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Abstract
In this work we obtain positive bounded solutions of various perturbations of
721J 1 TJQJ Upw, = UP in By, (1)
u = 0 on 0B,
where B is the unit ball in RY where N >3, v>0and 1 <p < DN,y Where
_ ) B if y < N -2,
PNY=1Y ify>N—2.

Note for v > 0 this allows for supercritical range of p.

1 Introduction

In this work we are interested in obtaining positive bounded solutions of various perturba-

tions of
72@] 1 |;|2j uzﬂj = u m Bl\{0}7 (2)
u = 0 on 0By,

where Bj is the unit ball in RY where N >3, vy > 0 and 1 < p < py ., where

N+2+3 .
- —N_2_,7 if v<N -2,
7 00 if v>N-—-2.

Note for v > 0 this includes a supercritical range of p, ie. p > N +2 The linear operator on

the left hand side of (2) is a known operator that has seen Some 1nvest1gat10n see Section
1.1 for more details. The two main perturbations of (2) we consider are

721y lT;TQJ TiT 5 = (1 +5g($)>up ln Bl\{o}a (3)
u = 0 on 831,
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where ¢ is a fixed Holder continuous function and § > 0 is a small parameter; and

{ 7213 1 T;TQJ Ty uP in Q(S\{O}?

4
u = 0 on 0€)s, ()

where 5 is a small C? perturbation of Bj; see Section 4.0.2 for details.

Theorem 1. (Zero order perturbation) Suppose N > 3 and 1 < p < pn, and g is a
H()'lder continuous function. Then for sufficiently small § there is a positive solution u €

Crod(BA{0}) N L™ of (3).
Theorem 2. (Second order perturbation) Suppose N >3 and 1 < p < py ..

1. Suppose v > N — 2. Then for sufficiently small § there is a positive solution u €
Crac (Q\{0}) N L™ of (4).

2. Suppose 0 < v < N — 2. Then for sufficiently small 6 there is a nonnegative nonzero
solution u € C2*(Qs\{0}) N L™ of (4).

loc

Remark 1. We are not addressing the exact smoothness of the solution at the origin and we
are also stating the results on punctured domains. Since the solutions are bounded one can
easily show these are suitable weak solutions on the full domain (and not just the punctured
domains).

1.1 A Cordes like operator
For v > 0 we define

Ly(¢)(z) := Ad(x) + Z || T n, = AG(T) + Vb (),

ij=1

where we are using spherical coordinates for the last term; ie. x = 70 where r = |z|
and 0 1= % € SN=1 This explicit operator is often examined when one examines elliptic
operators 01L the form
Z a'L] Qb:vlwﬁ

,5=1
where a;; are such that the operator is uniformly elliptic, but the a;;’s are not continuous.
One defines the Cordes Condition by: there is some small € > 0 such that

(2 asite)
(2o ais(@)?)

then the operator L : H*(Q) N H(Q) — L*(Q) is an isomorphism (assuming € is bounded
with smooth boundary) see [19, 5, 24, 25, 3] for results related to the Cordes Condition.

>N-—1+e¢, (5)
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Our operator is typically used to show the optimality of the Cordes Condition results. If we
consider our explicit example we see if € > 0 such that

(N +7)?
—— - >N-1+4¢ 6
N+2y+4+~2— (6)
then L, satisfies (5). Checking the details one sees that if 0 < v < 5~ then we can apply

the above result to see L, is an isomorphism. There are results that extend this result to
show that L : VVQ’Z’OVVO1 P — LP is an isomorpism for p close to 2 and there are also results for
L., on various spaces, including Morrey spaces. Our function spaces will allow us to obtain
results (which will be sufficient to apply our fixed point argument) regarding L., for the full
range of v > 0.

We now define the function spaces, which are motivated by [20]. Towards this define
Ay ={r e RY : s < |z|] < 2s} and for 0 € R and N < t < oo (¢ is chosen larger than
N just to allow us to apply the Sobolev Imbedding Theorem and obtain pointwise gradient
bounds) define the spaces Y =Y;, and X = X, , with norms given by

IfIl} == sup s@ror=N / () |'da

0<8§%

lolly = sup N{ [ tottae+s [ ot s [ |D2¢|tdw}
0<s<% A As As

where for the space X we impose the boundary condition ¢ = 0 on dB;. We now consider
the linear problem given by

Ly,(¢) = flz)  inBi\{0},
{ o = 0 on 0B, (7)

with goal of proving existence of solutions with suitable estimates on ¢ in terms of f. When
looking for solutions of (7) we will decompose into spherical harmonics and hence we need
to consider the eigenpairs of the Laplace-Beltrami operator Ay on SN¥~1. For k > we have

— Doy (0) = Mo (0), 0 € SV,
and where we L?(SM™!) normalize 1. Note that A\ = 0 (multiplicity 1), Ay = N — 1
(multiplicity N) and Ay = 2N. We now state our theorem related to the Cordes operator.

Theorem 3. (Cordes operator result) Suppose N >3 and N < t < oc.

N2'y

1. Suppose 0 <y < N —-2and0 <o < . Then L. an isomorphism from X toY .

N2'y

2. Suppose v > N — 2 and <o <0. Then L, : X =Y 1is an isomorphism.

3. Suppose 0 < v < N —2 and
N-2-7 (N-2-92+40+){N -2
2(14+7) 2(14+7)

Then L., : X1 — Y is an isomorphism where X, Y1 are the closed subspaces of X,Y
with no k = 0 modes.

<o<0. (8)



1.2 General background on the Lane-Emden equation

A well studied problem is the existence versus non-existence of positive solutions of the
Lane-Emden equation given by

—Au = uP in €2,
{ u = 0 on 0, (9)
where €2 is a bounded domain in RY with N > 3. Define the critical exponent p, = % and
note that it is related to the critical Sobolev imbedding exponent 2* := ]3—]_\[2 =ps+ 1. For

1 <p < ps H(Q) is compactly imbedded in LP™(2) and hence standard methods show the
existence of a positive minimizer of

Vul?d
min fQ | u| < —.
ueHE(2)\{0} (fQ |u|P+1dx)m

This positive minimizer is a positive solution of (9) see for instance the book [23]. For p > p;
H}(Q) is no longer compactly imbedded in LP*!(€) and so to find positive solutions of (9)
one needs to take other approachs. For p > p, the well known Pohozaev identity [22] shows
there are no positive solutions of (9) provided (2 is star shaped. For general domains in the
critical /supercritical case, p > ps, the existence versus nonexistence of positive solutions of
(9) is a very delicate question; see [6, 21, 12, 10, 11] and for related problems [9, 16, 4, 15, 26].
There has been much work done on the existence and nonexistence of positive classical

solutions of
—Aw = w? in RY. (10)

As in the bounded domain case the critical exponent p, plays a crucial role. For 1 < p < pj
there are no positive classical solutions of (10) and for p > p, there exist positive classical
solutions, see [1, 2, 14, 13]. The moving plane method shows that all positive classical
solutions, satisfying certain assumptions, are radial about a point.

1.3 QOutline of the approach

In Section 2 we will construct a smooth positive radial solution w of (2) for 0 < v and
1 < p < pn. Our approach to obtaining positive bounded solutions to (3) and (4) will be
to linearize around the radial solution w (see Section 2) and hence of crucial importance will
be the mapping properties of the linearized operator given by

L(¢) := Ap + ¢y + pw(r)P~ 1o = Ly () + pw(r)P~'¢.

We look for solutions of (3) of the form u(z) = w(r) + ¢(x) and then note we need ¢ to
satisfy (note we are replacing the term w? with |u|? in the equation and we will prove u is
positive at a later point; which is standard practice)

{‘LW = dgla)lw+ 0l +w+ o —w? —purTlo i B\OL )
» = 0 on 0B;.



We now define the nonlinear mapping J; via Js(¢) = ¢ where 1 satisfies

{—Mw = Ogla)lw+ 0l +w+ ol —wr —purTle i BAOL

» = 0 on 0B;.

To obtain a solution u = w + ¢ we will apply Banach’s fixed point theorem to see that
Js has a fixed point ¢ for suitably small 6. We will then argue u = w + ¢ is positive and
hence satisfies (3). See Section 4 for details of the fixed point argument and for (4).

2 A radial solution

In this section we construct a positive radial solution of (2) for a range of p (which includes
a supercritical range).

Theorem 4. (Supercritical radial solutions)

1. ForO <y < N—=2and 1 <p < pny = JXIJ’_;;_‘Q’J there is a positive smooth radial

decreasing solution w = w., of (2) in By in RY.

2. Fory > N —2 and 1 < p < oo there is a positive smooth radial decreasing solution
w = w, of (2) in By in RY.

Proof. Note w = w(r) is a solution of (2) in B; provided

N -1
r

—w"(r) — w'(r) —yw"(r) =w(r)?, 0<r<l1

with w(1) = 0. Note we can re-write this as

N —1w, wP
B el p
and note if we set N, by
N
1+~
then we can view the above problem as
wP N
—Ay,w = T By C R™ (13)

with w = 0 on 0B; where Ay, is the radial Laplacian in dimension N,.
We now consider the two cases seperately. Firstly we assume 0 < v < N — 2. So if

N, +2
l<p<
P=7N 2



then the problem is subcritical and we can find a positive smooth radial solution. A com-
putation shows

N,+2 N+2+3y

N,—2 N-2—~"
Note for v > 0 this gives a supercritical range of p. We now consider the case of v > N — 2.
Return to (13) and note N, = JYT:Y A computation shows that N, < 2 exactly when
7 > N — 2 and hence we see (13) is subcritical in the case of ¥ > N — 2 and hence we can
find a positive smooth radial decreasing solution of (13) for any 1 < p < oc.

[]

2.0.1 Nondegeneracy of the radial solution.

It is well known that the positive radial solution of the subcritical problem —Au = u? in
By with v = 0 on 0B; is nondegenerate in the sense that the linearized operator ¢ +—
A¢ + pu(r)?~'¢ has a trivial kernel in Hj(B;) (for instance); see [7, 17, 18]. This proof
can be extended to show that the solution w, constructed in Theorem 4 is nondegenerate
in Hj,,q(B1 € RY), of course it does not extend to show the full nondegeneracy of the
solution w.

We now state our kernel result. The exact function space setting will vary depending on
which situation we are in. Essentially we want to cover all the cases from Theorem 3.

Proposition 1. Let p,v, N be from the hypothesis of Theorem 4 and let w be the smooth
positive solution promised. We now restrict o as in the various cases of Theorem 3. Set

L(¢) == A + ¢y + pw(r)'™'d = Ly(¢) + pw(r)’~'¢. (14)
Suppose ¢ € X (or X1 as in the final case) such that L(¢) =0 in B1\{0}. Then ¢ = 0.
Proof. We write ¢(z) = 1 ar(r)¢x(6) and then we have for all £ > 0

1+ afr) + T L) = 2D | prptay =0 v<r<1 (1)

with ax(1) = 0. From the comments in the paragraph proceeding the theorem, we have
ag = 0; the only possible issues are related to how singular ag is. We cover the case of £ =0
later. We now suppose k& > 1 and let v(r) := w,(r) and note v < 0 and satisfies

pw(r)~lv (N —1)

0=A — in B;\{0} c R™.
(1) + 14+ (1+’y)r2” in Bi\{0}

Also note that we can re-write the equation for a; as

pw(r)Pay i Qe

B\{0} c R™,
Iy ey MO

0= ANwak +

with ay = 0 on 9B;. We now suppose a; # 0 and we let T € (0, 1] denote the first positive T
such that ax(T) = 0. By multiplying aj by a constant we can assume a, > 0 in By C R,
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We now multiply the equation for v by a; and the equation for a; by v and integrate over
Br\B. C R (where € > 0 is small compared to T) to arrive at

A — (N —1 va

M= (N1 / —Fdr = al(T)(T)|0Brlgx, + I — J.
Y + 1 Br\B: r

where |0Br|py, means the surface area of the boundary of By in R™v; ie. is equal to

Cn~|T|M ! where Cy~, > 0 is a constant and where I, J. are some surface integrals coming

from the integration by parts. These terms are equal to

Ie = CN,WU/(g)ak(5)|5|Nw_la Ja = CN,’\/U(E)G;(E‘:”{;'NW_I'

Lets assume we can show that I, J. — 0 as € (0. Then we would have

()‘k_<N_1)/ vag
B — = dx = a,(T)v(T)|0Br|gn, - (16)

Now note that v < 0 in By and Ay — (N —1) > 0 and hence the left hand side is less or equal
zero. By Hopf’s Lemma we have a},(T)) < 0 and hence the right hand side is positive; this
gives us the needed contradiction. Note that since ¢ € X one can show (here we are using
assumption that ¢ > N) to see that there is some C' > 0 such that |z|7|¢(z)|+|z|7 TV o(x)| <
C. From this we see for each k > 0 we have |z|7|ag(r)|+|z|7 ™ |a},(r)] < Ck for all 0 < |z| < 1.
One can easily show the following bounds on w(r); |w'(r)] < Cr and |w”(r)| < C. Using
these estimates we see that
|I| + | J.| < CeMte,

and hence we have the desired provided N, —1 -0 = JYT_«} —o>0.

We now consider the various cases. In the first case we have 0 < v < N — 2 and

0<o< ¥ T f;” and hence we have N, —1 — o > 0. We now consider the second case where

v > N —2 and NI_TQW_’Y < 0 < 0. Note in this case that since ¢ < 0 we trivially have the
desired result. The final case follows the same idea as case 2 since o is negative.

We now consider the case of &k = 0. Here we follow the approach of [7, 18, 17]. Set
d(r) := rw'(r) which is negative for 0 < r < 1. A computation shows that

pw(r)P~1o(r) N 2w(r)P

,in B)\{0} c R™.

Multiply this equation by ag (which, towards a contradiction, we are assuming is not identi-
cally zero) and integrate over {x : ¢ < |z| < 1} and use integration by parts and the equation
for a¢ to arrive at

2
o — wPag = / 00,a0 + I, — J.,
L+ Jie<al<) o8,



where

1. ::/ ag0,0, J. ::/ 00, aq,
OB¢ 0B¢

where (as above) we are in the possibly fractional dimension N,. Lets assume /., J. — 0 as

€ \¢ 0. Then we have
2

—_— wpaoz/ 00, ag,
L+~ Jg 8B,

and by Hopf’s lemma we have d,a9 = C' # 0 on B, and hence we have | 5, Wao # 0. By
multiplying the equation for ay by w and the equation for w by ao (and taking a bit of care
near the origin) we arrive at [ 5, Wao = 0; which gives us the desired contradiction. To show
I, J. — 0 one using essentially the same argument as for £ > 1.

O

3 The linear theory

3.1 The Cordes operator L,

Lemma 1. Under the hypothesis of Theorem 3 the kernel of L., is trivial and for all k >0
there is some Cy > 0 such that for all f(x) = by(r)x(0) there is some ¢(x) = ap(r)w(6)
such that ¢, f solve (7) and ||¢||x < Ckl||flly. The above results hold for case 1 and case 2.
For case 3 the result holds for all k > 1.

Proof. Firstly its clear that L, : X — Y is continuous and into Y in both case 1 and case
2. So we begin by showing the kernel of L., is trivial. Suppose ¢(x) = > ;- ar(r)¥(0) is in
the kernel. Then we have

(N —Day(r) — Acax(r)

(1 +7)ag(r) + ; S =0 0<r<l

with ax(1) = 0. Noting the equation is of Euler type we see the solutions are given via
ar(r) = Cp(r® — rPc) where B is defined by the roots of

(1+9)B2+(N=2=7)8—-X =0,

and hence is given by

g~V =2-7) VN =2 =72 +4(1 + )\
R (1) 2(1+7) '

In both case 1 and 2 note that if 5, < —o then Ci(r®* — %) is not an element of X
unless C = 0. By monotonicity in k it is sufficient that 5, < —o. Note in case 1 this is
exactly the condition that 0 < o0 < ¥ ;f;” In case 2 we want 3, < —o and this is just the
condition that ¢ < 0. Further restrictions on o will come later.




We now prove the desired onto estimate for each mode k£ > 0. For each k£ > 0 consider

(v + Dag(r) + il i)a;“(r) — Aki’;(r) =b(r) O0<r<l1

with ax(1) = 0. Using the variation of parameters method we obtain solutions of the form

(v + DB — B aw(r) = v /TTMdT_m / BT 4t Gt + D

b Tﬁk -1 TIBk

where Cy, Dy are free parameters (depending on k and b;) and we are free to choose T;
suitably; we need to pick these parameters such that we get the desired estimate on a; and
such that ax(1) = 0. We will choose T, = 0, T = 1, D, = 0 and we leave Cy = Cj(by) free

for now and hence we get
- ("D b
(065 = Bantr) = o [ gt [P D g ey,
o 71 e
and note this is an acceptable choice of Ty provided - ) € L'(0,1), which we assume for
%K

now. For simplicity we normalize ||byt)x|y < 1 and hence there is some Cj, such that

2s
/|bk( Jldr < Cips'™12+9) 0 < 5 < (17)

N =

We now prove that b;(T) e L'Y(0,1).

Tk

1 |b’f§T)|dr < CkZQZ(ﬁ’“ 1)/ |bi(T)|dT
0 Tﬁk —1 - 9—i—1
1
. 9—i t )
< Cray 207 </ \bk(7)|td7> 27
i=0 27171

< Ch, Z 9i(B; ~1)gi(2+o-3)9 7

=0

,_L
— Ck L Z 21 L —1+2+0— 7)

and note the exponent is simplifies to 5, +o. So provided 3, +0 < 0 then the sum converges
and we get the desired result. By the mononocity in k its sufficient to consider the case of
k =0, ie. we want S, + o < 0. We first consider case 1 and in this case this restriction
is exactly the assumption that 0 < o < ¥ 112;7 In case 2 we have 3; = 0 and hence the
restriction just becomes that ¢ < 0 (in case 2 there will be further restrictions on o later).




We now consider the various terms in the formula for ay.

We first examine the term

Tﬂk/ bk(T) d’T—{—C’kTﬁIj
0

TPk 1

and we choose

1
Cy = —/ be(7) dr.
0

8 1
Note with this choice of Cj we have the needed zero boundary condition for this term (and
its clear the other term has the needed boundary condition) hence ax(1) = 0. We now get
the estimate. Firstly we will need the term P € X. In case 1 this will require that 3" > —o
and by monotonicy in k its sufficient that 37 > —o but this holds since 8§ = 0 and o > 0.

In case 2 we again will need 3] > —o and writing this out gives 0 > o > N 1—3;7 So in both

cases we have r® € X. Now note by the previous argument to show the needed integrand
is L'(0,1) we have |Cy| is bounded by a constant depending just on &k and hence in both
case 1 and 2 we have ||Cj,r% || x is bounded by a constant just depending on k. We now
need to examine the integral term and the computation is very similar to when showing the
previous integrand was L'(0,1). A computation shows

' |bk(7)|d7_ <O S 9=1\1=B; e b d
P <G (27 [bi(7)]dr
0o Tk i—0

T2_i_1
. 1
~ i . — 1 r27" §
< CrCh Z(TQ_Z)I_B’“ Ty </ ‘bk(7)|td7'>
i=0 r2—il
< Cho Z(T27i>lfﬁg+%+%72ﬂ7
i=0

_ > 1
= By —o -
r "k Ck;,l ; (2_5;_0—)1..

Note in both case 1 and 2 we have —f," — o > 0 and hence the infinite sum converges. From
this we see in either case we have

rﬁk”/ —|bk(7>|d7 < Dy,
0

78k -1

and this gives us the needed zero order estimate on one of the integral terms.

We now consider the other integral term namely

b
e / k(1) dr =: 'rﬂ’jgk(r).
1

-1

10



Note that we can write (for integers n > 1)

n

9627 = 3 (9u(27) = ge(27")) and hence  |gy(2 |<Z|gk — g2,

=1

A computation similar to the previous one shows

(2| < 2 / .

< O, Z 9i(By +0)

(8 +0)(n+1)-1

by (T

75k

= Cy e 1

and from this we see . ~
(27 gp(27)| < Dy,

for all n > 1. This gives us the desired zero order estimate at least for the values of
r € {27 : n > 1 an integer}. One can extend the above estimate for all values of r and
hence combining all the above results gives us the needed zero order estimate on ax(r). The
higher order portions of the norm of a; can be obtained from the zero order estimates after
consider the equation that ay satisfies.

In case 3 everything works as in the previous two cases except now one just needs 0 <
By + o and By + 0 < 0. ]

Proof of Theorem 3. In case 1 or case 2, by Lemma 1, for all £ > 0 there is some
C such that for all f(z) = br(r)yx(0) there is some ¢(z) = a(r)yx(f) which solves (7)
and ||¢||x < Ckl|f|ly- One can show for all m > 1 there is some D,, such that one has
for all f(z) = > 7", bk(r)e(6) there is some ¢(x) = > ;" ar(r)x(d) which solves (7) and
|ollx < Dl flly. We now will show that D,, is bounded. Suppose not, then there is some
fm €Y and ¢, € X which solve (7) and || f,||y — 0 and ||¢]|x = 1. We claim that

sup sat_N/ |G| dx — 0.
As

0<s<%

Towards a contradiction we assume, after passing to a subsequence, that this quantity is
bounded below by 2¢y > 0 and hence there is some 0 < s, < % such that

sf,fN/ |G| dx > .

m

We consider two cases:
Case (i); S, bounded away from zero, and after passing to a subsequence we can assume
sm — s € (0,3].

11



Case (ii); Sy, — 0.

Case (i). Since [|¢,[lx <1 we see that ¢y, is bounded in W2H(B1\{0}) and after passing to
a subsequence we have ¢,,, — ¢ in W2 (B;\{0}) and one can use weak lower semi continuity

of the norms to see that ¢ € X. Also we have

ey < 57N ( [ ol [ 1¢mrtczx) |
As, AA, As

where AAB := A\B U B\A is the symmetric difference of A and B. Note that ¢,, bounded
in L2 (B1\{0}) and |A;,, AA| — 0. Using this we can pass to the limit to see

loc
ey < 57N / oltda,
As

and hence ¢ € X is non-zero. Note also we can pass to the limit in the equation to see that
L,(¢) =0in B;\{0} with ¢ = 0 on 0B but this contradicts the result from Lemma 1 which
says the kernel of L, is trivial.

Case (ii). Set (m(z) := s7,0m(Smz) defined on 0 < |z| < i For + > 2 an integer we set
E={reR":1<|z|<i}and E; := {x € R : £ < |2| < 2i} and note that

/ (=) 1z > o, / (Gu(2) 1z < 7, (18)
1<|z|<2 T<|z|<2T

fora110<7§%.

m

Note that (,,(z) satisfies

L(6)(2) = 9n(2) = 552 fu(smz) im0 < J2] < (19)

m

with (,, =0 on |z] = i Note that for each fixed i we have ||9m||Lt(Ei) — 0. Also note the
equation is satisfied on E; for all ¢ and for sufficiently large m. By elliptic regularity and
the estimates in (18) we see that (,, is bounded in W?!(E;) for large enough m and hence
by a diagonal argument we can assume there is some ¢ such that ¢,, — ¢ in W2/ (RN\{0})
and ¢ satisfies both estimates in (18) (and hence ¢ # 0). Moreover we have L.,(¢) = 0 in
RN\{0}. We now obtain the needed contradiction which amounts to showing the kernel of
L, is trivial over the appropriate space. We write ((z) := >~ ax(r)x(0) and as usual ay
will be of the form
ai(r) = C'krﬁ'gL + DyrPr

here we are omitting writing out the individual ode’s for each mode since we have already
done this on the unit ball. We will now translate the second estimate in (18) to some
estimates on a;. Note for each k£ > 0 there is some C), > 0 such that

ap(r) = C,, /w » C(r)do,

12



and then by Jensen’s inequality

27 2T
/ TN_1|ak(7“)|tdr < Dk/ TN_I/ 1C(r0)|"dodr < DNt
i . 10]=1

for all 7 > 0. Putting the explicit form of ax(r) in to the integral and using a change of
variables we arrive at

2
1

for all 7 > 0. Note that ;" + o # 8, + o and provided both are nonzero we can send 7 to 0
or oo to obtain a contradiction unless C, = D, = 0. Note we have both of these exponents
are nonzero and hence we have that ( = 0 a contradiction.

Case 3. In this case everything follows as in the previous cases except now one needs
By +o<0and 3 + 0> 0. O

3.2 The linearized operator L

Here we examine the linearized operator

L(9)(x) = Ly(¢) + pw(r)P ¢ = Ap + Yoy, + pw(r)P~' .

In this section we consider the solvability of
o =0 on 0By,

Theorem 5. 1. Under the assumption of Theorem 3 part 1 there is some C' > 0 such
that for all f €Y there is some ¢ € X which solves (20) and ||¢||x < C||flly-

2. Under the assumption of Theorem 3 part 2 there is some C' > 0 such that for all f € Y
there is some ¢ € X which solves (20) and ||¢]|x < C|flly-

3. Under the assumptions of Theorem 3 part 3 there is some C' > 0 such that for all
f €Yy there is some ¢ € Xy which solves (20) and ||¢||x < C| fly-

4. Let 0 <~y < N —2. There is some C > 0 such that for all bounded f = f(r) there is
some ¢ = ¢(r) which solves (20) such that

sup ([¢(r)] +[¢'(r)]) < ¢ sup [f(r)].

0<r<1 <r<1

Proof. 1 and 2. Define K : X — Y by K(¢) := pwP~'¢. It is easily seen that K is a compact
mapping from X to Y and note we can write L = L, + K. So we have the desired result
via Fredholm theory provided the only ¢ € X such that L(¢) = 0is ¢ = 0. But this follows
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from Proposition 1.

3. This follows exactly the same proof as part 1 and 2 of the current theorem, we just need
to check that K : X; — Y] is compact.

4. Define Ky(g) = u where (v + 1)u"(r) + X=24/(r) = g(r) in 0 < r < 1 with u(1) = 0. We

get an explicit formula for K. Given g define

N-—1
1 [

h(r) == Nl/ - g(T)dT,
o Joo v+l

and we define u(r) via —u(r) := f: h(t)dt and then note u satisfies the required ode and we
have the estimate

sup (|u(r)| + ['(r)]) < C3 sup [g(r)].
0<r<1 0<r<1

This shows that the mapping Ky : LX,(B1) — L,(B;) is compact. We now try and
solve (20) and we will use the notation ¢(r) = ag(r) and f(r) = by(r). Then note to solve
L(ag) = bo(r) in 0 < r < 1 with ao(1) = 0 we can write this is as ag + Ko(pwP ' ag) = Ko(bo)
and if the only ag € L%, such that ag + Ko(pwP'ag) = 0 is ap = 0 then by Fredholm
theory there is some Cy > 0 such that supy_,q |ao(r)| < Cosupgc,<1 |Ko(bo)| and it will
be clear that sup.,.q [Ko(bo)| < Cisupye,«1 |bo(r)| and hence we’d have sup.,.; [ao(r)| <
Cysupg,r<1 |bo(r)|. Now recalling Proposition 1 we have the desired kernel is empty. We

now return to ap = Ko(by — pwPlag) and then note by the earlier estimate this gives

sup (Jao(r)| + lah()]) < Cs sup [t — pur~ag| < C sup [bo.
0<r<1 0<r<1 0<r<1

4 The fixed point arguments

4.0.1 Equation (3)

Here we obtain a positive bounded solution u of (3) on B;\{0} and recall we are looking for
solutions of the form u = w + ¢ where ¢ solves (11). To prove the existence of ¢ we will
show that the nonlinear mapping Js (as defined by Js(¢) = 1 where 1 satisfies (12)) is a
contraction on a suitable space. In the process of doing this we will need the following facts:
for p > 1 there is some C, > 0 such that for all 0 < w € R and gb,ngS eR

Jw + 6P — puP~o — wP| < C, (W29 + |¢]F) (21)

w4+ 3 = fo+ 6 — pur (3 = &)] < G (w20l + [8) + 1ol +1017) I8 - &l. (22)

The exact spaces we will work on will depend on the value of v; we split this into the
cases v > N — 2 and 0 < v < N — 2. The first case will be the easy case and is fairly
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standard and we work directly in X (recall X depends on ¢ and t). For the second case we
could do the same but the issue now is ¢ can then be unbounded near the origin which would
force u to be unbounded near the origin and recall we want « bounded. One could try and
apply elliptic regularity but we prefer to avoid this since we are dealing with a nonstandard
operator with possible issues at the origin. Additionally we want u = w + ¢ to be positive
and hence to show this we either need ¢ small in L> (with an additional argument near the
boundary) or we can instead try and apply maximum principles to show u positive. We will
use the first approach and so this causes us to use slightly more complicated function space.

Case 1. v > N — 2. In this case we fix N < t < oo and ¢ as in Theorem 3 part 2. We
now show that Js : X — X (here X is defined as before with ¢ and o as above). Note by a
scaling argument and the Sobolev imbedding there is some C; > 0 such that for all ( € X

we have
Cl||C||x

!C! < (23)

forall 0 < s < % Let C > 0 be from Theorem 5 part 2.

Into. Let ¢ € Br C X where 0 < R <1 (here By is the closed ball of radius R centered
at the origin in X) and let ¢» = J5(¢) (we are attempting to show that Js is into Br). Then
we have

[Wllx < Clolllglw + ¢IPlly + Clllw + ¢ — w? — pw™ ' ¢lly,

note since Y is basically an L' norm we can replace the desired term with the upper bound
coming from (21). It is easily seen that there is some Cy > 0 (independent of 0 < R < 1) we
have C|0]]|g|lw + ¢[P||y < Cs|d]. A direct computation shows that provided o < % we have
I|#P]ly < C2RP but note we have o < 0 and hence this estimate holds. We now examine
the term ||wP~2¢||y. Note that for p < 2 there are some added difficulties for this term near
the boundary of By. Note that using the above argument we have

sup S(Q-i—o‘)t—N/ wp_2|¢|2tdx S C2R2t
As

1
0<s<7

provided o < 2, which again trivially holds since o < 0. We now examine the portion of the
norm for s close to % where for p < 2 the term wP~2 can cause problems. Using a scaling
argument and the Sobolev imbedding we obtain the existence of some Cy > 0 such that
|¢(x)| < CoRO(z) for all 3 < |z < 1, where §(z) := dist(x,0B,) is the Euclidean distance

from x to 0B;. Using this estimate we see that

e ) < C3R™, (24)

sup W o < sup e

1 1
1<zl 1<zl

since w(z) > €d(z) on By for some £ > 0 small enough. From this and the earlier estimate
we can conclude ||wP~2¢?||y < CoR% Combining the estimates shows that ||| x < Cy|d| +

15



C,R? + C4RP and hence for Js to be into By it is sufficient that
Cs (|0| + R* + R?) < R. (25)
Contraction. Let ¢, ¢ € By and Jg(ng) = ), Js(¢) = 1. Then we have

—L( =) = dg (Jw+ B — | + ) + |w + 3" — Jw + 9 — pu' (6 — 0).
Using (22) we see

I =2 llx

%< Cll|| |0 20161+ I + 18 + ol 4+ pur 16 — ol
p Y

[l 2081+ 10D + 161 + 0~ 16— ol

and note the first term on the right differs from the second by only the linear term pw? ! ]$—¢|
and hence we can drop the first term on the right by taking ¢ > 0 small. Writing out the
estimate |||p[P~2|¢ — ¢ ||y we see provided 2 —o(p—1) > 0 then we have this term is bounded
above by CRP~1||¢ — ¢||x. We now examine the term ||w? 2|@||¢ — ¢||y. A computation
shows that

24— olly < s (s supu® 2ol ) 6 - o1

0<s<%

As before the case of p < 2 causes an added issue for s % Using (24) we see SUP1 1 s sup 4 wP=2? |

C,R! and hence we need to just obtain an estimate for 0 < s < ;11. Note that a computation
shows sup_,1 s sup 4, w2 ¢|" < C4R" provided 2 — ¢ > 0 which we have. Combining
all these results we arrive at: by fixing 0 < R sufficiently small and then taking |§ suffi-
ciently small we see that we have |[¢) — | x < Koll¢ — ¢|lx where Ky < 1. Moreover by
fixing 0 < R small and then taking |0| small we see we can satisfy (25) and hence Js is a
contraction on Bg. By applying Banach’s fixed point theorem we see .Js has a fixed point ¢
and hence u = w + ¢ solves (3) in B;\{0} but with u” replaced with |u|P. By taking into
account the function spaces we see that u is bounded and by taking R > 0 small we see
that u is positive provided we stay away from 0B;. By using the fact we have an estimate
like SUPL <1 |IV¢| < C5R and since w'(1) < 0 we see that by taking R small that we have
u=w+¢>0in Bj.

Case 2. 0 <y < N —2. Let N <t < oo and o as in Theorem 3 part 3. We now define the
space we work in. Given ¢(x) we write

= Zak(r)wk(e) = ao(r) + Z%(ﬂ%(% =: ¢o(r) + ¢1(x).

Define the X norm of ¢ via
Iz = sup {6o(r)] + 64} + 1 ]x.
0<r<1
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and we impose the boundary condition ¢ = 0 on dB;. Let Bg denote the closed ball or
radius R centered at the origin in X.

Into. Let ¢ € Bgr and ¢ := Js(¢). Then note there is some C' > 0 (independent of
0 < R < 1) such that ||¢]|z~ < C||¢]|z and so |¢(z)] < CR. Let f denote the right hand
side of (12) and note we have |f(z)] < C (|d] + wP~?¢* + RP) and in the case of p < 2 an
additional argument shows that |f(z)] < C'(|d] + R* + RP). We write f(z) = fo(r) + fi(x)
where we are using the notation introduced to decompose ¢(x) = ¢o(r)+ ¢1(x) and then one
sees that | fo(r)| < C(|6| + R? + RP). From this an the earlier ODE arguments we see that

sup ([voo(r)| + [o(r)]) < C (I0] + B* + 7).,

0<r<1

since —L(10g) = fo. Now note that —L(1) = fi(z) = f(z)— fo(r) and using the estimates on
f(z) and fo(r) we see that | f1(z)| < C (|§] + R? + RP). But using the linear theory for L we
have || ||x < CJ| f1]ly and note that provided 2 + o > 0 we can translate the L> bound on
f1 to a’Y bound on fi. So provided o > —2 we have ||[¢1||x < C|f1lly < C (|0] + R* + RP).
So note for ¢ = Js(¢) € Br C X it is sufficient that

2C (16| + R* + R*) < R. (26)
Contraction. Let ¢,¢ € By C X and ) := Js(¢) and ¢ := Js(¢). Then note we have ’
—L(—v) = dg (|w + 9P — |w + ¢|”)+{|w + 9P — |w+ P — pw(§ — ¢)} = FI4F?=F.
By (22) we have
|F2] < Clur™(|g] + [¢]) + [¢" " + 91" |6 — ¢, and

|1 < Cl6llgIC|w? 2 (16] + []) + [61 " + 9~ + pu?™ |6 — ¢].

Note that from earlier arguments we have supp, [¢| < C'R. From this and an additional
argument in the case of p < 2 (which we have already done) we see that

|[F(x)] < C(R+ R 4 0)|¢(x) — ¢()]. (27)

Using this and the earlier ode results we see

sup, {Io(r) —vulr)| + 195) — () } < O+ R 50) s [ 16600) 00,

o<r<1 0<r<1

and using the fact ||(]|z~ < C||¢||¢ we arrive at

sup { do(r) — o(r)| + [94(r) = ¥4I } < C(R+ R +6)16 — gl

0<r<1
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Now note that —L((¢) — ¢);) = Fy and hence ||(¢ — ¥)1||x < C||Fi|ly. Note that from
the earlier computations we have

|F(z)],|Fo(r)] < C(R+ R +0)]6— ¢l

and hence we have the same pointwise bound for Fj. This shows that for ¢ > —2 we have
|Filly < C(R+ RP'+9)||¢ — ¢l ¢ and hence we have

1 —¢)illx < C(R+ R 48)]¢ — ¢ll5.

Combining this with the earlier result we have
I~ wllg <2C(R+ R +6)lé — ¢llx,

and hence we sce Js a contraction on B C X provided we have 2C(R+ RF'+6) <1 and
(26) holds. Fix 0 < R very small and then take |d| sufficiently small and we easily satisfy
the two conditions. By taking R > 0 small and using the bound on the gradient of ¢ near
0B, (and the fact that w'(1) < 0) we see u =w + ¢ > 0 in B;.

4.0.2 Equation (4)

In this section we want to prove the existence of positive solutions of (4) which rewrite in
terms of y € Qy;

vi(y) =7 0 Gt () = @)y € Qs\{0},
{ v u = 0 Yy € 895, (28>

where €5 is a small perturbation of the unit ball in R (and note we replaced u? with |u|P).
We now perform a change of variables to reduce the problem to one on the unit ball (we
take this change of variables from [8]). Fix ¢ : B; — R" (and for simplicity of notation we
assume 1 (0) = 0; otherwise u would be singular at ys = §1(0)) be a smooth map and for
0 > 0 define
Qs :={x+0(x): x € B}

This domain will be the small perturbation of the unit ball we work on. There is some small
0o > 0 such that for all 0 < § < dy one has that €5 is diffeomorphic to the unit ball B;. Let
y = x + 0i(x) for x € By and note there is some 1) smooth such that z = y + 01 (8, y) for
y € Qs. Given u(y) defined on y € Qs or v(x) defined on x € By we define the other via
u(y) = v(z). So to find a positive singular solution u(y) of (28) it is sufficient to find a positive
singular solution v(z) of some, to be determined equation, on the unit ball. To compute the
equation for v(z) we will use the chain rule, but we mention that the computation becomes
somewhat messy. A computation shows that

_ N 7l N Tk 2 N 73 Tk
Uyy; = Uz +0 Zl:l U$i$z¢yj +0 Zk:l v$k$j¢yi +9 Zk:l vwkxj¢§j Yi
2N Th
+5 Zk,h:l Uﬂﬁkxhwy, + 4 Ekz 1 ’Ulkwylyj
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and using this formula we can write Ayu(y) = Av(z) + Es(v) and wy,y, = Vg0, + E (v).
Also we have . ,

yiy; | wx + 0(zh? 4+ pay) + 6%

|2 2|2 + 202 - ) + 62[y|?
So u(y) solves (28) if v(z) solves

0= Av + Ej(v ylyj Ve, + EF(0)) + o in By\{0}, (29)

z]l

with v = 0 on 9B;. We look for solutions of the form v(x) = w(z) + ¢(z) = w(r) + ¢(x). A
computation shows that ¢ must satisfy

—L(¢) = |w+ ¢|p —w” — puw’ ¢ + Es(w) + E5(0)
YiY; 1%y
+7 ( - ) (bxzzj
JZI [
YilY; i Eid
i,j=1
o () mom
ij=1

with ¢ = 0 on 0B;. Note we replaced the v? term with |v|P, which is standard practice and one
then later shows v > 0. Note all terms on the right hand side, except |w+ ¢|P —w? — pwP~'¢,
are perturbation terms which are zero when 6 = 0. As before we hope to find a solution of
the above via a fixed point argument. Towards this define Js(¢) = 1) where

—L(y) = |w+¢|”—wp—pwp‘1¢+E6(w>+E5(¢)
yzy] _ xX; ZL']
”;1 (- % )% -
Z (B ) + EY(0)
1,j=1
s (iﬁs - T;T;) oy 0 B @
i,7=1

Proof of Theorem 2. Let X,Y denote the spaces as defined before where either we are
taking o positive or negative along with the extra assumptions on o. Then one can easily see
that Js is a contraction on Bp (closed ball of radius R centered at the origin in X) provided
0 < R is fixed small and then § > 0 is chosen small enough. Also by taking R sufficiently
small we see that v = w + ¢ is not indentically zero.

19



1. In the case of vy > N —2 (and hence ¢ < 0) for any £ > 0 we can take R > 0 small enough
such that v = w + ¢ is positive and bounded away from zero on |z| < 1 — . Also note that
via the Sobolev imbedding we can make the gradient of ¢ small away from the origin. Since
w'(1) < 0 we see this forces v > 0 near |z| = 1. Hence in the case of v > N — 2 we can find
a positive bounded solution v.

2. In this case we can still follow the above procedure to obtain a solution v(z) = w(z)+¢(z)
of (29). The relevant linear theory we are using is Theorem 5 part 1 and we will later take
o > 0 sufficiently small. Note that by taking R > 0 small we have v > 0 away from the
origin. But we might still have v change sign near the origin and also it might blow up at
the origin. So we have a nonzero solution v of (29) and hence u is a nonzero solution of (28).
Also note we have u € W2 (Q5\{0}) with the bounds |u(y)||y|” + |Vu(y)||ly|”"* < C for all
y € Q5\{0}; after considering the bounds on v and using the Sobolev Imbedding Theorem.
Also one can see u inherits the same regularity of v near the origin; ie for s > 0 small we
have

8(2+U)tN/ ’DQU(y)‘tdy < 01.
s<|y|<2s

If we let f(y) := —|u(y)|P then f € LT(Q;s) for all T < Jﬂp after consider the bound on u. So
rewriting the equation for u in terms of f we get
Ly(u)(y) = Ayuly) + 730, T, () = fly)  in Q\{0}, (32)
v = 0 on 0f)s.

Now recall X was a space of functions defined on the punctured unit ball with certain
regularity assumptions. We let X := {u : v € X with u(y) = v(z)}. So note that u € X.
We now prove a maximum principle and then return to the proof of part 2 of the theorem.

Lemma 2. (Mazimum Principle) Suppose u € X with —L(u)(y) = —f(y) > 0 in Q;\{0}
(where f is sufficiently reqular away from the origin and has slight blow up at the origin,
here we are modelling f on the explicit f above). Then u > 0 in Qs\{0}.

Note in the above lemma that u is arbitrary, but of course we will apply the lemma for
our specific u.

Proof. For ¢ > 0 small we set u. to be a solution of

{ — L (u:)(y) Z i 5f(y) in Q. ang}fi (33)

N—2—~
14+

By the maximum principle we have u. > 0 in {}s5.. Under the assumption that ¢ <
we can use a maximum principle argument to see that

SUp,caq o0y 1217771 f(2)]
(N—1—(c+1D)(1+7)

< g <
0 < |y|7us(y) < .
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for all y € €)5.. Using a scaling argument along with the equation satisfied by u. we can
show that u. satisfies second order weighted L' estimates on Qs. similar to the estimates
that v satisfies on B;\{0}. Using a diagonal argument and passing to a subsequence one can

show there exists some @ such that u, — @ in W2/ (Q5\{0}) and L. (@)(y) = f(y) in Q;\{0}
with @ = 0 on 9s. Moreover 4 satisfies the same weighted L' estimates near the origin as
u. From this we can conclude that @ € X. Hence if we can show the kernel of L., is trivial
on X then we’d have @ = u and hence u is nonnegative. We now transform variables to the
unit ball. Hence its sufficient to show the kernel of L. 5 is trivial in X where

N
YilYj ij
Lys(v) == Ly(v) + Es(v) +v > ‘y’;E(;](v).

It is easily seen that once o is fixed that for 6 > 0 small that the kernel of L, s is trivial.
This completes the proof of the maximum principle.

i.j=1

]

We now let u denote the solution of the nonlinear problem as above. From the above
lemma we have u > 0. Our goal is to now show that u is bounded on 5. Away from the
origin its clear u is bounded. We assume that ¢ > 0 is small enough such that B s CC Q5. Set

U(y) = u(y)p(y) where 0 < ¢ < 1 is a smooth cut off with ¢ =1 in By and ¢ € CSO(B%).
Then a computation shows that

LV(U) =g in B;\{0}, U =0on 0By, (34)
where

9(y) = fW)oly) +2Vu-Vo+ulg

N
YiY;
+ Z | ; {uyi¢yj + uyj¢yi + u¢yiyj} .

Y|

ij=1

Note ¢ is as smooth near the origin as f is and recalling the pointwise bound on u near the
origin gives |f(y)||y|”? < C on Q5\{0} and hence |y|??|g(y)| < C on B;\{0}. For notational
convenience we rename the variable y by x since we are on the unit ball; but note we are
not using the change of variables. As before we write in spherical harmonics as U(z) =
Y re s ag(r)ye(0) and we decompose U and g as before. So we write U(x) = Uy(r) + Ui (z)
and g(x) = go(r)+ ¢1(x) where Uy, g1 have no k = 0 modes. Then we have L. (U;)(z) = g;(z)
in B1\{0} with U; = 0 on 0B;. Fix 0, < 0 but sufficiently close to zero such that o satisfies
(8) (where we are replacing o with o7). By taking |oq| smaller we can assume o1 +2—o0p > 0
and hence |z|7172|g; (z)| < C} for all 0 < |z| < 1 (a standard argument shows that g; satisfies
the same point wise estimates as g(z)). This shows that g; € Y7 (with respect to o see
Theorem 3 part 3). So we can now apply Theorem 3 part 3 to see that U; € X; (again with
respect to o) and hence U; is bounded. To complete the proof we need to show that Uy is
bounded. Consider the proof of Theorem 5 part 4 where we obtain an explicit solution for
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an ode. Using this we can get an explicit formula for a solution of the equation for U,. To
see this formula really gives Uy we note that L, is an isomorphism between spaces X and Y
(and does not interact between different modes). So from this we see

Uy(R) = / hr)r

R

where

N-—1
=
h(r) == Nl/ T 90l 4
ra+1 Jo v+1

Using the bound |go(7)[t?? < C we see by taking o > 0 small enough that we have Uy
bounded and this completes the proof.
O
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