RN
ϕ2∗+2k|x|2k(n−1)dx ≤ Ck. (62)

Recall we really only need the estimate on the region π
8 < θ < π

4 (where s and t are comparable)
and then we can extend to the full region via monotonicity and symmetry. We now interpolate
between these to get the desired result. Again we fix ϕ ∈ K+ with ‖ϕ‖H1 ≤ 1. Then we have, for
τ > 1,

∫
|x|>1

ϕp|x|αdx =

∫
|x|>1

{
ϕ

(2+2i)
τ |x|

2i(n−1)
τ

}(
ϕp−

(2+2i)
τ |x|α−

2i(n−1)
τ

)
dx

≤

(∫
|x|>1

ϕ2+2i|x|2i(n−1)dx

) 1
τ
(∫
|x|>1

ϕτ
′(p− 2+2i

τ )|x|τ
′
(
α− 2i(n−1)

τ

)
dx

) 1
τ ′

.

We now choose an appropriate τ and we will be more general than we need to. Assume i, k ≥ 0
are integers and we suppose 2 + 2i < p < 2∗ + 2k. Take τ > 1 such that

τ ′
(
p− 2 + 2i

τ

)
= 2∗ + 2k,

and then note we have an estimate provided

τ ′
(
α− 2i(n− 1)

τ

)
≤ 2k(n− 1),
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after considering (62). Note on can explicitly compute τ from the first equation to get

τ =
2∗ + 2k − 2− 2i

2∗ + 2k − p
.

Now one needs to check if the second inequality holds. For our purposes it will be sufficient to take
i = 0 and k large. So define τk by

τk =
2∗ + 2k − 2

2∗ + 2k − p
,

and so note that τk ↘ 1 as k →∞. So we need 2 < p < 2∗+ 2k and τ ′kα ≤ 2k(n− 1) which we can
rewrite as ατk

2(n−1) ≤ k(τk − 1) but note that

k(τk − 1) =
k(p− 2)

2∗ + 2k − p
→ p− 2

2
,

as k →∞. So we see the desired result holds for large integers k provided

α

2(n− 1)
<
p− 2

2
,

which is exactly the lower bound on p from (60). The above shows that for the desired range of
parameters we have a continuous imbedding. We now need to improve this to a compact imbedding.
Note the only potential loss of compactness is if we lose mass at ∞. Take {ϕk}k ⊂ K+ with
‖ϕk‖H1 ≤ 1 and fix p, α as in (60) and then note by taking ε > 0 small enough we have p, αε := α+ε
still satisfies (60). Then from the above results we have for some ε > 0 that∫

|x|>1
ϕpk|x|

α+εdx ≤ Cε,

and hence for large R we have ∫
|x|>R

ϕpk|x|
αdx ≤ Cε

Rε
,

for all k and this is sufficient to rule out a loss of compactness at ∞.

We now turn to the pointwise invariance property. We need to show that given u ∈ K+ there is
some v ∈ K+ which satisfies

−∆v + v = |x|αup−1 in RN , (63)

Proposition 6.2. (Pointwise invariance property) Suppose 2m = 2n = N and u ∈ K+. Then
there is some v ∈ K+ which satisfies (63).

Proof. Let u ∈ K+ and for integers i ≥ 1 consider the problem{
−∆v + v = |x|αup−1 in Bi,
v = 0 on ∂Bi.

(64)

Using the same proof as in Proposition 5.2 we can show there is some vi ∈ K+(Bi), where K+(Bi)
is the obvious extension of K+ from the unit ball to the ball of radius i, which satisfies (64). Extend
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vi to be zero outside Bi. Then note by multiplying the equation for vi and integrating over Bi we
obtain ∫

Bi

|∇vi|2 + v2
i dx =

∫
Bi

|x|αup−1vidx

=

∫
Bi

{
up−1|x|

α
p′
}{

vi|x|
α
p

}
dx

≤
(∫

Bi

up
′(p−1)|x|αdx

) 1
p′
(∫

Bi

vpi |x|
αdx

) 1
p

and then note p′(p− 1) = p. Using the imbedding from Corollary 6.1 there is some C such that we
have ∫

RN
|∇vi|2 + v2

i dx ≤ C‖u‖
p−1
H1(RN )

‖vi‖H1(RN ),

and this shows that {vi}i is bounded in H1(RN ). By passing to a sequence we can assume there is
some v ∈ H1(RN ) with vi ⇀ v in H1(RN ) and v is an H1(RN ) energy solution of (63). Furthermore
we can use arguments similar to before to show that v ∈ K+, we omit the details.

Proof of Theorem 6.1. Here again, we are going to use Theorem 2.1 for the proof. Note that
conditions (i) and (ii) in Theorem 2.1 follows from Corollary 6.1 and Proposition 6.2 respectively.
This proves the existence of a weak solution u of (55). It also follows from Theorem 8.1 that for

4(N + 2)

β1
< p− 2,

the ground state solution u obtained above is non-radial. Here β1 is the best constant for the Hardy
inequality on RN defined in (56). Thus, our solution u is non-radial provided

max

{
4(N + 2)

β1
+ 2,

2N + 2α− 4

N − 2

}
< p <

2N + 2α

N − 2
.

Regularity of the solution. Here we can use a proof similar to the proof of Theorem 5.1 but one
needs to insert a suitable cut off function. We omit the details. �

7 A singular potential problem

Here we examine the problem {
−∆u+ u

|x|α = up−1 in B1,

u = 0 on ∂B1,
(65)

where N ≥ 3 and α > 2. In particular we are interested in nonradial positive classical solutions.
Note that we are taking α > 2 which can be thought of as super critical values of α. Let H denote
the completion of the {u ∈ C∞c (B1\{0}) : u = u(s, t)} under the norm

‖u‖2H :=

∫
Ω
|∇u|2 +

u2

|x|α
dx.

Note if α ≥ N then H does not contain C∞c (B1) and hence we need to be a bit careful when we
define what we mean by a solution.
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Definition 7.1. We call u a weak H solution of{
−∆u+ u

|x|α = f(x) in B1,

u = 0 on ∂B1,
(66)

provided u ∈ H and ∫
B1

(
∇u · ∇ϕ+

uϕ

|x|α

)
dx =

∫
B1

f(x)ϕdx ∀ϕ ∈ H. (67)

We will assume that we are in the case of m = n since we will want to work on a suitable version
of K+ which we now define. We define K+ to be exactly analogous to the way it was defined for
the Hénon problem on the ball except now we add the extra condition that u ∈ H.

Theorem 7.1. Suppose m = n and consider the problem (65). The following assertions hold;

1. Suppose 2 < p < 2N+2α−4
N−2 , then there is a positive classical K+ ground state solution of (65).

In addition for all t > 0 there is some Ct such that u(x) ≤ Ct|x|t in B1.

2. The ground state solution from part 1 is nonradial provided

p− 2 > 4(N + 2)/βα(Ω),

where

βα := inf
06=ϕ∈H

∫
B1
|∇ϕ|2 + ϕ2

|x|αdx∫
B1

ϕ2

|x|2dx
.

We will show βα →∞ as α→∞ and hence this result is nonempty.

Remark 7.2. We are able to prove similar results for nonradial domains provided they are domains
of double revolution symmetry with the π/2 or π/4 symmetry and the needed monotonicity. In
these cases one works on a suitable version of K− but we chose not to include these results since
the imbeddings we are able to prove appear to be nonoptimal.

Lemma 7.3. We have limα→∞ βα =∞.

Proof. Recall the boundary Hardy inequality gives∫
B1

|∇ϕ|2dx ≥ 1

4

∫
B1

ϕ2

(1− |x|)2
dx ∀ϕ ∈ H1

0 (B1).

Define

Hα(r) := r2

(
1

4(1− r)2
+

1

rα

)
0 < r < 1,

and we set Cα = min0<r<1Hα(r) and note Cα →∞ as α→∞. Then note we have∫
B1

|∇ϕ|2dx+

∫
B1

ϕ2

|x|α
dx− Cα

∫
B1

ϕ2

|x|2
dx ≥

∫
B1

(
1

4(1− |x|)2
+

1

|x|α
− Cα
|x|2

)
ϕ2dx

=

∫
B1

ϕ2

|x|2

(
|x|2

4(1− |x|)2
+
|x|2

|x|α
− Cα

)
dx

=

∫
B1

ϕ2

|x|2
(Hα(|x|)− Cα) dx

≥ 0,

and from this we see that βα ≥ Cα which proves the desired result.

30



Lemma 7.4. Suppose m = n and 1 ≤ p < 2N+2α−4
N−2 . Then K+ ⊂⊂ Lp(B1).

Proof. Suppose in addition to the hypothesis on p take p > 2 and then for u ∈ K+ with ‖u‖H = 1
and 1 < τ <∞ we have ∫

B1

updx =

∫
B1

u
2
τ

|x|
α
τ

{
up−

2
τ |x|

α
τ

}
dx

≤ ‖u‖
2
τ
H

(∫
B1

uτ
′(p− 2

τ
)|x|

τ ′α
τ dx

) 1
τ ′

and now note we need to have some sort of Hénon type imbedding for K+. Note this same proof
so far would work on a general domain with a function with any type of symmetry. By Corollary
5.2 we see this integral on the right is bounded by a constant provided we have

τ ′
(
p− 2

τ

)
<

2N + 2 τ
′α
τ

N − 2
. (68)

Since p < 2N+2α−4
N−2 we can show (68) for τ sufficiently close to 1 and this completes the proof of the

continuity of the imbedding. For compactness we use compactness in L1(B1) along with standard
Lp interpolation.

In the proof of the above Lemma it is apparent that once one has a type of Hénon imbedding
then they get an suitable imbedding for H.

Proposition 7.1. (Pointwise Invariance) Take m = n and suppose u ∈ K+. Then there is some
v ∈ K+ which solves {

−∆v + v
|x|α = up−1 in B1,

v = 0 on ∂B1.
(69)

Proof. Our approach will be to approximate the domain via an annulus and take a limit. For ε > 0
small set Aε := {x ∈ RN : ε < |x| < 1} and let u ∈ K+. Consider the problem{

−∆vε + vε

|x|α = up−1 in Aε,

vε = 0 on ∂Aε.
(70)

Note this problem essentially fits into the exact framework of Proposition 4.2 part 2 except for this
|x|α term; but this term has no effect on the approach. So if we let K+(Aε) denote the obvious
extension of K+ to Aε we see that vε ∈ K+(Aε). We now extend vε to B1 by extending it to be
zero outside Aε and note vε ∈ K+. Then note we∫

B1

|∇vε|2 +

∫
B1

(vε)2

|x|α
dx =

∫
B1

up−1vεdx

≤
(∫

B1

up
′(p−1)dx

) 1
p′
(∫

B1

(vε)pdx

) 1
p

≤ ‖u‖
p
p′

Lp(B1)C‖v
ε‖H

where in the last step we used the imbedding of K+. From this we see there is some constant Cu
such that ‖vε‖H ≤ Cu for all ε > 0 small. From this we see we can pass to a subsequence and find
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some v ∈ H such that vε ⇀ v in H and also since K+ is convex and closed in H we have it weakly
closed in H and hence v ∈ K+. Note if ϕ ∈ C∞c (B1\{0}) we can easily pass to the limit in∫

B1

∇vε · ∇ϕ+
vεϕ

|x|α
dx =

∫
B1

up−1ϕdx, (71)

and hence we have a solution at least on the punctured ball.

Proof of Theorem 7.1. We shall begin by observing that Theorem 2.1 can be easily adapted to
deal with singular problems like (65). The only major change is to replace the notion of the weak
solutions in condition (ii) of Theorem 2.1 by the one in Definition 7.1 where the test functions ϕ
belong to the space H∩Lp(B1). Both conditions (i) and (ii) follow from Lemma 7.4 and Proposition
7.1 respectively. This proves the existence of a weak solution for (65). Also, a similar argument as
in the proof of Theorem 8.1 shows that the solution is nonradial provided

p− 2 > 4(N + 2)/βα(Ω).

Moreover, by Lemma 7.3 we have that βα →∞ as α→∞ and hence the ground state solution
u is non-radial for large values of α.

Regularity of ground state solution. Let u ∈ K+ denote a ground state solution of (65) and note
since 2 < p < 2N+2α−4

N−2 there is some t0 > 1 such that u ∈ Lp+2t0−2(B1) (after considering the
imbedding result). For k ≥ 0 define

tk+1 =
ptk
2
− (p− 2)

2
,

and note that tk ↗ ∞ as k → ∞. We will now show one has the following iteration result: for
k ≥ 0

if u ∈ Lp+2tk−2(B1) then u ∈ Lp+2tk+1−2(B1). (72)

We now prove this iteration step; let k ≥ 0 and suppose u ∈ Lp+2tk−2(B1). For m ≥ 1 set

ϕm(x) =

{
u(x)2tk−1 if u(x) < m,
u(x)m2tk−2 if u(x) ≥ m, (73)

and since 2tk− 1 > 1 we see that ϕm ∈ H1
0 (B1) and its also clear that we have

∫
B1
|x|−αϕ2

mdx <∞
and hence ϕm ∈ H, so we can use ϕm as a test function in the definition of u be a weak H solution
of (65) to arrive at (after dropping a couple of positive terms from the left)

(2tk − 1)

t2k

∫
Ωm

|∇utk |2dx+

∫
Ωm

u2tk

|x|α
dx ≤

∫
Ωm

up+2tk−2dx

+m2tk−2

∫
Ωcm

updx

where Ωm = {x ∈ B1 : u(x) < m} and Ωc
m is its compliment in B1. Set εm := m2tk−2

∫
Ωcm

updx and
we will later show that εm → 0 as m→∞. Then note passing to the limit in the above inequality
we arrive at

(2tk − 1)

t2k

∫
B1

|∇utk |2dx+

∫
B1

u2tk

|x|α
dx ≤

∫
B1

up+2tk−2dx, (74)

and note the integral on the right is finite since we have u ∈ Lp+2tk−2(B1) by hypothesis. From
this we see that utk ∈ H and note that utk and now its easy to see that utk ∈ K+ and hence by
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the imbedding result we have utk ∈ Lp(B1) but note tkp = 2tk+1 + p− 2 and hence we have proven
the iteration step. We now show εm → 0. By hypothesis we have u ∈ Lp+2tk−2(B1) and hence
δm :=

∫
Ωcm

up+2tk−2dx→ 0 and note that εm ≤ δm which gives the desired result.

With this iteration we have u ∈ LT (B1) for all 1 < T < ∞. At this point we could attempt to
appeal to some linear theory to show u is bounded but we prefer to follow the iteration through.
Once we have u bounded then we will switch to linear theory.

Starting at (74) and dropping a portion of the zero order part of the norm we arrive

‖utk‖2H ≤
t2k

2tk − 1

∫
B1

up+2tk−2dx,

and using the imbedding of K+ into Lp(B1) we arrive at

‖u‖Lp+2tk+1−2 ≤
(

C0t
2
k

2tk − 1

) 1
2tk

‖u‖
p+2tk−2

2tk

Lp+2tk−2 ,

where C0 is coming from the imbedding. We write

βk := ‖u‖Lp+2tk−2 , γk :=

(
C0t

2
k

2tk − 1

) 1
2tk

, δk :=
p+ 2tk − 2

2tk

and hence we have
βk+1 ≤ γkβδkk ,

for all k ≥ 0. Writing out the iteration we arrive at

βn+1 ≤
(
β
∏n
j=0 δj

0

) n∏
k=0

(
γ
∏n
i=k δi

k

)
.

We now wish to show the right hand side in bounded in n and hence this would give us the desired
L∞ bound on u. We first show that Tn :=

∏n
j=0 δj is bounded. Consider the log of Tn and note we

have

ln(Tn) =
n∑
j=0

ln(δj)

=

n∑
j=0

ln

(
1 +

p− 2

2tj

)

≤
n∑
j=0

p− 2

2tj

where we used the fact that p > 2 and log is concave. Now note one can get the explicit formula

tk = C
(p

2

)k
+ 1 where C > 0 since t0 > 1. From this we see that ln(Tn) is bounded and hence we

have the same for Tn. We now define Tk,n :=
∏n
i=k δi and similarly we get

ln(Tk,n) =

n∑
i=k

ln

(
1 +

p− 2

2 + 2C2−ipi

)

≤
n∑
i=k

p− 2

2 + 2C2−ipi

≤ Ĉ2k

pk
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for some Ĉ independent of k and n. This shows Tk,n is bounded above. From this we see that to

show
∏n
k=0

(
γ
∏n
i=k δi

k

)
is bounded it is sufficient to show that Pn :=

∑n
k=0 ln(γk) is bounded. But

note that

Pn =
n∑
k=0

1

2tk
ln

(
C0t

2
k

2tk − 1

)
,

and noting the growth of tk we easily see this is bounded in n. This completes the proof that u is
bounded.

We will now apply Proposition 7.2 to get more regularity. Take t < 0 but very close and then
note that up−1 ∈ Yt and by uniqueness of the solution to the linear problem we have u ∈ Xt

and hence we have |u(x)| ≤ C|x|t+α. We can now iterate this process. For instance we have
|u(x)p−1| ≤ C|x|(p−1)(t+α)| and we choose t1 := (p− 1)(t+ α) and apply the linear theory again to
see that |u(x)| ≤ C|x|(p−1)(t+α)+α. Writing out the iteration we see that for all t > 0 there is some
Ct > 0 such that u(x) ≤ Ct|x|t.

�
We now state a result from the preprint [2] but we include a partial proof for the readers

convenience. This result will only be used when showing the decay of the solution near the origin.

Proposition 7.2. [2] (Linear theory for −∆ϕ+ ϕ
|x|α in weighted L∞ spaces) For N ≥ 3, α > 2 and

t ∈ R define the norms

‖f‖Yt := sup
0<|x|≤1

|x|−t|f(x)|, ‖ϕ‖Xt := sup
0<|x|≤1

|x|−t−α|ϕ(x)|,

we let Yt denote the completion of the bounded functions under the Yt norm and Xt to denote
the continuous functions on B1\{0} which have finite Xt norm and with ϕ = 0 on ∂B1. Let
N ≥ 3, α > 2 and t ∈ R. Then there is some C > 0 such that for all f ∈ Yt there is a ϕ ∈ Xt such
that {

−∆ϕ(x) + ϕ(x)
|x|α = f(x) in B1\{0},
ϕ = 0 on ∂B1,

(75)

and one has the estimate ‖ϕ‖Xt ≤ C‖f‖Yt. For

t > −α−

{
N − 2 +

√
N2 − 4N + 8

}
2

, (76)

the solution ϕ is unique.

Proof. Fix N,α and t as in the hypothesis. Let f ∈ Yt with ‖f‖Yt = 1. Since α > 2 we can fix
0 < ε′ < 1

4 small such that

1− (t+ α)(t+ α− 1)|x|α−2 − (N − 1)(t+ α)|x|α−2 ≥ 1

2
∀ 0 < |x| ≤ ε′,

and note ε′ only depends on N,α and t. We can now choose Ci = Ci(N,α, t) > 0 such that

C1

{
1− (t+ α)(t+ α− 1)|x|α−2 − (N − 1)(t+ α)|x|α−2

}
+ C2

{
2N + 1−|x|2

|x|α

}
|x|t

≥ 1, ∀ 0 < |x| < 1.

For R1 < R2 we set AR1,R2 := {x ∈ RN : R1 < |x| < R2}. For 0 < ε < ε′

2 consider{
−∆ϕε(x) + ϕε(x)

|x|α = f(x) in Aε,1,

ϕε = 0 on ∂Aε,1,
(77)
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and note there is a classical solution. Set ϕ(x) := C1|x|t+β + C2(1 − |x|2) and by the maximum
principle we have |ϕε(x)| ≤ ϕ in Aε,1 for all small ε (note ε′ is fixed and we be varying ε). In
particular there is some C3 > 0 such that supA ε′

2 ,1
|ϕε| ≤ C3 for all small ε > 0. We now set

ψ(x) := C4|x|t+α where C4 = C3 + 2. Then we can apply the maximum principle on Aε,ε′ to see
that |ϕε(x)| ≤ ψ(x) = C4|x|t+α in Aε,ε′ . This shows that there is some C > 0 such that for all
small ε > 0 we have ‖ϕε‖Xt ≤ C‖f‖Yt (where the norms are now over the annulus). The main
point is the constant C does not depend on ε. Taking ε = εm ↘ 0 and applying a diagonal
argument (using the equation to obtain the needed compactness away from the origin) there is
some ϕ ∈ Xt which solves (75) and we have the desired estimate.

We now prove the uniqueness part. Let ϕ ∈ Xt solve (75) with f = 0. We write
ϕ(x) =

∑∞
k=0 ak(r)ψk(θ) where (ψk, λk) are the eigenpairs of the Laplace-Beltrami operator

−∆θ = −∆SN−1 on the unit sphere SN−1. Then for all k ≥ 0 we have ak satisfies

−a′′k(r)−
(N − 1)a′k(r)

r
+
λkak
r2

+
ak(r)

rα
= 0 0 < r < 1, (78)

with ak(1) = 0 and |ak(r)| ≤ Ckr
t+α. We now need to show that ak = 0 for all k ≥ 0. Take

w(r) := rγak(r) where t+α+ γ > 0. Then note we have w(1) = 0 = limr↘0w(r) and hence if w is
not identically zero we can (after multiplying by −1) see that w attains its max at some 0 < r0 < 1
with w(r0) > 0, w′′(r0) ≤ 0 and w′(r0) = 0. Note the equation for w is given by

w′′(r) +

(
N − 1

r
− 2γ

r

)
w′(r) + Ck(r)w(r), 0 < r < 1,

where

Ck(r) =
γ(γ + 1)

r2
− γ(N − 1)

r2
−
λ2
k

r2
− 1

rα
.

Note if Ck(r0) < 0 then evaluating the equation for w at r0 gives a contradiction. Now note that

r2Ck(r0) < γ(γ + 1)− γ(N − 1)− 1,

and hence we have the desired contradiction provided γ(γ + 1) − γ(N − 1) − 1 ≤ 0. Let γ− < γ+

denote the roots of this quadratic equation and note we need some γ such that t+ α+ γ > 0 and
γ ∈ (γ−, γ+). So to find such a γ it is sufficient that t+α+ γ+ > 0 and writing this out gives (76).

8 Nonradial solutions when Ω is a radial domain.

In this section we discuss the case when a(x) = a(|x|) is radial, and Ω is a radial domain, that is
Ω = {x : R1 ≤ |x| < R2} where R1 ≥ 0 and R2 ∈ (R1,+∞],

−∆u+ λu = a(|x|)up−1 in Ω,
u > 0 in Ω,
u = 0 on ∂Ω.

(79)

where λ = 0 for bounded domains and λ = 1 where Ω = RN . Note we are writing a general form
that can handle all radial domains we consider. When R1 = 0 then we are either on a ball or the
full space. When R1 > 0 then we are taking R2 finite (we are not examining exterior domains
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here) and then we should take Ω := {x : R1 < |x| < R2}. We shall prove that the solution obtained
in Theorem 4.1, Theorem 5.1 and Theorem 6.1 are nonradial under certain assumptions on Ω and p.

We require some preliminaries before stating our theorem for the radial domain. Consider the
variational formulation of an eigenvalue problem given by

µ1 = inf
ψ∈H1

loc(0,
π
4

)

{∫ π
4

0
|ψ′(θ)|2ω(θ) dθ;

∫ π
4

0
|ψ(θ)|2ω(θ) dθ = 1,

∫ π
4

0
ψ(θ)ω(θ) dθ = 0

}
, (80)

where ω(θ) := cosn−1(θ) sinn−1(θ) and suppose ψ1 satisfies the minimization problem. Then (µ1, ψ1)
satisfies 

−∂θ(ω(θ)ψ′1(θ)) = µ1ω(θ)ψ1(θ) in (0, π4 ),
ψ′(θ) > 0 in (0, π4 ),
ψ′1(0) = ψ′1(π4 ) = 0,

(81)

and note (µ1, ψ1) is the second eigenpair, the first eigenpair is given by (µ0, ψ0) = (0, 1).
An easy computation shows that

µ1 = 4(N + 2), ψ1(θ) = − cos(4θ) +
2−N
2 +N

.

We also recall the definition of the best constant in Hardy inequality for the domain Ω, that is,

βλ(Ω) = inf
u∈H1

0 (Ω)

∫
Ω |∇u|

2 dx+ λ
∫

Ω u
2 dx∫

Ω
u2

|x|2 dx
. (82)

We are now ready to state our general theorem regarding the existence of a non-radial solution
for a fully radial problem.

Theorem 8.1. Let u be the K+ ground state solution obtained in either of Theorems 4.1, 5.1 or
6.1. If

p− 2 > 4(N + 2)/βλ(Ω),

then u is a nonradial function.

Proof. Let us assume that u is a radial function. Note that K = K+ consists of functions
w = w(r, θ) where θ 7→ w(r, θ) is non-decreasing on the interval (0, π/4). Recall that EK(u) = c > 0
where the critical value c is characterized by

c = inf
γ∈Γ

max
τ∈[0,1]

EK [γ(τ)],

where
Γ = {γ ∈ C([0, 1], V ) : γ(0) = 0 6= γ(1), EK(γ(1)) ≤ 0}.

For the sake of simplifying the notations, we use E instead of EK in the rest of the proof. Let ψ1

satisfies (81), and let ψ be the extension of ψ1 evenly across θ = π
4 . Note that ψ solves the same

equation on (0, π2 ). Set v(r, θ) = u(r)ψ(θ) and note that u+ tv belongs to the set K for 0 < t < 1.
We first show that ∫

Ω
|∇v|2 dx+ λ

∫
Ω
v2 dx− (p− 1)

∫
Ω
|a(|x|)u|p−2v2 dx < 0. (83)
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To this end we need to show that M(u, v) < 0 where

M(u, v) :=

∫
Ω̂
sn−1tn−1(v2

t + v2
s + λv2) ds dt− (p− 1)

∫
Ω̂
sm−1tn−1a(s, t)up−2v2 ds dt < 0. (84)

Note first that it follows from the equation −∆u+ λu = a(r)up−1 that∫ R2

R1

(u2
r + λu2)rN−1 dr =

∫ R2

R1

a(r)uprN−1 dr. (85)

It also from the definition of β = βλ(Ω), the best constant in Hardy inequality, that

β

∫ R2

R1

u2

r2
rN−1 dr ≤

∫ R2

R1

(u2
r + λu2)rN−1 dr. (86)

It follows from (85) by writing M(u, v) in polar coordinates that

M(u, v) =

∫ R2

R1

∫ π
2

0

(
ψ2u2

r +
u2ψ′2

r2
+ λu2ψ2 − (p− 1)a(r)upψ2

)
rN−1ω(θ) dθ dr

=

∫ R2

R1

∫ π
2

0

u2ψ′2

r2
rN−1ω(θ) dθ dr − (p− 2)

∫ R2

R1

∫ π
2

0
ψ2(u2

r + λu2)rN−1ω(θ) dθ dr,

where ω(θ) = cosn−1(θ) sinn−1(θ). This together with the definition of µ1 = 4(N + 2) in (80) and
the inequality (86) imply that

M(u, v) = µ1

∫ R2

R1

∫ π
2

0

u2ψ2

r2
rN−1ω(θ) dθ dr − (p− 2)

∫ R2

R1

∫ π
2

0
ψ2(u2

r + λu2)rN−1ω(θ) dθ dr

=

∫ π
2

0
|ψ(θ)|2ω(θ) dθ

(
µ1

∫ R2

R1

u2

r2
rN−1 dr − (p− 2)

∫ R2

R1

(u2
r + λu2)rN−1 dr

)
≤

∫ π
2

0
|ψ(θ)|2ω(θ) dθ

(µ1

β

∫ R2

R1

u2
rr
N−1 dr − (p− 2)

∫ R2

R1

(u2
r + λu2)rN−1 dr

)
=

∫ π
2

0
|ψ(θ)|2ω(θ) dθ

∫ R2

R1

(u2
r + λu2)rN−1 dr

(µ1

β
− (p− 2)

)
< 0,

where the last inequality follows from the fact that

µ1

β
− (p− 2) =

4(N + 2)

β
− (p− 2) < 0.

Set γσ(τ) = τ(u+σv)l, where l > 0 is chosen in such a way that E
(
(u+σv)l

)
≤ 0 for all |σ| ≤ 1.

Note that γσ ∈ Γ. We shall show that there exists σ > 0 such that for every τ ∈ [0, 1] one has
E(γσ(τ)) < E(u), and therefore,

c ≤ max
τ∈[0,1]

E(γσ(τ)) < E(u),

which leads to a contradiction since E(u) = c. Note first that there exists a unique smooth
real function g on a small neighbourhood of zero with g′(0) = 0 and g(0) = 1/l such that
maxτ∈[0,1]E(γσ(τ)) = E

(
g(σ)(u+ σv)l

)
. We now define h : R→ R by

h(σ) = E
(
g(σ)(u+ σv)l

)
− E(u).
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Clearly we have h(0) = 0. Note also that h′(0) = 0 due to the facts that E′(u) = 0 and
∫
ψω(θ) dθ =

0. Finally h′′(0) < 0 due to (83). This in fact show that

max
τ∈[0,1]

E(γσ(τ)) = E
(
g(σ)(u+ σv)l

)
< E(u),

for small σ > 0 as desired. �

9 Domains of triple revolution

In this section we consider domains of triple revolution. In particular we consider{
−∆u = a(x)up−1 in Ω,
u = 0 on ∂Ω,

(87)

where Ω is a bounded domain in RN which has a smooth boundary and which is a domain of triple
revolution. Consider

s =
{
x2

1 + · · ·+ x2
m

} 1
2 , t =

{
x2
m+1 + · · ·+ x2

m+n

} 1
2 , τ :=

{
x2
m+n+1 + · · ·+ x2

N

} 1
2 ,

so s, t, τ has dimension m,n, l = N − (m + n) respectively. Here the function a is a function of
(t, s, τ), that is a = a(t, s, τ).

Remark 9.1. Note that a radial domain and a domain of double revolution are particular cases of
domains of triple revolution. However, domains of triple revolutions are not necessarily radial or
domains of double revolution. Besides providing a framework to deal with more general domains,
this will create a pathway to prove several multiplicity results for positive solutions on radial do-
mains. For instance an annulus can be seen as a radial domain and a domain of double revolution
as well as a domain of triple revolution. Thus, one can obtain new positive solutions for a radial
problem by looking into solutions having a nontrivial triple symmetry. This is indeed the main
motivation for this section.

In the previous sections we used polar coordinates in the (s, t) plane. In this section we will use
spherical coordinates to describe the coordinates (s, t, τ):

s = r sin(θ) cos(ϕ), t = r sin(θ) sin(ϕ), τ = r cos(θ), (88)

where 0 < θ < π, 0 < ϕ < 2π and r > 0; but of course we have restricted (s, t, τ) to the first octant
in R3 and hence 0 < θ < π

2 , 0 < ϕ < π
2 , and r > 0. Note that the function a can be also seen as a

function of (ϕ, θ, r), that is a = a(ϕ, θ, r).
The monotonicity we will use will be in ϕ and hence it is also very natural to consider cylindrical

coordinates for (s, t, τ) but we chose spherical for variety and also since we have the case of an
annulus in mind which may be more natural to consider spherical coordinates.

We now define

U =
{

(s, t, τ) ∈ R3 : x = (x1 = s, x2 = 0, ..., xm = 0, xm+1 = t, xm+2 = 0, ..., xN = τ) ∈ Ω
}
,

where xi = 0 for i /∈ {1, n+ 1, N}. We define Ω̂ = {(s, t, τ) ∈ U : s, t, τ > 0}. We now define

Ω̃ =
{

(ϕ, θ, r) ∈
(

0,
π

2

)
×
(

0,
π

2

)
× (0,∞) : (s, t, τ) ∈ Ω̂

}
,
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and we also define a subset of Ω̃ given by

Ω̃0 =
{

(ϕ, θ, r) ∈
(

0,
π

4

)
×
(

0,
π

2

)
× (0,∞) : (s, t, τ) ∈ Ω̂

}
,

where note the only change is we are now restricting 0 < ϕ < π
4 .

Take G = O(m)×O(n)×O(l) and consider

H1
0,G(Ω) =

{
u ∈ H1

0 (Ω) : gu = u ∀g ∈ G
}
.

We are now ready to state our monotonicity assumptions for the domians of triple revolution.

Definition 9.2. [The monotonicity assumption on the functions and the domain]
Let Ω be a bounded domain of triple revoluion in RN = Rm × Rn × Rl.

1. (K− definition and domain assumptions) Suppose gi = gi(ϕ, θ) is smooth and positive on
[0, π2 ] × [0, π/2] and for each fixed θ ∈ (0, π/2) we have: ϕ 7→ gi(ϕ, θ) even about ϕ = π

4 , for
i = 2 we have the map is decreasing in ϕ on (0, π4 ) and i = 1 we have it increasing in ϕ on
(0, π4 ). We also g1 < g2 on [0, π2 ]× [0, π/2]. We consider domains where

Ω̃ =
{

(ϕ, θ, r) : g1(ϕ, θ) < r < g2(ϕ, θ) for (ϕ, θ) ∈
(

0,
π

2

)
×
(

0,
π

2

)}
.

Define K− to be the set of nonnegative functions u ∈ H1
0,G(Ω) with uϕ ≤ 0 in Ω̃0 and which

are even across θ = π
4 .

2. (K+ definition and domain assumptions) Suppose gi = gi(ϕ, θ) is smooth and positive on
[0, π2 ]× [0, π/2] and for each fixed θ ∈ (0, π/2) and i = 1, 2 we have ϕ 7→ gi(ϕ, θ) is constant
on (0, π/2). We consider domains Ω where

Ω̃ =
{

(ϕ, θ, r) : g1(ϕ, θ) < r < g2(ϕ, θ) for (ϕ, θ) ∈
(

0,
π

2

)
×
(

0,
π

2

)}
.

Note this includes the case of an annulus. Define K+ to be the set of nonnegative functions
u ∈ H1

0,G(Ω) with uϕ ≥ 0 in Ω̃0 and which are even across ϕ = π
4 .

3. ( K−,π
2

definition and domain assumptions) Suppose gi = gi(ϕ, θ) is smooth and positive on

[0, π/2]× [0, π/2] and for each fixed θ ∈ (0, π/2) we have: the map ϕ 7→ g2(ϕ, θ) is decreasing
in ϕ on (0, π2 ) and ϕ 7→ g1(ϕ, θ) is increasing in ϕ on (0, π2 ). We alsohave g1 < g2 on
[0, π2 ]× [0, π/2]. We consider domains Ω where

Ω̃ =
{

(ϕ, θ, r) : g1(ϕ, θ) < r < g2(ϕ, θ) for (ϕ, θ) ∈
(

0,
π

2

)
×
(

0,
π

2

)}
.

Define K−,π
2

to be the set of nonnegative functions u ∈ H1
0,G(Ω) with uϕ ≤ 0 in Ω̃.

Here we state our main theorem for this section.

Theorem 9.1. Let Ω be a bounded domain of triple revolution in RN = Rm×Rn×Rl and consider
(87) with a = a(ϕ, θ, r) positive and sufficiently smooth.

1. Suppose m = n and Ω is a domain satisfying the symmetry condition part 1 of Definition 9.2
and aϕ ≤ 0 in Ω̃0. Then for all

2 < p < min

{
2(n+m+ 1)

n+m− 1
,
2(n+ l + 1)

n+ l − 1

}
,

there is a positive classical K− ground state solution u of (87). Note this case includes the
case of Ω an annulus.
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2. Suppose m = n and Ω is a domain satisfying the symmetry condition part 2 on Definition 9.2
and aϕ ≥ 0 in Ω̃0. Then for all

2 < p < min

{
2(l + 2)

l
,
2(n+m+ 1)

n+m− 1

}
,

there is a positive classical K+ ground state solution u of (87). Note this case includes the
case of Ω an annulus.

3. Suppose Ω is a domain satisfying the symmetry condition part 3 on Definition 9.2 with n ≤ m
and aϕ ≤ 0 in Ω̃. Then for all

2 < p < min

{
2(n+m+ 1)

n+m− 1
,
2(n+ l + 1)

n+ l − 1

}
,

there is a positive classical K−,π
2

ground state solution u of (87).

Before discussing the proofs we write out some formula’s we will need soon. Given a function
v(x) defined on Ω (which has the G symmetry) we have∫

Ω
v(x)dx = c

∫
Ω̂
v(s, t, τ)sn−1tn−1τ l−1dsdtdτ,

where we are abusing notation as usual. If we further abuse notation we can write this in terms of
spherical coordinates as ∫

Ω̃
v(ϕ, θ, r)dµ(ϕ, θ, r)

where

dµ(ϕ, θ, r) = rN−1 sinm+n−1(θ) cosm−1(ϕ) sinn−1(ϕ) cosl−1(θ)dϕdθdr,

and in the case of m = n we have

dµ(ϕ, θ, r) = r2n+l−1 sin2n−1(θ) cosn−1(ϕ) sinn−1(ϕ) cosl−1(θ)dϕdθdr.

Also note we can write the square of the gradient as

|∇u(x)|2 = u2
r +

u2
θ

r2
+

u2
ϕ

r2 sin2(θ)
.

As before we begin by examining the added compactness one gets.

Theorem 9.2. (Imbeddings for annular domains) Let Ω denote an annular of triple revolution in
RN = Rm × Rn × Rl.

1. (Imbedding without monotonicity) Suppose Ω has no monotonicity and

1 ≤ p < p1(m,n, l) := min

{
2(n+m+ 1)

n+m− 1
,
2(m+ l + 1)

m+ l − 1
,
2(n+ l + 1)

n+ l − 1

}
.

Then H1
0,G(Ω) ⊂⊂ Lp(Ω).
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2. (Imbedding with monotonicity) Suppose Ω satisfy the symmetry condition part 1 in Definition
9.2, n ≤ m and

1 ≤ p < p2(m,n, l) := min

{
2(n+m+ 1)

n+m− 1
,
2(n+ l + 1)

n+ l − 1

}
.

Then K− ⊂⊂ Lp(Ω).

3. Suppose Ω satisfy the symmetry condition part 3 in Definition 9.2, n ≤ m and

1 ≤ p < p2(m,n, l) := min

{
2(n+m+ 1)

n+m− 1
,
2(n+ l + 1)

n+ l − 1

}
.

Then K−,π
2
⊂⊂ Lp(Ω).

4. Suppose Ω satisfy the symmetry condition part 2 in Definition 9.2 and

1 ≤ p < p3(m,n, l) := min

{
2(l + 2)

l
,
2(n+m+ 1)

n+m− 1

}
.

Then K+ ⊂⊂ Lp(Ω).

Proof. 1. This part follows from Theorem 3.1.

2. By using spherical coordinates for (s, t, τ)

s = r sin(θ) cos(ϕ), t = r sin(θ) sin(ϕ), τ = r cos(θ),

we have that

∫
Ω̂
u(s, t, τ)psm−1tn−1τ l−1dsdtdτ

=

∫ π/2

0

∫ π/2

0

∫ g2

g1

rN−1 sinm−1(θ) cosm−1(ϕ) sinn−1(θ) sinn−1(ϕ) cosl−1(θ)u(ϕ, θ, r)p dr dθdϕ.

For ϕ ∈ [π/3, π/2] we have that sin(ϕ) ≤ c sin(ϕ−π/4) for some constant c > 0. Thus, considering
the evenness properties of g1, g2 and ϕ 7→ u(ϕ, θ, r) across ϕ = π

4 we obtain that

∫ π/2

π/3

∫ g2(ϕ,θ)

g1(ϕ,θ)
rN−1 cosm−1(ϕ) sinn−1(ϕ)u(ϕ, θ, r)p dr dϕ

≤ cn−1

∫ π/2

π/3

∫ g2(ϕ−π/4,θ)

g1(ϕ−π/4,θ)
rN−1 cosm−1(ϕ− π/4) sinn−1(ϕ− π/4)u(ϕ− π/4, θ, r)p dr dϕ

= cn−1

∫ π/4

π/12

∫ g2(ϕ,θ)

g1(ϕ,θ)
rN−1 cosm−1(ϕ) sinn−1(ϕ)u(ϕ, θ, r)p dr dϕ.

Thus, there is a constant C1 > 0 such that∫ π/2

0

∫ g2

g1

rN−1 cosm−1(ϕ) sinn−1(ϕ)u(ϕ, θ, r)p dr dϕ

≤ C1

∫ π/3

0

∫ g2

g1

rN−1 cosm−1(ϕ) sinn−1(ϕ)u(ϕ, θ, r)p dr dϕ.
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On the other hand,∫ π/2

π/4

∫ π/3

0

∫ g2

g1

rN−1 cosm−1(ϕ)rn−1 sinn−1(ϕ)u(ϕ, θ, r)p sinn+m−2(θ) cosl−1(θ) dr dϕ dθ

=

∫
{Ω̂, s≥β}

u(s, t, τ)psm−1tn−1τ l−1dsdtdτ (89)

and∫ π/4

0

∫ π/3

0

∫ g2

g1

rN−1 cosm−1(ϕ)rn−1 sinn−1(ϕ)u(ϕ, θ, r)p sinn+m−2(θ) cosl−1(θ) dr dϕ dθ

=

∫
{Ω̂, τ≥β}

u(s, t, τ)psm−1tn−1τ l−1dsdtdτ (90)

for some positive constant β. Therefore, for (89), we have(∫
{Ω̂, s≥β}

u(s, t, τ)psm−1tn−1τ l−1dsdt

)2/p

≤ C2

(∫
{Ω̂, s≥β}

u(s, t, τ)ptn−1τ l−1dsdt

)2/p

.

Thus, by part 1),(∫
{Ω̂, s≥β}

u(s, t, τ)ptn−1τ l−1dsdt

)2/p

≤ C3

∫
{Ω̂, s≥β}

(u2 + u2
s + u2

t + u2
τ )tn−1τ l−1dsdtdτ

≤ C4

∫
{Ω̂, s≥β}

(u2 + u2
s + u2

t + u2
τ )tn−1sm−1τ l−1dsdtdτ

≤ C4

∫
Ω̂

(u2 + u2
s + u2

t + u2
τ )tn−1sm−1τ l−1dsdtdτ = C5‖u‖2H1(Ω).

By a similar argument for (90) we have∫ π/4

0

∫ π/3

0

∫ g2

g1

rN−1 cosm−1(ϕ)rn−1 sinn−1(ϕ)u(ϕ, θ, r)p dr dϕ dθ ≤ C6‖u‖pH1(Ω)
,

from which the desired result follows.

3. Proof follows by the same argument as in part 2.
4. Proof follows by the same argument as in the proof of Theorem 3.1.

Remark 9.3. It is worth noting that pi(m,n, l) for i = 1, 2, 3 in Theorem 9.2 give an improved
embedding beyond the standard Sobolev embeddings. In fact, we have the following,

• p1(m,n, l) > 2N
N−2 provided m,n, l > 1.

• p2(m,n, l) ≥ p1(m,n, l), provided m ≥ n.

• p3(m,n, l) > 2N
N−2 if and only if 1 < l < N − 2. Also, p3(m,n, l) ≥ pi(m,n, l) for i = 1, 2

provided n,m > 1.
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Moreover, if N is odd then p3(m,n, l) is maximized (here N is fixed and we are varying
m,n, l) when l = (N − 1)/2 with the value

p3(m,n,
N − 1

2
) =

2(N + 3)

N − 1

and note that
2(N + 3)

N − 1
>

2N

N − 2
if and only if N > 3.

As before we consider the following linear problem given by{
−∆v = a(x)up−1 in Ω,
v = 0 on ∂Ω.

(91)

Theorem 9.3. (Pointwise invariance property)

1. Suppose m = n ≥ 1, Ω satisfies the K− domain assumptions from Definition 9.2 and aϕ ≤ 0

in Ω̃0. If u ∈ K− and v satisfies (91) then v ∈ K−.

2. Suppose m = n ≥ 1, Ω satisfies the K+ domain assumptions from Definition 9.2 and aϕ ≥ 0

in Ω̃0. If u ∈ K+ and v satisfies (91) then v ∈ K+.

3. Suppose Ω satisfies the K−,π
2

domain assumptions from Definition 9.2 and aϕ ≤ 0 in Ω̃. If
u ∈ K−,π

2
and v satisfies (91) then v ∈ K−,π

2
.

Remark 9.4. One can surely remove the n ≥ 2 restriction but when proving w = 0 in Ω one needs
to try a bit harder when choosing a suitable cut off (here we would have dim(Γ) = N − 2 and not
strictly less that N − 2).

Proof of Theorem 9.3. Parts 1,2: We begin by taking u ∈ K± since much of the proof is the
same for either case and as before we consider uk = min{u(x), k} where k is a large integer and
note uk ∈ K±. Let vk denote a solution of (91) with u replaced with uk and then note by elliptic
regularity we have vk ∈ H1

0,G(Ω) ∩ C1,δ(Ω) for all 0 < δ < 1. Now note we can write

∆vk(x) = vkss + vktt + vkττ +
(m− 1)vks

s
+

(n− 1)vkt
t

+
(l − 1)vkτ

τ
,

and a computation shows that

vks
s

+
vkt
t

=
2vkr
r

+
2vkθ

r2 tan(θ)
+

vkϕ

r2 sin2(θ)

(
1

tan(ϕ)
− tan(ϕ)

)
.

and
vkτ
τ

=
vkr
r
−

tan(θ)vkθ
r2

.

From this we see that the equation for vk in spherical coordinates is given by L(vk) = aup−1
k where

L(v) =

{
−vrr −

(2n+ l − 1)vr
r

− vϕϕ

r2 sin2(θ)
− vθθ
r2
− vθ
r2

(
2n− 1

tan(θ)
− (l − 1) tan(θ)

)}
+

(n− 1)vϕ

r2 sin2(θ)
h(ϕ),

= L0(v) +
(n− 1)vϕ

r2 sin2(θ)
h(ϕ),
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where h(ϕ) = tan(ϕ)− 1
tan(ϕ) . Note from this we see that

∂ϕL(v) = L(vϕ) +
(n− 1)vϕ

r2 sin2(θ)
h′(ϕ). (92)

We now show that vk has the desired symmetry across ϕ = π
4 . Note we have

L(vk)(ϕ, θ, r) = a(ϕ, θ, r)uk(ϕ, θ, r)
p−1 =: g(ϕ, θ, r) in Ω̃,

with suitable boundary conditions. Define

v̂(ϕ, θ, r) = vk
(π

2
− ϕ, θ, r

)
,

and hence our goal is to show that v̂ = v which would prove vk is even in ϕ across ϕ = π
4 . A

computation shows

L(v̂)(ϕ, θ, r) = L0(vk)(
π

2
− ϕ, θ, r) +

(n− 1)(−1)vϕ(π2 − ϕ, θ, r)
r2 sin2(θ)

h(ϕ)

but noting that h is odd across ϕ = π
4 , ie. −h(ϕ) = h(π2 − ϕ), we have

L(v̂)(ϕ, θ, r) = L(vk)(
π

2
− ϕ, θ, r) = g(

π

2
− ϕ, θ, r) = g(ϕ, θ, r)

after noting that g is even across ϕ = π
4 since both a and uk are. Hence we see that L(v̂)(ϕ, θ, r) =

L(vk)(ϕ, θ, r) in Ω̃. We now discuss the boundary conditions for vk (and v̂) in some detail. This
will be more needed later when we examine the monotonicity of vk. Define

Γϕ=0 =
{

(ϕ = 0, θ, r) : g1(0, θ) < r < g2(0, θ), 0 < θ <
π

2

}
and similarly Γϕ=π

2
, (93)

Γr=g1 =
{

(ϕ, θ, g1(ϕ, θ)) : 0 < ϕ <
π

2
, 0 < θ <

π

2

}
and similarly Γr=g2 , (94)

Γθ=0 =
{

(ϕ, θ = 0, r) : g1(ϕ, 0) < r < g2(ϕ, 0), 0 < ϕ <
π

2

}
and similarly Γθ=π

2
. (95)

First note that vk, v̂ are both zero on Γr=gi for i = 1, 2 (to see the result for v̂ use the fact
that gi is even across ϕ = π

4 . By the smoothness of vk (and hence v̂) (and since the functions are
even across ϕ = 0 and ϕ = π

2 ) we have vkϕ = v̂ϕ = 0 on Γϕ=0 and Γϕ=π
2
. By smoothness and

symmetry we also get vkθ = v̂θ = 0 on Γθ=π
2
. Note Γθ=0 corresponds to a portion of the positive τ

axis. Set w(ϕ, θ, r) = vk(ϕ, θ, r)− v̂(ϕ, θ, r) defined on Ω̃. Also note we have L(w)(ϕ, θ, r) = 0 for
(ϕ, θ, r) ∈ Ω̃ with w = 0 on Γr=gi for i = 1, 2; wϕ = 0 on Γϕ=0 ∪ Γϕ=π

2
and wθ = 0 on Γθ=π

2
. Set

Γ = {x ∈ Ω : s = t = 0} and note that dim(Γ) = l = N − 2n ≤ N − 2. Also note in terms of x we
have

∆w(x) = 0 in Ω\Γ,

with w = 0 on ∂Ω. We now claim that since w ∈ C1,α(Ω) ∩ C∞(Ω\Γ) and since dim(Γ) ≤ N − 2
we have ∆w = 0 in Ω in sense of distributions and then we can apply the maximum principle to
see w = 0 in Ω.
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We now prove the claim. Take a smooth function g on R with g(t) = 0 for t ≤ 1 and g(t) = 1 for
t ≥ 2 and consider δΓ(x) = dist(x,Γ) (the Euclidean distance) and fix x0 ∈ Γ but not an endpoint
since the endpoints lie on ∂Ω. Note that δΓ is smooth near x0 and we now set

γε(x) = g

(
δΓ(x)

ε

)
,

and note gε is smooth near x0. Let ψ be smooth and compactly supported near x0 and note a
computation shows that ∣∣∣ ∫

Ω
γεw∆ψdx

∣∣∣ =
∣∣∣∇γε · {∇wψ − w∇ψ} dx∣∣∣

≤ C

∫
Ω
|∇γε(x)|dx

where C independent of ε for small ε. We now claim the right hand side converges to zero and
hence we’d have

∫
Ωw∆ψdx = 0 which shows that ∆w = 0 in Ω in the sense of distributions. We

can now use Hausdorff measure to prove the result but we prefer to use the box counting dimension,
see [23] for instance. Note that we have

N − 2 ≥ dimbox(Γ) := N − lim
t↘0

log(|Γt|)
log(t)

,

where |Γt| is the N dimensional measure of Γt = {x ∈ Ω : δΓ(x) < t}. So there is some α(t)→ 0 as
t↘ 0 such that |Γt| ≤ tα(t)+2. Then note we have

∫
Ω
|∇γε(x)|dx ≤ C

∫
ε<δΓ<2ε

1

ε
dx

≤ C
|Γ2ε|
ε

≤ C
(2ε)2+α(2ε)

ε
→ 0,

which proves the claim.

Monotonicity. We now show that vk has the desired monotonicity in ϕ on Ω̃0. Note that by (92)
we see

L(vkϕ) +
(n− 1)h′(ϕ)vkϕ

r2 sin2(θ)
= ∂ϕ(aup−1

k ) in Ω̃0, (96)

and note h′(ϕ) ≥ 0 and hence there is hope for a maximum principle for the operator on the left
acting on vkϕ. We now define the boundaries and note we are really taking the boundaries from
above and suitably adjusting them to 0 < ϕ < π

4 instead of 0 < ϕ < π
2 . So we have

Γ0
ϕ=0 =

{
(ϕ = 0, θ, r) : g1(0, θ) < r < g2(0, θ), 0 < θ <

π

2

}
and similarly Γ0

ϕ=π
4
, (97)

Γ0
r=g1 =

{
(ϕ, θ, g1(ϕ, θ)) : 0 < ϕ <

π

4
, 0 < θ <

π

2

}
and similarly Γ0

r=g2 , (98)

Γ0
θ=0 =

{
(ϕ, θ = 0, r) : g1(ϕ, 0) < r < g2(ϕ, 0), 0 < ϕ <

π

4

}
and similarly Γ0

θ=π
2
, (99)
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Boundary terms Γ0
ϕ=0 ∪ Γ0

ϕ=π
4

. Note by the smoothness and symmetry of vk we have vkϕ = 0 on

Γ0
ϕ=0 ∪ Γ0

ϕ=π
4
.

Boundary terms Γ0
r=g1 ∪ Γ0

r=g2. The boundary conditions here depend on with case of K± we are

in. First consider the case of K+. In this case because vk = 0 on Γ0
r=g1 ∪ Γ0

r=g2 and gi is constant

in ϕ we see that vkϕ = 0 on Γ0
r=g1 ∪ Γ0

r=g2 . We now suppose we in the case of K−. In this case
we are either in the case of a annulus or a more general domain with suitable monotonicity. In
the case of a annulus we have vkϕ = 0 on Γ0

r=g1 ∪ Γ0
r=g2 as in the case of K+. Using the fact that

vk ≥ 0 in Ω with vk = 0 on ∂Ω and the monotonicity of the maps ϕ 7→ gi(ϕ, θ) we see that vkϕ ≤ 0
on Γ0

r=g1 ∪ Γ0
r=g2 .

Boundary terms Γ0
θ=0 ∪ Γ0

θ=π
2

. First we consider Γ0
θ=π

2
. Note by the smoothness of vk we have

vkθ = 0 on Γ0
θ=π

2
and hence we have 0 = (vkθ )ψ = (vkψ)θ on Γ0

θ=π
2
. We now examine the term Γ0

θ=0.

Note that we can write ∇vk(x) as

∇vk(x) = vkr r̂ +
vkθ
r
θ̂ +

vkϕ
r sin(θ)

ϕ̂, (100)

where (ϕ̂, θ̂, r̂) are the unit vectors in spherical coordinates. From this we see that

|vkϕ| ≤ r sin(θ)|∇vk(x)|. (101)

This shows that, at least in some limiting sense, we have vkϕ = 0 on Γ0
θ=0. We can now either work

in spherical coordinates or translate back to coordinates in x; we will choose the latter since its
more familiar to apply the maximum principle. Writing the left hand side of (96) we arrive at

−∆vkϕ(x) + (n− 1)H(x)vkϕ(x) = ∂ϕ(aup−1
k ), in Ω0,

where Ω0 := {x ∈ Ω : 0 < ϕ < π
4 , x /∈ Γ} and

H(x) =

∑2n
i=1 x

2
i(∑n

i=1 x
2
i

) (∑2n
i=n+1 x

2
i

) .
We now consider the case of K−. Let ε > 0 be small and consider ψ = (vkϕ − ε)+ and note

ψ = 0 near Γ after considering (101) and also ψ = 0 near the portions of the boundary of Ω0

corresponding to ϕ = 0 and ϕ = π
4 (but we really will only need the result for ϕ = 0 since H is not

singular at ϕ = π
4 ). Note that ψ = 0 near ∂Ω0. From this we have∫

Ω0

∇vkϕ · ∇ψdx+ (n− 1)

∫
Ω0

Hvkϕψdx =

∫
Ω0

∂ϕ(aup−1
k )ψdx ≤ 0,

after noting the assumptions on a and u. From this one sees that∫
Ω0

|∇ψ|2dx+ (n− 1)

∫
Ω0

Hψ2dx ≤ 0,
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and hence we have ψ = 0 in Ω0 and hence we have vkϕ ≤ ε a.e. in Ω0 and hence we have the desired
result after noting ε > 0 is arbitrary.

We now consider the case of K+. Consider ψ = (vkϕ + ε)− where ε > 0 is small. Then note we
have ψ = 0 near ∂Ω0. As above we get∫

Ω0

∇vkϕ · ∇ψdx+ (n− 1)

∫
Ω0

Hvkϕψdx =

∫
Ω0

∂ϕ(aup−1
k )ψdx ≥ 0,

after noting the assumptions on a and u. From this we can argue that∫
Ω0

|∇ψ|2dx+ (n− 1)

∫
Ω0

Hψ2dx ≤ 0,

and hence ψ = 0 which gives vkϕ ≥ −ε and hence we get the desired result. We now need to pass
to the limit in k, but this follows from similiar arguments that we used in previous sections.

3. The proof for this part follows from similar type computations as in [26] and some of the ideas
used in part 1 and 2 of the previous proof to deal with the extra variable τ , we omit the details. �

Proof of Theorem 9.1. Once again, we are going to use Theorem 2.1 for the proof. Note that
conditions (i) and (ii) in Theorem 2.1 follows from Theorems 9.2 and 9.3 respectively. This proves
the existence of a non-negative weak solution u of (87). To prove the solution is positive and regular
we use the same arguments we have used in the previous sections, we omit the details.

�

9.1 Nonsymmetric solutions on domains of triple revolution

In this section we examine the case where the domain, the equation and a have added symmetry
and we examine the existence of solutions which do not inherit the same symmetry. We also recall
the definition of the best constant in Hardy inequality for the domain Ω, that is,

β0(Ω) = inf
u∈H1

0 (Ω)

∫
Ω |∇u|

2 dx∫
Ω

u2

|x|2 dx
. (102)

We first consider the case of radial symmetry and then we consider the case of cylindrical
symmetry around the τ axis in the case of the variables (s, t, τ).

9.1.1 The case of the annulus

Here we examine the case of a(x) = a(|x|) is radial, and Ω is the annulus Ω = {x : R1 ≤ |x| < R2}.

Theorem 9.4. Let u be the solution obtained in either parts of Theorem 9.1. If β0 is large enough
then u depends on all three variables in a non-trivial way.

Proof. We just do the proof for part 3 of Theorem 9.1. Other cases follows by the same argument.
Define

wl(θ) = sinN−l−1(θ) cosl−1(θ), wm,n(ϕ) = cosm−1(ϕ) sinn−1(ϕ).

Consider the variational formulation of eigenvalue problems given by

µl = inf
ψ∈H1

loc(0,
π
2

)

{∫ π
2

0
|ψ′(θ)|2wl(θ) dθ;

∫ π
2

0
|ψ(θ)|2wl(θ) dθ = 1,

∫ π
2

0
ψ(θ)wl(θ) dθ = 0

}
, (103)
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and

µm,n = inf
ψ∈H1

loc(0,
π
2

)

{∫ π
2

0
|ψ′(ϕ)|2wm,n(ϕ) dϕ;

∫ π
2

0
|ψ(ϕ)|2wm,n(ϕ) dϕ = 1,

∫ π
2

0
ψ(ϕ)wm,n(ϕ) dϕ = 0

}
.

(104)
Let ψl be the unique minimizer in (103), and ψm,n be the unique minimizer in (104). Let E be the
formal Euler-Lagrange functional of (87).
Let u be the solution obtained in part 3 of Theorem 9.1. We divide the proof into two cases. We
first show that u depends on θ in a nontrivial way provided

(p− 1)µl
p− 2

< β0.

Then hen we show that u depends on θ in a non-trivial way provided

(p− 1)µm,n
p− 2

< β0.

Case I. We proceed by way of contradiction. Let us assume that u is not a function of θ.
Set v(r, ϕ, θ) = u(r, ϕ)ψl(θ). We just need to show that

〈E′′(u); v, v〉 :=

∫
Ω
|∇v|2 dx− (p− 1)

∫
Ω
|a(|x|)u|p−2v2 dx < 0. (105)

Note first that u = u(r, ϕ) satisfies the equation −∆u = a(r)up−1. Multiplying both sides of the
equation by u(r, ϕ)ψ2

l (θ) and integrating in spherical coordinates imply that

∫ R2

R1

∫ π
2

0

∫ π
2

0
(u2
r +

u2
ϕ

r2 sin2(θ)
)ψ2

l (θ)dµ(ϕ, θ, r) =

∫ R2

R1

∫ π
2

0

∫ π
2

0
a(r)upψ2

l (θ)dµ(ϕ, θ, r). (106)

It also follows from the definition of β0 = β0(Ω), the best constant in Hardy inequality (102) for
the function v = u(r, ϕ)ψl(θ) that∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
l (θ) +

u2
ϕψ

2
l (θ)

r2 sin2(θ)
+
u2ψ′2l
r2

)
dµ(ϕ, θ, r) ≥ β0

∫ R2

R1

∫ π
2

0

∫ π
2

0

u2ψ2
l (θ)

r2
dµ(ϕ, θ, r).

(107)
It now follows that

〈E′′(u); v, v〉 =

∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
l +

u2
ϕψ

2
l

r2 sin2(θ)
+
u2ψ′2l
r2
− (p− 1)a(r)upψ2

l

)
dµ(ϕ, θ, r)

=

∫ R2

R1

∫ π
2

0

∫ π
2

0

u2ψ′2l
r2

dµ(ϕ, θ, r)− (p− 2)

∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
l +

u2
ϕψ

2
l

r2 sin2(θ)

)
dµ(ϕ, θ, r)

= (p− 1)

∫ R2

R1

∫ π
2

0

∫ π
2

0

u2ψ′2l
r2

dµ− (p− 2)

∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
l +

u2
ϕψ

2
l

r2 sin2(θ)
+
u2ψ′2l
r2

)
dµ

= (p− 1)µl

∫ R2

R1

∫ π
2

0

∫ π
2

0

u2ψ2
l

r2
dµ− (p− 2)

∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
l +

u2
ϕψ

2
l

r2 sin2(θ)
+
u2ψ′2l
r2

)
dµ

≤
(

(p− 1)µl
β0

− (p− 2)

)∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
l +

u2
ϕψ

2
l

r2 sin2(θ)
+
u2ψ′2l
r2

)
dµ < 0
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Case II. Similar to the previous case, we proceed by way of contradiction. Let us assume that
u is not a function of ϕ. Set v(r, ϕ, θ) = u(r, θ)ψm,n(ϕ). To conclude the proof we show that

〈E′′(u); v, v〉 :=

∫
Ω
|∇v|2 dx− (p− 1)

∫
Ω
|a(|x|)u|p−2v2 dx < 0. (108)

Note first that u = u(r, θ) satisfies the equation −∆u = a(r)up−1. Multiplying both sides of the
equation by u(r, θ)ψ2

m,n(ϕ) and integrating in spherical coordinates imply that

∫ R2

R1

∫ π
2

0

∫ π
2

0
(u2
r +

u2
θ

r2
)ψ2

m,n(ϕ)dµ(ϕ, θ, r) =

∫ R2

R1

∫ π
2

0

∫ π
2

0
a(r)upψ2

m,n(ϕ)dµ(ϕ, θ, r). (109)

It also follows from the definition of β0 = β0(Ω), the best constant in Hardy inequality for the
function v = u(r, θ)ψm,n(ϕ) that∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
m,n(ϕ) +

u2ψ′2m,n(ϕ)

r2 sin2(θ)
+
u2
θψ

2
m,n

r2

)
dµ(ϕ, θ, r) ≥ β0

∫ R2

R1

∫ π
2

0

∫ π
2

0

u2ψ2
m,n(ϕ)

r2
dµ(ϕ, θ, r).

(110)
As in the proof of case one can deduce that

〈E′′(u); v, v〉 ≤
(

(p− 1)µm,n
β0

− (p− 2)

)∫ R2

R1

∫ π
2

0

∫ π
2

0

(
u2
rψ

2
m,n(ϕ) +

u2ψ′2m,n(ϕ)

r2 sin2(θ)
+
u2
θψ

2
m,n

r2

)
dµ(ϕ, θ, r) < 0

We recall the following result from [26] about the largeness of the best constant β0 in the hardy
inequality where the domain is an annulus.

Proposition 9.1. [26]

• Let R1 = R and R2 = R+ 1. Then β0 is sufficiently large for large values of R.

• Let R < γ(R) with γ(R)
R → 1 as R → ∞. With ΩR = {x ∈ RN : R < |x| < γ(R)} then for

large enough R the β0 corresponding to ΩR is sufficiently large.

Corollary 9.5. Let p > 2 and N > 3. Consider the problem (87) where Ω = {x ∈ RN : R < |x| <
R+ 1} and a ≡ 1. For large values of R, there are at least⌊N

2

⌋
+
⌊N − 1

2

⌋
+
⌊N − 2

2

⌋
+ ...+

⌊N − k
2

⌋
, k =

⌊N
3

⌋
,

positive non radial solutions. Here
⌊
z
⌋

stands for the floor of z ∈ R.

Proof. Here we are going to use the K−,π
2

symmetry in Theorem 9.4 and therefore m and n can be
different. The cardinality of the set

D2 = {(m,n) ∈ N× N; m+ n = N, 1 ≤ m ≤ n}

is
⌊
N
2

⌋
, and for each (m,n) ∈ D2 there exists a no-radial solution u which is invariant in O(m)×O(n)

when R is large enough as we have shown in [26]. Also, the cardinality of the set

D3 = {(m,n, l) ∈ N× N× N; m+ n+ l = N, 1 ≤ m ≤ n ≤ l}
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is ⌊N − 1

2

⌋
+
⌊N − 2

2

⌋
+ ...+

⌊N − k
2

⌋
, k =

⌊N
3

⌋
.

By Theorem 9.4, for each (m,n, l) ∈ D3 there exists a solution u which is invariant in O(m) ×
O(n)×O(l) and it is non invariant in O(j)×O(N − j) for any j ∈ {1, ..., N − 1}. This completes
the proof.

9.1.2 The case of symmetry in ϕ

In this section we examine the case where the domain and a have symmetry in ϕ. In terms of the
coordinates (s, t, τ) we are examining the case where we have cylindrical symmetry around the τ
axis. We suppose m = n and Ω satisfies assumption 2 from Definition 9.2, ie. suppose gi = gi(ϕ, θ)
is smooth and positive on [0, π2 ] × [0, π/2] and for each fixed θ ∈ (0, π/2) and i = 1, 2 we have
ϕ 7→ gi(ϕ, θ) is constant on (0, π/2).

We further assume that a = a(r, θ). Then looking at (87) (written in terms of (r, ϕ, θ)) one sees
that it is reasonable to look for solutions of (87) which don’t depend on ϕ and in fact one can use
the same imbedding to obain a solution for the given range of paramters that doesn’t depend on
ϕ. Our next theorem gives sufficient conditions under which the ground state solution depends on
ϕ in a nontrivial way.

Theorem 9.5. Suppose Ω satisfies the above hypothesis and aϕ = 0.

1. Suppose p satisfies hypothesis from Theorem 9.1 part 2 and u is K+ ground state solution
promised by Theorem 9.1 part 2. If β0 is large enough then u is a function that depends on
ϕ in a nontrivial way.

2. Suppose p satisfies hypothesis from Theorem 9.1 part 1 and u is K− ground state solution
promised by Theorem 9.1 part 1. If β0 is large enough then u is a function that depends on
ϕ in a nontrivial way.

Proof. The proof follows the same strategy as the proof of Theorem 9.4.

Remark 9.6. One can examine multiplicity type results for these domains also, we leave this to
the interested reader.
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