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Abstract
In this work we obtain positive singular solutions of

—Au(y) = u(y)? inyeQy,
u = 0 on y € 98,

where €2 is a sufficiently small C?® perturbation of the cone  := {x € RV : 2 =
rf,r > 0,0 € S} where S C SV~! has a smooth nonempty boundary and where p > 1
satisfies suitable conditions. By singular solution we mean the solution is singular at
the ‘vertex of the perturbed cone’. We also consider some other perturbations of the
equation on the unperturbed cone €2 and here we use a different class of function spaces.
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1 Introduction

In this work we consider a Lane-Emden-Fowler equation on small perturbations of a cone
in RY. To describe the cone we fix S € S¥=! (N > 3) with a smooth nonempty boundary
and we now consider the cone given by Q := {z € RN : 7 = |2| > 0,0 = o € S}. We are
interested in obtaining positive singular solutions of

_Ayu(y) = u(y)p in Qt> (1)
u = 0 on 08,

where €); is a sufficiently small perturbation of 2 and where p > 1.
The approach we take is to linearize around a positive separable solution vy to the un-
perturbed problem given by

—Avy = vp in Q, @)
vo = 0 on 0Q\{0}.

By a well known computation it is known that if w is a positive classical solution of

—ANow = v(N-2+v)w+wP in S, (3)
w = 0 on 058,

where v := p‘TQl and Ay is the Laplace-Beltrami operator on SV=1 then vy(x) = vy(r,0) =
r’w(0) is positive singular solution of (2). When we need to indicate the dependence of w
on p we will write w = w, and from here on we shall define

)\p::y(N—2—|—V):p%1(]%—(N—2)>.

We now discuss the restrictions on p so we can find a positive classical solution of (3). For
the existence we use a variational approach; we minimize

_ Js[Vowl? — \w?dy
([, lwlr+idg) 7

Ep(w)

over Hj(S)\{0}. We now introduce the following critical values of p;

14 4 _ N+3 _ N+1
Do : N—2+\/(N—2)2+4)\1(S)’ b1 N_1 b2 N_3

(4)

where we are using the obvious generalizations in the case of N = 3. Note py is exactly the
exponent coming from the critical Sobolev imbedding in dimension N — 1, when N > 3.



e For p € (po, p2) one has A, < A1(S) (here A\;(S) is the first eigenvalue of —Ay in H}(S5))
and H}(S) cc LP(S). For this range of p the above variational approach coupled
with an elliptic regularity argument shows the existence of a positive classical solution
w of (3).

e For p < py one has A\, > A;(S) and hence there is no positive classical solution of (3).

e For p > py note that (3) becomes a critical /supercritical problem in the sense of
Sobolev imbedding and the existence of positive classical solutions of (3) becomes a very
hard question which we won’t discuss, other than to mention for certain symmetrical
domains one can find a positive solution; for instance a geodesic annulus.

In our approach we will require that not only is w a positive classical solution of (3) but
we will also need it to be a nondegenerate solution; by this we mean the associated linearized
operator has a trivial kernel. In the case of S a geodesic ball of radius a, where 0 < a < 7,
then w is nondegenerate for p € (pg, p1) which follows from Theorem A [38], see section 1.2.
For the range of p € (p1,p2) they also show the solutions are nondegenerate in the space of
radial functions, but this is not sufficient for our purposes.

With this in mind we will apply some abstract analytic bifurcation theory developed in
[12, 5, 4] to show the existence of at most a countable sequence of p’s (they may be none
or just a finite sequence) increasing to p, and for which w, is a nondegenerate solution
provided p is not an element of the sequence. In the case of general domains S we will apply
the abstract bifurcation theory to show w, is a nondegenerate except again for a countable
increasing sequence; but now this sequence is contained in (pg, p2) with py being the only
possible limit point.

We now discuss the perturbations we will consider and also the change of variables to
reduce the problem to one on the unperturbed cone; we mention the following change of
variables is taken from [16] where they examine the extremal solution of the Gelfand problem
on perturbations of the unit ball. Let ¢ : Q@ — RY be C?® map such that there is some
C > 0 such that

W@ <Clal, DU <C D) < o (5)

x|
For t > 0 small we now define the perturbed domain
Q={y:y=z+tyY(x),x € Q}.
Given y € Q, define (¢, y) via x = y + tip(t,yy). Then there is some C; > 0 such that for

small enough ¢ > 0 one has

~ - - C
Wt < Cilyl,  ID(ty)| < Ci, DXt y)| < ﬁ (6)

Given u(y) defined on €2; we define v(z) on Q via u(y) = v(x) where y and x are related
as above. To find a positive solution of (1) it is sufficient to find a positive solution v(z) of
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—Av — Ei(v) = P inz e, (7)
v = 0 on 02,

where F; is the second order linear differential operator given by

Ey (U) =2t Z /Uxixkayi/lzk +1 Z vxkayi?ﬁ&k +t° Z Uﬂ@jxkayi&jayﬂ;kv
ik ik

ihj’k

where in all the sums the indices run from 1 to N.
We now state our main result.

Theorem 1. 1. Suppose N > 3 and S C SN~ with smooth nonempty boundary. Then

there is a sequence of increasing g (possibly empty or finite) with py < ¢1 < ¢ <

. with qx < pe (with py being the only possible limit point) such that for all p €

(po, p2)\ ({ar : k > 1} U{EE2}) and all mappings ¢ which satisfy (5) there ezists a
positive singular solution of (1) for sufficiently small t > 0.

2. Suppose N > 3 and S C SN~! is a geodesic ball. Then there is a sequence of increasing
qr (possibly empty or finite) with p1 < q1 < @2 < ... with q, < py (with py being the
only possible limit point) such that for all p € (po,p2)\ ({qk ck>1}U {% ) and
all mappings ¢ which satisfy (5) there exists a positive singular solution of (1) for
sufficiently small t > 0.

Our approach to finding a positive solution of (7), for small ¢, will be to linearize around
vy where vy is an explicit singular separable solution as defined above; for the time being
we are assuming the existence of a classical positive solution w = w, of (3). Of course a
crucial ingredient in this approach will be the mapping properties of the linearized operator
associated with vy ie.

pwp(e)p_l
-

L(¢)(x) := —A¢(x) — puf " (2)d(z) = —Ag(x) ¢(x). (8)

We now look for solutions of (7) of the form v(z) = wvo(x) + ¢(x) where ¢ is to be
determined. Then we need ¢ to satisfy

{ L(9) = (o+9)" —vf—pug ¢+ Eulvo) + Eu¢)  in©, ©)
o = 0 on 0f).

To find a solution of this we will apply Banach’s fixed point theorem on a suitable space to
the nonlinear operator given by J;(¢) = b where 1 satisfies

) - (v0+6) —f —p§ 6+ Bi(w) + Ei() im0, 0)
v = 0 on 0f).

Note a priori that the term (v + ¢)? is not well defined if vy + ¢ is negative somewhere in €;
this won’t be an issue since we will restrict ¢ to be small enough such that we always have
this term is positive.



For this approach to work one will need to understand the the mapping properties of L
and in particular we will want L to be surjective. We now define the functions spaces we
will work in, these spaces are a very slight adjustment of the spaces introduced in [32, 34].

Let 0 < @ < 1 be fixed and we consider the following function spaces, where A, := {z €
Qs < |z| < 2s},

1£llce, = sup 5™ (sgmfl + 5% sup M)

x,YyEAs "x - y’a

D2¢(z) — D?
[Pl p2e = sups™ {sup || + ssup |Vo| + s*sup |D?¢| + s>t sup |1D"¢(z) o)l } .
v 0<s As Ag As T,YEAs |z =yl

Set Y := C%% and X to be the set of ¢ € C>* with ¢ = 0 on 9Q\{0}; with given norms
I~ lly and || [|x

1.0.1 Brief outline of paper

As mentioned above, a key point in showing the mapping L is onto Y, will be that w is a
nondegenerate solution of (3). Assuming the nondegeneracy condition on w we analyse in
detail the linearized operator L in Section 2. In Section 1.2 we state known results regarding
w in the case of S a geodesic ball, and in Section 3 we consider the case of general S. We
then perform the fixed point argument in Section 4. In Section 5 we consider some more
general equations using the same method; and in particular the same function spaces. We
then conclude the paper with Section 6 where we examine the equations in different function
spaces. The purpose of this is to allow for larger perturbations of the unperturbed cone.
Instead of working directly with perturbations of the domain we prefer to just consider lower
order perturbations of the domain to illustrate the usefulness of the new spaces.

1.1 General background

A well studied problem is the existence versus non-existence of positive solutions of the
Lane-Emden equation given by

—Au = uP in €,
{ u = 0 on 0, (11)
where € is a bounded domain in RY with N > 3. Define the critical exponent p, = % and

note that it is related to the critical Sobolev imbedding exponent 2* := % = ps + 1. For

1 <p<ps HY(Q) is compactly imbedded in LP™(2) and hence standard methods show the
existence of a positive minimizer of

2

d
min fQ [Vul"dz —.
wEHG MO} ([ |ulp+ida) 7T
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This positive minimizer is a positive solution of (11) see for instance the book [39]. For
p > ps HY(Q) is no longer compactly imbedded in LP™1(Q) and so to find positive solutions
of (11) one needs to take other approach. For p > p, the well known Pohozaev identity
[36] shows there are no positive solutions of (11) provided € is star shaped. For general
domains in the critical /supercritical case, p > ps, the existence versus nonexistence of positive
solutions of (11) is a very delicate question; see [9, 35, 20, 18, 19] and for related problems
(17, 28, 8, 27, 41].
There has been much work done on the existence and nonexistence of positive classical
solutions of
—Aw = w? in RY. (12)
As in the bounded domain case the critical exponent p, plays a crucial role. For 1 <
p < ps there are no positive classical solutions of (12) and for p > ps there exist positive
classical solutions, see [6, 7, 25, 24]. The moving plane method shows that all positive
classical solutions, satisfying certain assumptions, are radial about a point. Regarding the
existence versus nonexistence of stable solutions of (12) one should consult [40, 29, 23]. For
the existence of solutions for (12) in either exterior domains; or perturbations of (12) see
[13, 14, 15]. The Dirichlet problem (11) in the context of very weak solutions (and which
allows for singularities on the boundary) have been studied in [21, 26, 30, 33]. We now briefly
mention here some works relevant to our study. In [21], del Pino-Musso-Pacard constructed
positive weak solutions of the problem (11) which vanish in suitable trace sense on 052, but
which are singular at prescribed single points if p is equal or slightly above % (they also
consider the case for a different range of p where the singular set is higher dimensional).
Also, when Q = ]Rf they constructed a solution of problem with fast decay, behaves like
as |z|~™=Y as |z| — co. In [30] Hordk-McKennab-Reichel considered the equation (11) in
Lipschitz wedge- like domains €2, smooth domains except for one corner, where it locally
coincides with a cone of cross-section S C SV~ (see [26, 30] for the precise definition). They
proved the existence of an unbounded, positive, very weak solution which blows up at 0 € 0€2,

and when (2 is an infinite cone then the equation admits a positive solution behaves like |z| =
fro any p € (pg, 00) if N = 2,3 and any p € (po, %—fé) if N >4, (po defined in (4)) and note
that pg depends on S. But this solution does not have fast decay at infinity. Note that the
exponent pg is a truly critical exponent as it is shown in [33] that if 1 < p < p, then every
very weak solution of problem (11) is bounded. Very recently, Konstantinos T. Gkikas in [26]
improved some of the above results and based on a fixed point argument which also allows
the construction of blowing-up solutions, he showed the existence of positive weak solutions
which vanish in a suitable trace sense on 0.5, but which are singular at prescribed “edge” of
if p is equal or slightly above the exponent py. Moreover, in the case which €2 is unbounded,

the solutions have fast decay at infinity like |z[>77~", where v := 22X + \/(¥)2 + A1(S).

Note that 2 —v— N = po_fl < ,,%21 for all p > pg, for precise statements and further results

see Theorems 1.1-1.3 in [26].

However, the existence of unbounded very weak solutions of (11) for all exponents above the
critical point % is still open both in case of smooth domains and domains with conical

corners. In this paper, using the idea of perturbing an explicitly known singular solution and




then utilizing fixed point argument, we show the existence of positive singular solutions in
domains which are small perturbations of the cone, for p € (po, 37%) (see Theorems 1) except
for at most countably many values of p. This countable set is coming from the fact we are
applying some abstract analytic bifurcation theory and real analyticity methods developed
in [12, 5] to obtain a nondegenerate solution of (3) (see Section 3) which in turn allows us
to develop the needed linear theory (see Section 2) so as to apply a fixed point argument
(see Section 4) to solve (9). It would be interesting to discover whether there really is a
resonance phenomena or whether this countable set of p is only an artifact of our proof.
Another interesting question would whether one can use a similar approach to investigate
the case of a bounded domain with conic singularity.

Before giving more background on problems on the cone we mention that our current
work is heavily motivated by [16, 32, 34, 13, 14, 15]. For explicit results on cone domains
see [1, 2, 37, 3] and the references within.

1.2 Known results regarding (3) when S the geodesic ball

We will now give a result from [38] but they perform a change of variables so the resulting
domain is Euclidean (which we also do); what follows is all taken from [38]. Suppose S is the
geodesic ball of radius o, 0 < @ < T and P : S¥71\(0,...,0, —1) = RN~ is the stereographic
projection and set

R = tan% and Bp={x € RN7': |z| < R} = P(9).
Then w is a positive classical solution of (3) if and only if the function v defined by

o) = w(P~ ')

————<—5 =€ B, 13
G+l " -

is a positive classical solution of

N—1)(N—3)+4), PIN=3)—(N+1) :
Av + (gi‘—mﬁﬁ‘v +4(1 + |z]?) 2 o= 0 in Bp, (14)
v = 0 on 0Bg.
They then prove the following theorem.
Theorem A. [38] If
4 N+1
1+ <p<—+when N >3, (15)
N =2+ /(N —2)2+4\(5) N -3

then problem (3) has a unique positive radial solution w. Moreover, let v be the positive
radial solution to (14) defined by (13). Then v is nondegenerate in the radial function space
H(},rad(BR)'
Moreover, if

4

1+ <p<
N =24 /(N —2)2 + 4),(S) P

when N > 3, (16)
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then v is nondegenerate in the full space Hj(Bg).

First we note the exponents defined earlier pg, p1, po are coming from this theorem. Note
the nondegeneracy conditions carry over to (3). In particular we see w is a nondegenerate
solution of (3) in Hg(S) for p € (po, p1); and nondegenerate in Hj,,4(S) for p € [p1, pa).

2 The linear theory

In this section we consider the needed linear theory so as to apply a fixed point argument
(see Section 4) to solve (9). In particular we will want the linearized operator L (around
the solution vg) to be onto Y with a continuous right inverse. Let w = w, denote a positive
classical solution of (3) and consider the eigenpairs

—Ag(0) = V(N =2+ v)Yy(0) — pwp(0)" Yk (0) = pxor(9)  in S, (17)
with ¢, = 0 on 95 and we assume these are L*(S) normalized.

Lemma 1. (Kernel of L) Let p € (po, p2) with p # % and suppose w > 0 a smooth solution
of (3) and we suppose ¢ € X is such that L(¢) =0 in Q with ¢ =0 on 0Q. If py. # 0 for all
k> 1 then ¢ = 0.

Proof. Let ¢ € X and we suppose L(¢) = 0. Writing ¢ as ¢(z) = >, ar(r)v(0) and
writing out L(¢) = 0 gives

0— Z (-aZ(T) _ w + (V(N =24 v) + ) ak(r)) Yi(0),

r 72
k=1

and hence we must have
N — 1)d,
ey = WD) oy gy 4o &)

r 72
which are ode’s of Euler type. Define

=0 0<r<oo,

W= = + V(N =24 0)),

and hence we can re-write the above ode’s as

o) + &

ag(r)

ar(r) + Yk 3 =0 0<r<oo.

Looking for solutions of the form a(r) = 7° we see 3 needs to satisfy

and from this we need to consider three cases:
Case I: (N —2)2 —4v;, >0



Case IT: (N —2)? — 4y, =0
Case III: (N — 2)? — 4, < 0.

Case I. In this case we have

—(N —=2) /(N —2+2v)2+ 4y,

+ .
B - 2 + 2

= (N=2) (N —=2+20)2+ 4
Bk = - )
2 2
and hence az(r) = CurPc + DprPr for some Ci, Dy € R and note By < Bi. To show
Ci = Dy, = 0 it will be sufficient to show that both of 8, 3, differ from v. First note that
if ;7 = v then we have

N — 2420 = /(N — 2+ 20)2 4 4y,

and if p < &+2

N—2
p> %*3 Then by squaring both sides we see that 3;" = v exactly when py, = 0.

then the left hand side is negative; a contradiction. So we now assume

We now examine when 3, = v. Note we have equality when

—(N —2) =20 = /(N — 2+ 20)% + 4y,

and note the left hand side is negative when % < p and hence we can restrict p <

and in this case we see we have equality exactly when p; = 0.

N2
N-2

Case II. (N — 2)? — 4, = 0. In this case we

( ) CkT’ 2 + DkT 2 )IH(T),

and provided p # % N +2 we can again show C} = Dy = 0 by sending » — 0 or co. Note here
we don’t need assume g # 0.

Case III. (N — 2)? — 44, < 0. In this case define

vV — (N —2)?
2

Wg =
and then the general solution given by
ag(r) = Cor’z sin(wy In(r ))+Dkr En cos(wg In(r)),

for constants Cy, Dy. As in Case II we see we must have C}, = D, = 0 after considering

sending r to 0 and oo; also note we are not assuming gy # 0.
O



We now state our main result regarding the linear operator L.

Proposition 1. Suppose N > 3, p € (po,p2) and p % and let w, denote the positive
classical radial solution promised by Theorem A. Suppose py # 0 for all k > 1. Then there
is some C' > 0 such that for all f € Y there is some ¢ € X such that L(¢) = f in Q with

¢ =0 on 92 and ||¢]x < C|f]ly-

Note that py, # 0 for all £ > 1 is just the statement that w, is a nondegenerate solutions
of (3). Hence this result is saying provided w, is a nondegenerate solution then L has good
mapping properties from X to Y.

Proof. We write f and ¢ as f(x) = >, bi(r)vu(8) and ¢(x) = >"7; ar(r)¥y(P) and hence
we need to find a; such that

(N - 1)&2(7“) . (V(N — 924+ V) +Nk) &k(r)

"
ay, (r) + , r2

= by(r), 0<r<oo.

As before we need to separate the three cases:
Case I: (N —2)2 —4v;, >0

Case IT: (N —2)?2 — 4y, =0

Case IIT: (N —2)? — 4, < 0.

Case I. We now assume we are in Case 1.
Homogenous solutions. yi(r) = % yo(r) = r? and the Wronskian is then W (r) =

(B = B )r .
A particular solution. A particular solution is given by ax(r) = yi(r)u(r) + yo(r)v(r) where

_ —ypb byt

u'(r) = T yib by (r)rfe N
W B — B

YO T T s

Put v, == —(u, + v(N — 2+ v)).
oy s [T @) e [T e(bi()
+(7) /n Wi(t) o /Tl W (t) dt

where we are free to choose T}, and then

() = B / be(t) o, rBh / be(t) ..

By — B Jr, tB 1 B = B S B
We now get estimates on the solution. Depending on the sign of 3, — v and 3, — v (note

its nonzero by assumption) we pick 7; = 0 or T; = co. For instance lets assume v — ;7 < 0
and we then pick T} = oo. Lets assume |by(#)[¢*” < 1 and then note we have

B / |b;+(t)1| dt < 1% / O ld < Cur,
ro th '
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and similarly for the other term. This shows that |ax(r)|r™" < Cj for r > 0. This gives us a
bound on the first term in the X norm on the k* mode of ¢.

Case II. (N — 2)? — = 0 which we can re-write at ug(p) = 7(N+2+2”)2. As above we
assume 27V |bg(r)] < and we now write
ap(r) = In(r)r’z / t2by(t)dt —r 2 / In(t)t = by (t)dt.
T2 Tl
First assume 1 < p < % and note that in this case we have % +v—1< 0. Take

Ty, =T, = oo, then using the above formula we can write

- / ¥ b (1) (In(r) — In(t))dt.
Hence, .
lap(r)| < v’z / £2 by, (£)|(In(£) — In(r))dt.

Fixan0<e < —(% + v — 1) then using the inequality
r r

()| < C€r22N/ t¥|bk<t)y<§> di

= O’z F / par T 2o (1) |,

In(t) — In(r) = In = < C. (5) t<r with C.i—

we obtain

o0
< CriE e / p2 2 < Ot
T

Note that in the above we used that N +rv—2+e< —1.

Now consider the case %*3 <p< %*; Then note that in this case we have % +v—1>0.

Take T7 = T = 0, then we have
) <72 [ ¥ )] n) - (o).
0
Fix 0 <e< % 4+ v — 1 and then similar as above we obtain
lag,(r)| < C€r1+57% /’” t%w*%sﬁ%"bk(i)ldt,
0

andsince%+u—2—€>—1weget

lag(r)] < Cyr”.
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Case III. Lets assume we are in Case III. We use variation of parameters and hence we must
2—N

first find the homogenous solutions; y;. A computation shows y;(r) =7 2 sin(wy In(r)) and

=N — VI WD? o the Wronskian W

Yo(r) = 172 cos(wy In(r)) where wy == Y——5—"—, (r) = —wpr
We then have a particular solution of the form ay(r) = yi(r)u(r) + y2(r)v(r) where

1-N

(1) = —brys bk(T)T% cos(wy In(r)) (r) = bryr —bk(T’)T% sin(wy, ln(r)).

v
|74 Wi ’ W Wi

Doing the computations we arrive at

r

wrag(r) = I Sin(wkln(r))/ bk(t)t%cos(wkln(t))dt

T

5 cos(wy, In(r)) /T bk(t)t% sin(wy In(t))dt,

Ts

where we can pick T1,T,. Take T} = T5 = oo and so we have

wrag(r) = I sin(wy In(r)) /7‘ bk(t)t% cos(wg In(t))dt

o

—r*% cos(wy In(r)) / bt sin(w In(t))dt,

o0

and we suppose |bg(t)[t*~* < 1; and note the integrals are well defined for any r > 0 since
the bound on by, shows the integrands are integrable on (r, 00). Using the bounds on b, we
also see that there is some Cj > 0 such that r=|ag(r)] < Cy for r > 0. In Case I, II and
ITI we can use the ode for a; directly along with the zero order bounds on a; to see that
larllgze < Cillbelco

So far we have shown for each & > 1 and fiy(z) = bi(r)Yx(6) with fr, € Y there is some
or € X, ¢r(x) = ar(r)e(0) which satisfies L(¢x) = fr in Q with ¢ = 0 on 9Q. Moreover
there is some Cy > 0 (independent of fi, ax) such that ||¢x|lx < Ckllfelly-

One can ague that for each m > 1 there is some D,,, > 0 such that

D lbrlly < Dinll D brtoelly
k=1 k=1

independent of b, and hence using this we see for any

Fn() =" bg(r)e(6)

k=1

there is some ¢,,(x) = >~ ax(r),(0) such that L(d,,) = fm on Q with ¢, = 0 on 9 and
|Dmllx < Dl finlly- We now show we can take D,, independent of m in ||¢,||x < D | fonlv -
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Suppose not, then there is some f,, (as above) and ¢,,, with ||| x = 1 and || fin|ly — 0.
We begin by showing that the zero order term of the norm of ¢,, must go to zero. Let s,, > 0
be arbitrary and set

Em 1= 8., SUP [Pl

Sm

and define 1, (x) := s V¢ (smx). Note that 1), satisfies

pw(0)" ()

|z [?

_A¢m($) -

= gm(.T) in 2 (18)

with v, = 0 on Q where ¢,,,(z) := %7 fm(smx). A computation shows for each k& we have

|gm () — gm(y)]
lz —y|*

1
<K fully Yoy € Bri={r € Q: 7 < || <k},

and supg, |gm(z)] < k*7[|fnlly. This implies that g,, — 0 in C%*(E}) for each k > 1.
Additionally using the bound ||¢,,||x < 1 we have |¢,,(x)] < ‘fd;_"y on 2. Also, it is not
hard to obtain that ||V, || re(m,) < k'™ and || D*Yp,|| 1o,y < k277, and also k*77 as the
uniform upper bound for the Holder norm of D21, on Ej. Using a diagonal argument we

can then find some 1 such that v, — v in C*#(E},) for 8 < o and all k > 2 and ¢ satisfies

with 1 = 0 on 9Q\{0}. Note additionally that [i(z)| < ‘fd;_”y Using this zero order bound

along with a scaling argument one can show that ¢» € X and hence by Lemma 1 we have
Y =0 and so0 ¥, — 0 in C*P(E}) for each k > 2. But note we have

S SUP [Pm(2)] < sup 5, |Gm(smx)| = sup [P (2)] =0,
Asm, L<|z|<2 (g

and hence we have the zero order portion of the norm goes to zero.

We now show the other portions also go to zero. Let s, > 0 be arbitrary and we re-write
(18) as
pw(0)" " Y ()

— At () = gm(x) + in Ey,

with ¢, = 0 on the lateral boundary of F;. Note that from the above estimates we have
that the right hand side of this equation converges to zero in C%*(E,) and hence by elliptic
regularity theory we have 1, — 0 in C>®(E,). After scaling back and the fact that s, > 0
is arbitrary we see that ¢,, — 0 in X, which contradicts the bound ||¢,,|x = 1.

O
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3 Nondegeneracy of w,

3.1 Nondegeneracy of w, on (p;,p2) when S is the geodesic ball

In the case of S a geodesic ball, recall from Theorem A [38] (see Section 1.2) we have w, is
a positive nondegenerate solution of (3) for p € (pg, p1). In the current section we will apply
bifurcation theory to partially extend this result to the full interval (pg,p2). We follow the
setting from [4], which follows closely the book of [5] and also the paper [12].

Let X', denote Banach spaces, Y C R x X an open set containing (0,0) in its closure
and F : U4 — Y an R analytic function. We define

S:={(\x)elU:F(\z)=0}, and

N :={(\z)€S: Ker(0,F(\ x) = {0}},

and we define a distinguished arc to be a maximal connected subset of N'. We now define
some conditions:

(G1) Bounded closed subsets of S are compact in R x X.

(G2) 0.F(\ z) is a Fredholm operator of index zero for all (A, z) € S.

(G3) There exists an analytic function (A,u) : (0,e) — S such that 0,F(A(s),u(s)) is
invertible for all s € (0,¢) and lim, o+ (A(s),u(s)) = (0,0).

Define A" := {A(s),u(s) : s € (0,¢)}.

We now state Theorem 1.13 from [4].

Theorem 1.13. [}/ Suppose (G1)-(G3) hold. Then, (A, u) can be extended as a continuous
map (still called) (A, u) : (0,00) — S with the following properties:

1. Define A := {(A(s),u(s)) : s > 0}. Then NN A is an at most countable union of
distinct distinguished arcs UP_yA;, n < 00.

AT C Ao
{s >0: Ker(0,F(\(s),u(s)) # {0} is a discrete set.

At each of its points A has a local analytic re-parameterization (see [4] for details).

SN

One of the following occurs.

(a) [[(M(s), u(s))[[rxx — 00 as s — oo.

(b) the sequence {(A(s),u(s))} approaches the boundary of U as s — oc.

14



(c) A is the closed loop:
A={(A(s),u(s)) : 0<s<T,(NT),u(T)) = (0,0) for some T > 0}.

In this case, choosing the smallest such T > 0 we have (A(s + T),u(s +7T)) =
(A(s),u(s)) for all s > 0.

6. Suppose 0, F(A\(s1),u(s1)) is invertible for some s; > 0. If for some so # s1, we have
(A(s1),u(s1)) = (A(s1),u(s2)) then 5 (c) occurs and |se — s1| is an integer multiple of
T. In particular the map s — (A(s),u(s)) is injective on [0,T).

We will now apply this theorem to (3); which we re-write for the sake of the reader (and
we change notation to u to agree with the above stated theorem)

—Agu = Au+uP in S,
u = 0 on 0S.

Let ¢, > 0 denote the first eigenfunction of —Ay in H}(S), which is L normalized. We
define
|ul

Cy, = {u € Co(S) : [lullc,, ==sup-—— < oo},
o ¢1

and we set
LU
Cy, = {UEC¢1 Zlgfa >O},
which is open in Cy,. We now set X =Y := Cy,, U := (po, p2) X C;l and define the mapping
F:U—=Y by
F(p,u) == u+ N\ (Ag) tu+ (Ag) 0P

(G1’) Since we are working on the finite interval (po, p2) we can adjust (G1) to read for
all § > 0 (small) that S5 := {(p,u) € U : F(p,u) = 0,p € [po + 6, p2 — ]} is compact in
(Po, p2) x X.

Condition (G1’) We begin by checking the condition (G1’). We suppose the result is false
and so there is some (py,, u,,) such that p,, — p € (po, p2) and w,, does not converge in X.
First note that if ||um,||z~ is unbounded then a blow up argument allows one to obtain the
needed contradiction; see Lemma 2. So from this we see that w,, is uniformly bounded in
L. If ||tm||e — O we can renormalize to find a positive solution v of —Agv = A\yv in S
with v = 0 on 0S5; which is a contradiction since \; is not equal the first eigenfunction of
—Ay in H}(S). So we have shown there are positive constants C; with Cy < |luy,| e < Co.
By elliptic regularity we can pass to a subsequence and find some g5 > 0 and u € C*0(S)
such that u,, — u in C%**°(S). Note that u € Cj, after considering the fact that the gradient
is bounded. This convergence is sufficient to show that w,, — u in Cj,; a contradiction. So
we have shown condition (G1’) holds.
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Condition (G2) Condition (G2) holds from standard abstract elliptic theory.

Condition (G3) We first need to prove the existence of a local branch of solutions and
to do this we apply the Crandall-Rabinowitz Theorem, see Theorem 1.7 in [10] and for the
readers convenience we restate it here.

Theorem 1.7. [10] Let X,Y be Banach spaces, V' a neighborhood of 0 in X and
F:(-1,1)xV =Y

have the properties

(a) F(t,0) =0 for |t| <1,

(b) the partial derivatives Fy, F, and F,, exists and are continuous,
(c) N(F;(0,0)) and % ?0 5y are one-dimensional.

(d) F(0,0)xq & R(F. ( ())) where
N(F,(0,0)) = span{xo}.

If Z is any complement of N(F,,(0,0)) in X, then there is a neighborhood U of (0,0) in
R x X, an interval (—a,a), and continuous functions ¢ : (—a,a) = R, ¥ : (—a,a) = Z such
that ©(0) =0, ¥(0) =0 and

FH0}YNU = {(o(s), 520 + s(s)) : |s| <a}yU{(t,0): (t,0)€ U}
If F,, is also continuous, the functions ¢ and ¥ are once continuously differentiable.

To apply the above theorem for our equation, let X,Y = (', and consider the operator
F:(1,p)) x X =Y as

Fp,u) = u—XA(=Dg) 'u — (= Ag) " ful?.
We have Fi(p,0) =0€Y forall p € (1,ps). Also, at the point py we have \,; = A;(S) and
Lf - <p07 )5 = 5 - Al(_AG')_lga

which is a Fredholm operator of index zero and ker(L) is one-dimensional, indeed we have
ker(L) = span{¢:} where, as before, ¢; > 0 is the first eigenfunction of —Ay in H}(S)
(which is L normalized). Additionally, we have that codim Rang(L) = 1 by the Fredholm
alternative. Now we check the transversality condition:

@sz(po, 0)¢1 & range(L). (19)
We have
auF(po + t; 0)¢1 - au-F(pOa O)¢1

02 F(po,0)¢1 = lim

t—0 t
. Apy — A _
= A

A 4 2 ﬁ
= _ —I— = ;
po—1 (po—13| N N
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so if (19) does not hold then there should be a ¢ € X such that £ — A\ (—Ay) ¢ = /\ﬁlgbl or
—AE=ME—B,in S £€=0o0n 0S5,

which is impossible because 5 # 0. Thus by the above Theorem 1.7, there exists a continuous
function

(p(s),u(s)) : (—a,a) = (1,p1) x X

such that F'(p(s),u(s)) =0 for all s € (—a,a), p(0) = po, and u(s) = s¢1 + si(s), where ¢
is continuous on (—a,a), ¥(0) = 0 and v is orthogonal to ¢;. Now note by the continuity of
1 at s = 0 we have

sup N 0y — s) ey, = 10(s) - w(O) e, < 2.
€S gbl :

for s sufficiently small, gives that u(s) > 5¢1, for s > 0 small. In particular, u(s) € C’;)Ll for
s > 0 sufficiently small. Note also that for 0 < s small we must have p(s) > po; otherwise
we would not have a positive solution.

We need to now show that this local solution is analytic in the parameter s. We now
return to the prior setting of F' : U — Cyp, and we can apply a similar argument to [12] to
see that the solution is analytic in the parameter s on an interval of the form s € (0,¢). To
see the nondegeneracy condition we suppose that (p(s,,), w(Sm)) = (Pm, Um) is a degenerate
solution with s,, — 0 and we let ¢,, denote L normalized solutions of the linearized
equation. Hence we have

—DNgGm = NpOm + Pl ', in S, ¢, =0 ondS,

and we have ||u,, ||z~ — 0. Since p,, — po we see p,,, — 1 is bounded away from zero and hence
we can pass to the limit in the equation to see that there is some ¢, which is L> normalized
such that ¢, — ¢o in C%(S) (after passing to a subsequence) and which satisfies

—Agdoo = M()do NS, =0 onds,

and hence we must have ¢, to be either ¢; or —¢;. We can assume without loss of generality
that ¢, = ¢1 and hence we have ¢,,, — ¢; in C**°(S). Multiplying the equation for u,, by
¢m and integrating and then multiplying the equation for ¢, by u,, and integrating (and
equating) we arrive at

/ U dndf) = 0,
S

for all m; and hence ¢,, must be sign changing. Using the convergence of ¢,, we see ¢,, > 0
in S for large enough m and hence we have a contradiction. From this we see that by
taking € > 0 smaller if necessary we have that (u(s),p(s)) is a nondegenerate solution for
all s € (0,e). This proves that condition (G3) holds. For later reference we now define

At = {(p(s),u(s)) : s € (0,¢)}.
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We now apply Theorem 1.13 [4] to obtain an extension of the map s — (p(s),u(s)) to
all of (0,00). In particular part 3 gives us that {s > 0 : Ker(9,F(p(s),u(s))) # {0}} is a
discrete set. In particular if {p(s) : s > 0} = (po, p2) then we are done. To show this is the
case we need to consider the 3 possible cases from alternative offered in part 5 of the theorem.

(a) We first suppose ||(p(s), u(s))[[rxc,, — o0. By passing to a subsequence we can assume
there is some s, — oo such that p(s,,) — p € [po, p2]. If p = py then we are done so we now
assume p € [po, p2) and we let t,, := ||uy|| L. If t,, — 0o we can apply a blow up argument
to obtain a contradiction; see Lemma 2. We now suppose t,, is bounded above. Then by
elliptic regularity we see that u,, is bounded in C*?(S) for some § > 0 and this is sufficient
to see that u,, is bounded in Cy4, and hence we obtain the needed contradiction. So we have
shown that either case (a) happens and {p(s) : s > 0} = (po, p2) (hence we are done) or case
(a) cannot happen.

(b) We now consider the possibility of case (b) happening. Lets suppose after passing to a
subsequence we have p(s,,) — po; then as before we are done. So lets assume p(s) — pg. Then
there is some sq (large) such that for all s > sy we have p(s) € (po, p(¢)) and by uniqueness
of solution for p € (pg,p1) Theorem A [38] we see there is some 7, € (0,¢) such that
(p(s),u(s)) = (p(7s), u(7s)). Therefore, we obtain that the distinguished arc corresponding
to all large s must coincide with Ay. This gives a contradiction, as distinguished arcs are
distinct from Theorem 1.13 part 1.

So we can now suppose p € (pg, p2) and we set t,, 1= ||up||z~. As before if ¢,, — oo we
can obtain a contradiction. If ¢,, — 0 we can re-normalize u,, by v, (z) = “’;—Tff) and see
that v, > 0 converges to some v > 0 with ||v||z~ = 1 and —Apv = Ayv in S with v =0
on 0S; but this gives us a contradiction since Ay # A;(S). So now we can assume t,, is
bounded and bounded away from zero. From this and elliptic regularity we can find a some

0 < u € C*°(S) which satisfies
—Agu = Iyu + uw?  in S, u=0 on dS,

and by Hopf’s lemma we have infsg |Vu| > 0. From this we can conclude that u € C’Jrl, and
using the above stated convergence we see that u,, — u in Cy,; and hence we cannot have
Uy, converge to the boundary of C’;“l. Hence we have shown if we are in case (b) we must
have p(s) — ps and we are done.

(c) We now suppose we are in the closed loop case. Then for arbitrary large s with
p(s) € (po,p(e)) we have the existence of 75 € (0,¢) such that (p(s),u(s)) = (p(7s), u(7s)).
This shows that for these large values of s we must have s € Ag; which again is a contradic-
tion by the same argument as in part (c).

So from the above we have shown the following result.

Proposition 2. Suppose S and N are as in Theorem 1. Then there is a sequence of in-
creasing qi (possibly empty or finite) with py < ¢ < qa < ... with qx < py (with py being
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the only possible limit point) such that for all p € (po,p2)\{aqx : k > 1} one has that w, is a
nondegenerate solution of (3).

3.2 Nondegeneracy of w on general domains S

In this section we extend the nondegeneracy result to general domains S, but of course now
the set of {¢; : £ > 1} where w, is degenerate is contained in (pg, p2) with p, being the only
possible limit point. To obtain this result we will again apply Theorem 1.13 [4], but first we
will require a couple of results. We begin by proving classical solutions of (3) are uniformly
bounded; which is really just the standard subcritical result.

Lemma 2. (Subcritical solutions are uniformly bounded) Suppose N > 3 and S C SN-1
with smooth nonempty boundary. Suppose py, € [po,p2) with sup,, pm < p2. Then there is
some C' > 0 such that for u,, > 0 a classical solution of (3) we have ||ty L~ < C for all m.

Proof. Using the stereographic projection (see (13) we see that there is some domain D C
RY~! (bounded with smooth boundary) and positive solution v,,(z) related to u,, via
U (P 12)

— 3> T € Z)7
(1+ |z

U () =

and v,, satisfies

p(N=3)=(N+1)
2

(N=1)(N=3)+4)pp, g\ PN=B-(N+1) :
Avy, + e Um + 4(1 + |z]?) vbm =0 in D, (20)
Uym = 0 ondD.
We can now use a standard blow up argument to obtain a contradiction and hence v,,
must be uniformly bounded. O]

The following proposition 3 is heavily inspired by [11], where they prove some unique-
ness and nondegeneracy results for —Au = u? in a Euclidean domain with zero boundary
condition; for p close to 1. This result is also contained in [12]. We mention that the result
we need is much easier than the above mentioned problem since our exponent doesn’t get
close to 1.

Proposition 3. Let S C SN~ with smooth boundary with N > 3. Then there is some € > 0
(small) such that for all p € (po,po + €) there is a unique positive solution of (3). Moreover
the solution is nondegenerate.

Proof. To agree with the notation from Section 3.1 we will change the variable from w to w.
We first prove uniqueness. Suppose p,, \, po and u,,, v, are two positive distinct solutions
of (3). Set ¢, := *=="= where {,,, > 0 chosen such that |[( |z = 1. We first show that w,,
(and also v,,) must satisfy ||u,,||L~ — 0. Set T,, := supg u,, and by Lemma 2 we know T,

is bounded. Suppose T, — T € (0,00); then we can pass to a limit in the equation to find a
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positive solution of (3) with p = po; but this is a contradiction if we recall that A,, = A\1(S).
Multiplying the equation for u,, by v,, and vice versa we obtain

0= / U Uy, (Wb — 0P ) d,
s

and from this we see that (,,, must change sign. A computation shows that

—DoCn = A G+ Ci(0) G, in S, (21)
Cm = 0 on 85,
where C,,(0) = % Since py, bounded away from one and ||uy, ||z, ||Um||Le — 0 we

see that supg |C,,| — 0. By passing to a subsequence we can pass to the limit in (21) to see
there is some ||¢||z= = 1 such that ¢,, — ¢ in C*(S) and ( satisfies —Ay¢ = A\, in S with
¢ = 0 on 0S. Recalling ¢; > 0 is L*> normalized first eigenfunction we see that we must
have ( = +¢; or ( = —¢,. Without loss of generality we take ( = ¢1; but this contradicts
fact that ¢, is sign changing and converges to ¢; in C'. So we have shown there is a unique
solution of (3) for p > po but close. We now show the solution is nondegenerate.

So we let u,, > 0 denote a solution of above with p,, \, po and we assume the solution is
degenerate and we let ¢, denote an L* normalized solution of the linearized equation, ie.
—Dgpm = Ay, Om + PPt é,, in S with ¢, = 0 on 9S. Multiplying this equation by wu,,
and integrating; and multiplying the equation for u,, by ¢,, and integrating we arrive at

0= [ wrronds,
S

and so we see that ¢,, must be sign changing. Now again noting that since p,, — 1 is
bounded away from zero we have supguf™~! — 0. Arguing as above we can show that ¢,
must converge in C! to either ¢; or —¢;; but again we get a contradiction to ¢,, being sign
changing. O]
4 The fixed point argument

Recall we have defined J;(¢) = 1 where 9 satisfies

L) = (vo+¢)" — v —pvi ¢+ Ei(vo) + Ei(o)
K(¢) + +E(vo) + E(0) in

with ¢ = 0 on 0Q\{0}. To obtain a solution ¢ of (9) we will show that .J; is a contraction
on B., where B, is the closed ball of radius ¢y centered at the origin in X.
First we show that for ¢y sufficiently small

1K (d2) = K(¢1)]| o, < Cleo)l|d2 — ullcze, where Cleg) = 0aseo—0  (22)
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for all ¢y, ¢1 € B.,. To this end, we first prove that for ¢, sufficiently small and ¢ € B., we
have
lp(z)] < Cegug(z), for z € .

To see the above note that [|¢[|2« < g implies [¢(x)] < gofx|”, for z € Q\ {0}. Now set
o(x) = ¢(r,0) = e(r,0)r” with |e(r,8)] < e, so to get |p(z)| < Cegvp(z) it suffices to show

le(r,0)| < Ceqw(0) for all r € (0, 00). (23)

Using the inequality w < [V.¢| in the second term in the definition of ||¢[| 2.« we get

sup s (s sup [r~"" 1 Voe(r, 9)]) < e,

s>0

s

and from this we roughly get

supsup |Vye(r, 0)| < Ceo.
s>0 As

Then using £(r,0) = 0 on dS and the mean value theorem, we get

le(r,0)| < Cepdist(6,05) for all r € (0,00).

Hence to prove (23) we need to show
Codist(0,05) <w(h), 6¢€S. (24)

Recall that w(6) > 0 satisfies the equation —Apw —v(N —2+v)w = wP > 0in S, then by a
refinement of Hopf’s lemma (Lemma 1, chapter 9 of [22]) we get g—f < 0 on 0S that by the
compactness of 0 this easily gives w(f) > Codist(d,0S5) for 6 € S. Hence we have (24) for
o sufficiently small.

Now since |%| < C¢y < 1 for ¢ € B,, we can show that, using the Taylor expansion, we
have for x € Q, ¢9,¢1 € B,, and p > 1

K (62) = K(¢1)l(x) < Cop (@) (|61(2)] + [d2(2) ) (|62(2) — b1 (x)]). (25)
To see (25), first note we have

K(¢2) = K(¢1) = (vo+ ¢2)" — (vo + ¢1) — pvh~ ' (d2 — 1)

:Ug[(l‘i‘a)p—(1+b)p—p(&—b)], where a := 2 and b:= ﬁ
Vo Vo

Note when |t| < 1 we have by Taylor expansion (or binomial expansion), for p > 1
L+t =1+pt+> Wt
2
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where v, are the binomial coefficients, and where this series converges absolutely provided
|t| < 1. Hence,

K(¢2) — K(¢1) = UgZ’Yk(ak —bb).

Now note by the mean value theorem, for k£ > 2 we have

ja* — ] = |(a®)*

(] < a1 2
for some z between a® and b*, and recall we have |a|,|b] < Cey < 1, hence 2 < & < 1.

Therefore, applying the above estimates we get (Note > o7 k221 is bounded by a C
independent of z for 0 < z < &)

o k .
|K(¢2) — K(¢1)| < USZ%E|CL2 — b7 231 < Ovfla® — b
2

6

= oof)( 2

7 <f—;>2r < Co2(16a] + 1612 — 1,

which proves (25).
Now from (25) we have

K () -K(ol(a) < O @) 20D 1, 0) 0 () < oo P fon(o) -0 )
< SR (0nle) = n(o))

Thus for x € A, we get

$" K (¢2) — K(d1)(z) < Ceos™ (|oa(z) — d1(2)]),

that gives
sup s sup | K (6) = K(61)|(@) < Czoll = e (26)

s>0

To estimate the Holder norm of K(¢y) — K(¢1), first note that using the inequality

2—v+ta |f(.17> B f(y)|

sup s sup

— == <dsups”sup |Vf],
s>0 z,YyEAs |ZE y| s>0 A

it suffices to estimate s>|VK(¢2) — VK(¢;)| in A;. We have

VK@) =p((00+ 07 = b = (0= 1§ 6) Voo +p((00 + ) = b ) Vo
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Again using Taylor expansion in the expression above and similar as before one can show
that

sup s°~Vsup | VK (¢2) — VK (¢1)| < Cleo) |2 — ¢1llgza, where C(eg) = 0aseg — 0. (27)

s>0 As

Now (26) and (27) imply (22).
Also by the definition of F; and assumptions in (6) its easy to get

B2 — 61)llcae, < Ctllén — billgze and | Eu(wo)los, < C. (25)
Now note that taking ¢; = 0 in (22) and (28) we get
1K ()llgoe, < Cleolbllgze and [1E@)lcos, < Ctlldlgge, &€ Ba  (29)

Now by the definition of J;, the continuity of the right inverse of L and the above estimates
(22),(28) and (29) we see that, for ¢, eq sufficiently small, J; maps B, to itself. Also by these
estimates we get

17:(62) = Ji(é1)ll ez < (Ct+Cle0))|ds — dullgzn for all ¢a, 1 € By,

where C(gg) — 0 as g — 0. This shows that for sufficiently small ¢ and ¢, J; : B., — Bk,
is a contraction and hence we can apply Banach’s Contraction Mapping Principle to obtain
a fixed point ¢ € B.,. By taking ¢y > 0 small enough we see that v(z) = vo(x) + ¢(x) is
positive in © by considering (23) and satisfies (7).

5 More general equations

We now point out some more general equations that can be handled by the above method.

1. We first consider the Hénon like equation

{—Au = |z|*u? in €, (30)

u = 0 on 0.

Then vy(r,0) :=1r = w(#) is a separable positive solution on the unperturbed equation
provided w is a positive classical solution of

—Angj\pwjtwp in S, w=0 onlS,

v (2GR ee)
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Note for general S we will require that p is subcritical; hence p < %—f;} and we will need

Ay < Mi(S), where A;(S) is defined as before. Note this implies various restrictions on
the allowed parameters; for instance for S and p fixed we have 5\;,, — 00 as a —» 00;
hence for large o we have 5\p > A1(S5). Once we find a positive classical solution w we
still need to show its nondegenerate; which would then show using the same method
as above that the linearized operator L(¢) := —A¢ — (@6

= is surjective and we can
proceed as before.

. We can also examine equations of the form

{ —Au = uP £ |z|ful in Q, (31)

u = 0 on 0€.

As before we look for separable solutions on the unperturbed cone. A computation
—2

shows that for § := Z%(q — 1) — 2 we have vy(r,0) = rr=Tw(f) is a separable solution

provided w > 0 a classical solution of

—Agw = pw +wP £w? in S, w=0 ondSs,

)\pzzi(i—(N—Q)).

p—1\p—1
To follow our approach we will need to show the linearized operator is surjective onto
to Y; which follow using the same argument as before (hence we need to prove the
nondegeneracy of w).

where

. Consider

||

_ CO, — P ;
Au + u U in €, (32)
u = 0 on 0€);.

A computation shows that vy(r,0) = rp%zlw(@) is a positive singular solution of (32)
on the unperturbed cone €2 provided w > 0 is a classical solution of

—Agw + C(0)w = Nw+w?  in S, w=0 ondS.
As before to find positive singular solution of (32) for ¢ > 0 small we will need w to be

a nondegenerate solution.

Alternate function spaces

In this section we consider some alternate functions spaces to consider our problem in, the
purpose being that this may allow one to use perturbations that are not admissible in the
weighted Holder spaces we used in the previous sections. Instead of considering perturbations
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of the cone we prefer here to consider lower order perturbations of the equation on the
unperturbed cone €2, where €2 is defined as in the introduction. This will be sufficient to
illustrate that there are benefits for considering these new spaces. Recall in the previous
sections Y = CV% and X was the C> functions which were zero on 9Q. We will now

. 2
denote this second space as C5'; any reference to spaces X and Y from here forwards refers

to the spaces defined below. We now define the following new norms

_N
171 = sup 1 £,
S

_N _N
[6llx, == sups* T2Vl r2ga,),  ollx = sups® 2 [ r2(a,)
s>0 s>0

which are the weighted H~! and H} spaces we consider. We will also consider some weighted
L9 spaces

_N
1flly, = sup s T2 fl| Lagan),
S

_N _N
I9llxg := sup s°~ (|Gl acayy,  Ndllxg = sups™ 4 [[Vo|Laca,),
s>0 s>0

_N
19llxz = llollxy + Sggsa“ [1D*¢llzaa,)-
S

As before we define L via (8) where w = w, denotes a positive classical solution of (3).
We now consider two perturbations of (2) given by

—Au+V(x)u = uP in Q,
{ uw = 0 on0dQ\{0}, (33)
and
—Au = |ulP + f(x) in Q,
{ u = 0 on 0\{0}. (34)

Recall if V(z) = (I,;(‘ez) we can handle (33) via the prior method, see Section 5. Here we
would like to consider cases of V(x) which our prior methods would not be able to handle.
As before we look for solutions of the form u(x) = vo(z) + ¢(x) of (33); but we replace u?
with |u|P for now, and recall vy is the explicit separable solution of (2). We then need ¢ to

satisfy

(56) = HO)-VEw~Viewe . -
o = 0 on 0OQ\{0},
where H(¢) := |vg + ¢F — vl — pvg_lqﬁ. Using the same approach we see to find a solution
of (34) we need ¢ to satisfy
(1) = H@ v o .
p =0 on 0Q\{0}.

Before we carry on we state our main linear result regarding these new spaces.
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Proposition 4. Suppose N > 3.

1. Suppose p € (po,p1), pr # 0 for all k > 1. Then there is some C > 0 such that for all
f €Y there is some ¢ € X; such that L(¢) = f in Q with ¢ = 0 on 9. Moreover one
has the estimate ||o||x, < C|flly-

2. Suppose p € (po,p2), 1 < q < oo and py, # 0 for all k > 1. Then there is some C, such
that for all f €Y, there is some ¢ € Xg such that L(¢) = f in Q with ¢ = 0 on 0.
Moreover one has the estimate ||¢||x2 < Cyl fllv,-

6.0.1 Equation (33)

Here we examine conditions on V' (x) so we can obtain a positive solution of (33). Our main
interest is to weaken the spaces to allow for V(z) for which the weighted Hélder spaces we
used in the previous sections wouldn’t work. So we want V(z) to not be smooth; but we
will impose smallness conditions (to see examples of V(z) without smallness assumptions

see Section 5). We consider V (z) = V.(z) = h‘z(lﬁ) where £ > 0 is a small parameter. So we
consider the nonlinear operator J.(¢) = 1 where
Y = 0 on 0Q\{0}.

We begin with some estimates on H(¢) (see below (35) for the definition of H). For
p > 1 there is some C' (all constants just depend on p) such that for all 0 < vy € R and
®i, ¢ € R one has

[H(9)] < Cf" + [l Nlgl, (38)
[H(62) = H(o)] < C (57 + ool + 101162 = 61, (39)
H(@) < C(f76* + 19l"), (40)
[H(2) = Hon)| < C(of (1] + [oa) + 101/~ + ool )Igs =0l (41)
If we restrict 1 < p < 2 then we have
[H(6)| < Clol (42)
[H(62) = H(én)| < C(Ioal™" + 01" ) 62 = ] (43)

The estimates (40) and (41) are completely standard so we omit any discussion of them.
For the remaining estimates see Section 7.
We now state our main theorem in this section.
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Theorem 2. Suppose S,p, N are as in the hypothesis of Theorem 1 part 1 and for some
€ (N, 00) one has
sup — / |he(x)|?dz — 0, (44)
s>0 sN

ase N\, 0. Then fore > 0 small enough there is a positive solution of (33) where V(z) = "‘;"?

Proof. Fix p,q,S, N as in the hypothesis. Define J. as above. We will show that J. is a
contraction on Br where By is the closed ball centered at the origin in Xg. The exact
approach will depend on whether p < 2 or p > 2. We first consider the case of p € (po, 2].
Given ¢ € Bpg a scaling argument and Sobolev imbedding theorems show the existence of
C > 0 such that H(bH
X2
9| < —— (45)
s<|z|<2s

for all s > 0.
Into. Let ¢ € Bg. Using (42) we see and (45) one immediately sees that

‘“*’Clléllxw
1 (@)llv, < sup < CRP,
s>

SP

after noting the exponent on s is zero. A similar computation shows
_ 1
Inewlal [, < Csup 5 [ [hu(e)w(®)da
s>0 S As

which converges to zero as € — 0 by hypothesis. A similar computation and using (45) we
see

1
Ieolol 218, < CR1sup = [ [he(a)tde
4 s>0 S Al
We set T := (1 + maxg w?) sup,-q [, [h=(x)|%dx. Then we have J.(Bg) C Bg provided
CRF +CT. + CR'T. < R. (46)
Contraction. Let ¢; € Bg and then using (43) and (45) we have

[H(62) = H(1)[}, < Csup s R0 gy — 4
s>
and now note the exponent on s is zero. Now let J.(¢;) = ;. A similar computation shows

| he|z|2(po — &)y, < CT: || pa — ¢1HX§-

Combining the above two estimates shows
1
2~ il < (CR 4 CTF ) loa = onl
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1
and hence using this we see .J; is a contraction on By provided (46) holds and C RP~'+CTS <
1. Note we can easily satisfy both these condition by fixing R > 0 small and then taking
€ > 0 small. We then can apply the Banach fixed point argument to see the existence of a
fixed point ¢ € Bpg such that J.(¢) = ¢. By taking R > 0 sufficiently small its clear that
u = vy + ¢ is nonzero and is a classical solution of (33) with V(x) = h|x(\§)
uP replaced with |ulP. Since ¢ > N and hence W7 C C%! we can argue as in the case of
weighted Holder spaces to see u > 0 and hence satisfies (33).

in the case of

We now consider the case of p > 2. In this case we use the inequality (41). First note
that to estimate || H (¢2) — H(¢1)|ly, we just need to estimate the Y, norm of vf |||z — ¢1 |
for i = 1,2, because the other terms are computed in the above case and note we did not
use the restriction 1 < p < 2 there. So we now have

1021 ¢ill2 — dulllf, < sup 5(a+2)q_N/ v 61|62 — 1| ~ CSzaq_N/ |9il*|p2 — ¢1]?
5> As

q q
< Cs™ N | sup ¢y sup |pg — ¢u| | sV
s<|z|<2s s<|z|<2s
and by (45) we have this is bounded above by

19:1l% llé2 = ¢l
< C’sup S2aq tXg - Xg

>0 544 S

< CRY|¢py — ¢1||§(3-

Hence we proved that

10§~ *16ill 62 — nllly, < CRll¢a — b1l xz,

and hence when coupled with the other term we have

I1H(¢2) — H(¢1)lly, < C(R+ RPY)]|da — b1l xz- (47)

From this we see that
o2 = il < (COR+ B7) 4 CT ) o g

and hence we have J. a contraction on Bg (but we haven’t proven into yet) provided

L3
C(R+RYH+CTS < T (48)
Now let ¢ € Bg and J.(¢) = 1. Using the above estimate with ¢ = ¢ and ¢; = 0 (and
since H(0) = 0) we arrive at
1H(9)lly, < C(R* + RP).
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So we then have
[¢]lxz < C(R*+ RP) + Cll|x]2heolly, + Cllz|hevolly,

and using the earliear estimates on the other terms we arrive at

[¢llxz < C(R*+ RP) + CRTY
and hence for J.(Bgr) C Bg it is sufficient that

C(R*+ R?) + CRT® < R.

By fixing R > 0 sufficiently small and then taking ¢ > 0 small we see that we can satisfy
this property along with (48) and hence J. is a contraction on Bg and now we can proceed
as in the case of p < 2.

O

Remark 1. Instead of working with ¢ > N we can also work with ¢ = 2%, € (1, %), p = p%l,

and here one needs weaker assumptions on the smallness of h.. The problem with this
approach is one does not get for free the positivity of u = vo + ¢ (but they do get u #0). So
one still needs to prove u is positive and hence we chose to not pursue this. Also note for the
problem at hand the weighted Holder spaces we used in the beginning would not be sufficient.

6.0.2 Equation (34)

We now state our main theorem for this section.

Theorem 3. Suppose S,p, N are as in the hypothesis of Theorem 1 part 1 and additionally

we assume p < X*=. Then for || f||y small enough there exists a solution u € X1 of (34).

Proof. Define the nonlinear mapping J(¢) = ¢ via

Ly) = H(¢)+ f(x) in Q,
{ v o= 0 on 90\ {0}, (49)

and to obtain a solution ¢ of (36) we show J is a contraction on Bp (the closed ball of radius
R centered at the origin in X;). We fix p as above and we assume additionally that p < 2.
Into. Let ¢ € By and let ©» = J(¢). Then we have

[llx < CllFlly + CIH @)l

N+2(A

Note there is some C' > 0 such that ||g||g-1(a,) < C’HgHL A where C' independent of s.

s

Using this we have

IH @) =1ca0 < CIHON g2t ) < ClOIT 2

+2 (A N+2 (As)
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and hence we have
1H(8)[ly < Csups™t=% |, oy
s>0 N

S

For 1 < ¢ < 2* there is some C' > 0 such that

CH¢|‘X1

a—
S q

[0llacas)

for all s > 0. From this we see that

_N
sz |9,

SP(OC—;)

[H(o)]ly < Csup
s>0

2pN N+2

where we are taking ¢ = §75 which is in the allowable range since we have p <

the definition of ¢ and o we see the exponent on s is zero and hence we have
IH(¢)lly < CRP.
So we see that if ¢ = J(¢) that
[Wllx, < CIIH@)y + Cllfly < CRZ+Clflly
and hence to have J(Br) C Bgr we need
CR"+C|flly < R.
Contraction. Let ¢; € Bg and ¢; = J(¢;). Then we have

12 = nllx, < CllH(¢2) = H(g)lly

and we now estimate the right hand side of this using (43). So we have

1H (62)—H (1) | 1000y < CI1H(G2)=H (1)l 2y, < Cll(|6nl" || d2—)ll 2

LNF2(As) —

and we now examine one term of I;

2N (p=1)2N N
¥ = / 161 5 6y — |3
As

2Nt _ ox — % to obtain

and we now apply Holer’s inequality on this with =5 =2 =5

I< H¢1Hp BTSN )H¢2 — ¢1ll 2 (ay)

N+2

and note since p < we have ( Y < 2*. We now use (50) to see

CRP™ 1H¢2 b1l x,

1_f

I<

5%
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and from this we see
|H(62) — H(é)lly < (cml sp ) 62— dullx,
s>

and noting the exponent on s is zero, and hence we have

o — 1]l x, < CRP o — 1| x, -

Using this and (51) we see for small R > 0 and then assuming || f||y is small we see that J
is a contraction on B and hence we can apply Banach’s fixed point theorem. The case of

p > 2 is similar; again we omit the details.
O

6.1 The linear theory

In this section we prove Proposition 4. We begin by examining the kernel of L in these
various new spaces.

Lemma 3. (Kernel of L) Suppose N > 3.

1. Suppose p € (po,p1), px 7 0 for all k > 1 and ¢ € Xy is such that L(¢p) =0 in Q with
¢ =0 on Q. Then ¢ = 0.

2. Suppose p € (po,p2), 1 < q < o0 and py # 0 for all k > 1. Suppose ¢ € Xq2 15 such
that L(¢) = 0 in Q with ¢ =0 on 0. Then ¢ = 0.

Proof. Let ¢ € X; or Xg be such that L(¢) = 0 with ¢ = 0 on 02. We now write ¢ as
d(x) = >0, ar(r)vr(6). We now obtain bounds on each ay(r). First multiply the infinite
sum representation of ¢ by () and integrate over S one obtains (after taking absolute
values) that

lax(r)] < / 6(0)14(6)]d6 < Ty / 16(r0)d6

where T} is a constant depending on k, and then we can apply Jensen’s inequality to see
that

|ag(r)|* < Tk/s|¢(re)|qcze

and hence we have

2s N ch
/ Py (r) 0 < T / o) < (52)
s A S
for all s > 0; here ¢ > 1. Note this estimate gives
2s 1
/ = |ay(r)r®|*dr < Tj. (53)
s T
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From this we see )
inf |r%ag(r)|? < Ty (54)

s<r<2s

for all s > 0.
We now obtain the form of ay(r). Note that ay(r) satisfies the following

0— Z <—a’,§(r) ~ (N = 1a(r) + (W(N =24 v) + ) ak(r)) Ui(6), (55)

r 72
k=1
and hence we must have

—ay(r) — (N_iw +(W(N-24+v)+ Mk)a];(;)

=0 0<7r<oo, (56)
which are ode’s of Euler type. Define

Y= = + V(N =24v)),
and hence we can re-write the above ode’s as

o) + X

ag(r)

ag(r) +m—%5>=0 0<r <oo.
r

Looking for solutions of the form a(r) = r® we see 3 needs to satisfy
B2+ (N =2)8+v =0,

and from this we need to consider three cases:
Case I (N —2)2 — 4y, >0

Case IT: (N —2)2 — 4y, =0

Case IIT: (N —2)? — 4, < 0.

Case I. In this case we have

—(N —=2) /(N —2+2v)2+ 4y,
+
2 2
—(N=2) /(N —2+2v)24 4

b= =5~ 2 )

and hence ax(r) = C’krﬁlir + DyrPx for some Cy, D), € R and note 8, < 3. To show
Ci = Dy = 0 we claim it will be sufficient to show that both of 3, 8, differ from v. In this
case we have

5 =

ag(r)r® = Cyprfi T 4 Dy to

and note both exponents are nonzero by hypothesis. If either of C} or Dy, is nonzero we can
obtain a contradiction by considering (54) and sending s — 0 or s — oc.
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Case II. In this case we have

[r®ag(r)| = ro= 3 Inr

And since o # 5= N 2 (because p N”) we see that if Cy, # 0 or Dy, # 0 then lim, o [7%a(r)| =
00 or lim,_,q [1* ak(r)\ 00, a contradiction, hence Cj, = Dy = 0.

Case III. (N — 2)? — 4v;, < 0. In this case define

VA — (N —2)?
2

Wg =
and then the general solution given by
ap(r) = Cpr 2 e sin(wy, In(r)) 4+ Dypr- 2 En cos(wg In(r)),

for constants C, D;. Now note we have

T 2s 2s .
b >/ rN_1|ak(r)|qd7“:/ TN—1+qTN|Cksin(wkln(T))—f—DkCOS(wkln(T))‘da’.

Sqa—N -

Changing the variable 7 = £ in the last integral we get

T, 2
% > / N-Tta®g" }C’k sin(wy, In(s7)) 4+ Dy, cos(wy, In(s7) |qd7'
EAS 1

2
= (Cg+Di)§/ FN=1+q25N ‘sm wy, In(s7) +9k‘ dr,
1

2mm

where 0, := arcsin %. Now taking s =s,, =e  “x , m=1,2,... we get

k+ k
Tk 2 2\ 4 2 N—1+¢2 q
WZ(Ck‘FDk)Q T 5 ‘smwkln()—l—Qk‘ dr =A, >0, m=1,2, ..
Sma*T 1
which is impossible by letting m — oo noting that a — 2>2 =£ 0, unless we have Cj, = D;, =
0. O

Proof of Proposition 4. The idea of the proof in 1 and 2 will be to prove the result for
f e %% (and hence ¢ € Ci’g‘ ), and then perform a blow up argument. This will give us
the desired result, but for this reduced class of f. We then will extend to the full space of
f. We proof part 2 first since we don’t have to deal with H~! in this case.

2. So we fix 1 < ¢ < oo and we claim there is some C, such that for all f € C’O %, there
is some ¢ € C g with L(¢) = f in Q with ¢ = 0 on 9Q and we have [|¢][xo < Col|f|ly,-
Of course the existence is not an issue, only the estimate might be false. So if we assume
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the result is false then there is f,, € C>°% and ¢,, € CZ,’(? such that L(¢.,) = fin in Q with
¢m = 0 on 0 and [[¢[|xo = 1 and || fin|ly, — 0. Note after rescaling and using boundary
elliptic regularity theory we see that ¢,, is bounded in X, 3 (to see a similar calculation see
below). Also note there is some s,, > 0 such that sgf_Nqu,nH%q(AS ) = 2. We now define
Cm(x) == 8% D (smz) and note f1<‘x|<2 |G (2)|9d2 > 3. Also note a computation shows that

for any ¢ we have
[ s < 2, (57)
2i<|z| <2t

Also note we have

—Am(x) — = sy “fn(sm2) =t gm(z)  in Q (58)

with ¢, = 0 on 99Q. For large integers k we set E = {z € Q : + < |z| < k} and
B, :={r€Q: % <|r| <2k}. A computation shows that g,, — 0 in L9(Ej). Also note for
each large k there is some C} such that we have

1Cmllw2a(s) < Cull AGmll Loz, + CrllCmll L) (59)

which shows there is some Cj, such that |Cmllw2a(s,) < C for all m. By passing to a
subsequence and using a diagonal argument we can assume (,, — ¢ in W24(E}) for any k
large and ( satisfies L(¢) = 0 in Q with ¢ = 0 on 092. Now also note we can pass to the
limit in (57) and also in the inequality above (57). From this we see that ¢ € X is nonzero.
As before a scaling argument shows that ( € X 3 and hence we have a contradiction to the
kernel of L being trivial; see Lemma 3. We have now proved the initial claim; we need to
extend this to the full set of f.

Fix f € Y, and for large m we set f,,(z) = f(z) for z € E,, with f,, = 0 otherwise. Then
we have || f™||y, < ||f|ly,- By density there is some f,, € C%% (in fact zero near the vertex
of the cone and oo) such that || f,, — f™|ly, < m™||f™|y, and hence we have

I fnllyy < Ifim = F" vy + 1™ v, < L+ m D flly, < 20y,
and for any large integer k there is some C}, such that

Ck Ck
— e m s < — My < ZE My < 22 ,
1 = F™linciy < Cellfin = £, < 2205, < 1y,

Let L(¢m) = fm in Q with ¢, = 0 on 99Q2. Then by the above estimates we have
[omllxz < Cllfimlly, < 2C/flly, and hence we can pass to a subsequence and find some ¢
such that ¢, — ¢ € W24(E}) for all k and then note we have L(¢) = f in Q with ¢ = 0 on
0€). We now fix s > 0 and note we can pass to the limit to see

ﬂ“Néwwmmmswcwmg
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and now we can sup over s to see that we have the desired X g estimate on ¢. We can now
use scaling to get the full X7 bound on ¢.

1. We claim there is some C' > 0 such that for all f € C% there is some ¢ € Ci’g‘ with
L(¢) = f in Q with ¢ = 0 on 00 and we have ||¢||x, < C||f|ly (note that for any ¢ as
above we must have ¢ € H'(E},) for all k). As before the only issue is the estimate and so
if we assume its false there is some ¢,, and f,, which satisfy the equation and ||¢n|x, = 1,
| fmlly — 0. Then there is some s, > 0 such that

20 [ Jon(oPde = 5.
Ao 4
Set (i () = & dm(smx) and note for all i we have
[ l@Par<zeoad [ gzl (60)
2i<|z| <20+ 1<|z|<2 4

As before we have (,, satisfies (58). We now make a few claims that we will prove later;
Claim 1. For each large k, g, (as defined in (58)) satisfies [|gm|y-1(z,) — 0 as m — oo.
Claim 2. There Cy such that for all ¢ € Hj,,.(€2) (by this we mean ¢ € H'(E}) for all k
and ¢ = 0, in the sense of trace, on the lateral boundary of Ej for each k) we have

VY| 2 < Cull AVl g1, + Cull¥ll 22,

Using Claim 1 and Claim 2 we see there is some C} such that ||y || g1(g,) < Cr for all m
and using a diagonal argument there is some ( € H&,lOC(Q) such that ¢, — ¢ in H'(E},) for
all k and ¢ satisfies L(¢) = 0 in ©Q with ( = 0 on 092. Fix s > 0 and we can pass to the limit
in (60) to see ¢ is nonzero and

/ C(a)Pda < 220,
2 <z <2iH1

Using this bound we see ¢ € Xy. Fix s > 0 and set (;(x) = ((sx) and —Als(z) =
2| "2pw(8)P {s(xz) in Q with s = 0 on IO and so we can use Claim 2 with k& = 2 to
get
et [ wegPdy <o [ )Py < e,
s<]y|<2s 4

“ls<|y|<4s

and we can now take the supremum over s; this gives us ( € X;. This gives us the desired
contradiction after recalling the kernel of L is trivial.

As before we now extend the estimate to the full space Y. For m large let ~,, be
a piecewise linear, Lipschitz cut off with 7, = 1 for m™' < |z| < m with v, = 0 for
lz| < (2m)~! or |z| > 2m; so there is some C such that |Vv,,] < Cm™ in m < |z| < 2m
and |[V7,| < Cm in 27tm~! < |z| < m™L.
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We now define f™ by f,, = ¥ f which is well defined (recall f may not be a function). We
now show that there is some C' (independent of f and m > 2)) such that ||f™|y < C|f|ly-
Fix s > 0 and note

[0 [ < -1V (@)l 2240

for all ¢ € HJ(A,) where (-,-) denote the H~'(A,), Hj(A) duality pairing. Using the
gradient bounds on +,, and noting the first eigenvalue of —A on H}(A,) we see there is some
C > 0 (independent of s, m and f) such that ||V (1,0)[|12(a,) < C||V®| r2¢4,) and from this
we see || ["|m-1a,) < C|flla-1(a,) and hence we have ||f™|ly < C||f|ly. For each m as
above there is some f,, € C% (in fact its zero near the vertex of the cone and near oo) such
that || fm — /™y < m Y f™|ly < m~'C|f|ly after considering the above estimate. Then
we get

Iflly < [ = £y + 1"y < @+ m DN flly < 2C1 £y

for all large m. Note if we write the earlier inequality to see that for all s > 0 that

N m _
2 f = a0 < O flly
We will show for each k there is some C} (depending only on k) such that

~ C
[ fom = P [ < Ok sup | fn = " =140 < Crllfn = F" Iy <—k|\fHY

E<s<k

The only inequality in the above that we need to justify is || fro—f™ || -1(5,) < Ck SUPk <<, | frn—
f™|z-1(a,)- To prove this result it will be sufficient to prove the following: there is some C
(1ndependent of f) such that for any f € Y we have

1105 < ClAlla=1(a12) + Cllf 144 )

where A, == {z € Q:a < |z| < b}. Fix some smooth 0 <~ on RN with v = 1 in Bz with
v € C°(By). Then note for ¢ € H}(A;3) we have ¢ = vo + (1 — v)p. For 0 < a < b we
write (-, -) , . to be the H'(A,p), Hy(Aap) duality pairing. Then we have

[0 ars | S Wl am IV OO 2as0) + I fll1cag pIVIA = 7)) 220a -

The L? norms on the right hand side of the above inequality are all bounded above by
C||V |l r2¢a, ) where C' depends on the cut off 7. Now taking a supremum over ¢ gives the
desired result.

Proof of Claim 1. We first show that ||g,||z-1(a,) — 0 for any £ > 0. Fix & > 0 and let
—Avy, = g in Ay with Um, € H}(A) and so HgmHH 14y) = VUl £2(4,)-

Set O () 1= s, v (s, x) for ks,, < |z| < 2ks,, and hence —Avm( ) = fm(x) in Ags,,
with 0,, = 0 on 8Aksm Hence we have || fo|lz-1(a,,, ) = |VOm| 22(4,,, ). From this we see

[ VP = s | Vi ()
k<|y|<2k ksm<|z|<2ksm

— kN72a72<k8m)2a+27NHfmHH Aksm)

EN20 2| flly — 0,

N
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as m — oo and hence gl m1 (4 — 0 as m — oo. To see we can extend this to Fj we take
k=1and k = 2 and use the above argument to see that ||g||z-1(4,,) — 0. We can keep
doing this process of joining intersecting annular regions of the form A, and obtaining H !
estimates on the union. Hence we see for any fixed k we have ||gm || ;-1 (z,) — 0 as m — oo.

This completes the proof of Claim 1.

Proof of Claim 2. The proof follows the exact proof one would use for the L” version of
this estimate; which gives W*P(E}) bounds.

O
7 Appendix
Here we collect some of the proofs for the estimates (38)-(43).
Lemma 4. If1 < p < 2, then we have
0< H(¢) < cploff (61)
and
[H(62) = H(6)] < Gy (1ol + 1011 6 — . (62)
Proof. First note we have the known inequalities
<|b|p’2b — |a|p’2a> (b—a)>0, a#b forallp>1 (63)
0< (yb\Hb - ya\Ha)(b Q) <clb—af, 1<p<?2, (64)

see, for example, [31] for the above computations. Now we write by the mean value theorem
(note |t|P is differentiable when p > 1)

H(¢) = H(¢) — H(0) = ¢H'(z),
for some z = to, t € [0, 1], and then

H(¢) = ¢H'(z) = (2)z :]§<]vo+z]p (vo +2) —vf~ vo>(vo—|—z—v0)
) =

Hence using (63) and (64) we get H(¢) > 0 for all p > 1 and also
H(9) < cpt" [l < ol 1<p<2,
that proves (61). To see (62) we have
H(¢2) — H(¢1) = (¢2 — ¢1)H'(2),
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where z = 0¢; + (1 — 0) @, for some 6 € [0, 1], hence

H/
H(6o) ~ H(61) = (62— 61) T2,
and then using (64) again, we obtain
H(0s) — o) = 2P < Glow = oo < ™ + 61 lon — 6,
that proves (62). O
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