THE GELFAND PROBLEM ON ANNULAR DOMAINS OF
DOUBLE REVOLUTION WITH MONOTONICITY
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ABSTRACT. We consider the following Gelfand problem

—Au = Xa(z)f(u) inQ,
(P))\ u >0 in €,
u=20 on 012,

where A > 0 is a parameter and f(u) = e or f(u) = (u+ 1)? where p > 1 and
a(z) is a nonnegative function with certain monotonicity (we allow a(z) = 1).
Here 2 is an annular domain which is also a double domain of revolution. Our
interest will be in the question of the regularity of the extremal solution. We
obtain improved compactness because of the annular nature of the domain and
we obtain further compactness under some monotonicity assumptions on the
domain.
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1. INTRODUCTION

We are interested in the following Gelfand problem

—Au = Xa(z)f(u) in Q,
(P)y w0 in Q,
u=0 on 012,

where f(u) =e* or f(u) = (u+ 1)? where p > 1 and where A > 0 is a parameter
and a(z) is a nonnegative function with certain monotonicity. Here € is an annular
domain which is also a domain of double revolution. Our interest will be in the
question of the regularity of the extremal solution. There is a natural improvement
of compactness on annular domains. As in [18] there is a further increase of com-
pactness on annular domains with monotonicity. We now give a brief background
on (P)x. We define a weak solution u of (P)y to be function u € L*(2) so that
Aaf(u) € L§(Q) = L (Q,6(z)dx), 6(x) = dist(x, 02) and

/Q (—Ap)u do = /Q Aaf (w)e da,

holds for any ¢ € C%(Q), ¢ = 0 on 99 (see [4]). It is well known ([4, 19, 21, 36]) that
there exists a finite positive extremal parameter A* such that for any 0 < A < \*,
problem (P), has a minimal classical solution uy, while no solution exists even in
the weak sense for A > A*. The branch {u)}o<r<x~ is increasing and the increasing
pointwise limit u*(z) = limy ~x~ ux(z) is a weak solution of (P)x-, which is called
the extremal solution, moreover the extremal solution is the unique weak solution
of (P)x«, see [29]. It is also well known that when f is convex then the minimal
1
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branch is stable in the sense that the operator —A — Aaf’(uy) has a positive first
eigenvalue in H{(€2) and using the variational nature of this eigenvalue we arrive
at

/ Naf(ux)$2da < / VoPdr, Vo HL(Q), (1)
Q Q

which typically is called the stability inequality. Given a solution u of (P)y we
denote the Morse index of u by the number of negative eigenvalues (counting mul-
tiplicity) of the linear operator —A —Aaf’(u) and hence a stable solution has Morse
index zero.

1.1. The case of a = 1. The regularity properties of the extremal solution of
problem (P), (in the case of a = 1) have been studied extensively in the literature,
in particular after Brezis and Vazquez raised some open problems in [6, 5]. It was
shown that it depends strongly on the dimension N, domain 2 and nonlinearity f.
When f(u) = e* and  is an arbitrary smooth bounded domain, it is well known
that u* € L (Q) if N <9 (see [19, 30]), while u*(z) = —2log |z| and A* = 2N —4 if
N > 10 and Q is the unit ball of RV (see [6, 28]). The geometry of 2 can also play
a role, for instance in [20] it is shown that if the domain is close enough to a ball
and N > 11 then the extremal solution is unbounded. In the opposite direction
they also prove in [20] that certain thin convex domains in large dimension can
have a bounded extremal solution which was maybe unexpected. Our results in the
current paper will be along the flavour of this second result.

It may be noted here that a comprehensive study of the above Gelfand-type prob-
lem in the asymptotically linear case, that is lim;_ . @ =1 € (0,00) is given
in [31], in particular, it is shown that when A = A\* then there exists a classical
solution of the problem if and only if lim; o f(t) — It < 0. We also refer the inter-
ested reader to the survey article [2] for the existence of positive solutions of elliptic
eigenvalue problems of the form Lu = Af(u) in  with v = 0 on 0%, where L is a
strongly uniformly elliptic linear differential operator of second order with smooth
real coefficients. Also, see [39] for bifurcation results on a more general class of
problems Lu + H(u) = Au, u € E, where E is a Hilbert space, L : E — F is linear
and H € C'(E, E) is such that H(0) = H'(0) = 0.

In the case of f(u) = (u+ 1)P the Joseph-Lundgren exponent py;, = psr(NV)
plays a critical role where

00 if N <10,

psL(N) = (N—2)2—4N+8/N—-1 .
{ (N*Q)(N*l) lfN 2 1].

In the case of 1 < p < pyr the extremal solution is bounded and for p > p;, the
extremal solution may be unbounded (for instance on the unit ball its unbounded),
see [6]. Note p;r, > ps where p, := XE2 (for N > 3) where H}(Q) C LP=T1(Q) is
the critical Sobolev imbedding.

It is well known that regularity of solutions on bounded domains is closely related
to Liouville theorems of related equations on the full space or half spaces via blow up
arguments (see [15, 27, 26]). In the context of the polynomial problem we consider
there exist positive stable solutions of

—Av =" inRY, (2)
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when p > pyr. The related Liouville theorem would be: there are no positive stable
solutions of (2) for 1 < p < pyr which is exactly the same range of p where we
have the extremal solution is bounded. These blow up arguments lend themselves
more readily to questions relating the sequences of smooth solutions on bounded
domains with constraints on the Morse index and apriori bounds, see [23, 24, 38]
for related problems. The results in our current work easily extend to solutions
with finite Morse index; see Remark 2 part 1.

The question regarding the regularity of the extremal solution for general f
(under suitable minimal assumptions; smoothness, increasing, f(0) = 1, convex
and superlinear at co) has been an extremely well studied problem see, [1, 7, 9, 10,
11, 12, 13, 14, 19, 21, 20, 23, 25, 30, 34, 35, 37, 40, 41]. A longstanding conjecture
due to Brezis is whether the extremal solution is bounded provided N < 9. This
conjecture was recently proved after 25 years in [8].

Remark 1. We point out that our current work is not in the direction of extending
known results for a = 1 to general a. Also we are not using conditions on a to
increase compactness, as in the case of Hénon equation with a(x) = |z|® in the
unit ball By centred at the origin. In our case we can add a function a provided it
preserves the symmetry and, in the case of a monotonic domain, also preserves the
monotonicity. The added compactness we are getting is coming from the annular
nature of the domain and then further compactness is coming from the monotonicity
of domain and function.

1.2. Domains of double revolution. Unless explicity stated we are always as-
suming our domains will be domains of double revolution. We mention our motiva-
tion to study domains of double revolution originated from the work [12]. Consider
writing RY = R™ x R™ where m,n > 1 and m +n = N. We define the variables s
and t by
1 1
5::{:5%+~~~+x3n}2, t::{xfnl+1+~~+x?v}2.

We say that Q@ C RY is a domain of double revolution if it is invariant under
rotations of the first m variables and also under rotations of the last n variables.

Equivalently,  is of the form Q = {z € R : (s,¢) € U} where U is a domain in
R? symmetric with respect to the two coordinate axes. In fact,

U= {(s,t) ER?’:x=(x1=5,20=0,..., % =0,Zppp1 =t,...,xxy =0) € Q},

is the intersection of Q with the (z1,2m,+1) plane. Note that U is smooth if and
only if 2 is smooth. We denote Q to be the intersection of U with the first quadrant
of R2, that is,

Q={(s,)eU: s>0, t>0}. (3)
Using polar coordinates we can write s = rcos(#), ¢t = rsin(f) where r = |z| =
|(s,t)| and 6 is the usual polar angle in the (s,t) plane.
The domains under the consideration will be annular domains with a certain mono-
tonicity (or convexity) assumption in the polar angle 6. All domains will be bounded
domains in RY with smooth boundary unless otherwise stated. To describe the do-
mains in terms of the above polar coordinates we will write

Q= {(6,r): (s,t) € ﬁ} (4)

Annular domains. We begin by considering an explicit annular domain in R
and then we will generalize. The first example would be an annulus centred at the
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origin with inner radius R; and outer radius Ro; Q = {z € RY : Ry < |z| < Ry}.
Then we have U = {(s,t) : R2 < s2 + t> < R2} and finally we have Q = {(6,r) :
91(0) <7 < g2(0),0 € (0,5)} where g1(0) = Ry and g2(6) = R».

We can now consider a slightly more general version where the inner and outer
boundaries are replaced with ellipsoids instead of balls. Take 2 to have outer
boundary given by the ellipsoid

m f£2 N ‘%2
k k _
dat X L
k=1 k=m+1
and the inner boundary given by
mo 2 N 2
Tk Tr _
ot X pb
k=1 k=m+1

where a, b, c,d > 0 are chosen such that the resulting domain is an annular region.
Note in this case we have

2 2 2 2

~ S t S t

Q{(s,t):s,t>0, 2+<18Lr1c12+>1},
a c

b2 d?
and N -
Q={0.1):0:10) <7 < 9:(0),0€ (0,7},
where the functions ¢g; and g, are given by
1 1
gl(e) = 1 92(9) = 1
(2 +s0°(0) (& — ))* (g= +sin®(0) (3 — 22))°

From this example we now introduce the idea of an annular domain with mono-
tonicity. Consider the annular region in the (s,t) variables if we make the further
restriction ¢ < d < b < a; note we can consider this region as being obtained by
starting with two concentric spheres in the (s,¢) plane and vertically compressing
the outer sphere and vertically stretching the inner one and then U is the region
between the two deformed spheres. In terms of g; note that g; is increasing on
(0, %) and g is decreasing on (0, 7).

Definition 1. We refer to a domain of double revolution in RN with N = m +n
an annular domain if its associated domain Q in the (s,t) plane in R? is of the
form

Q:{(e,r):gl(e)<r<g2(e),ee (og)} (5)

in polar coordinates. Here g; > 0 is smooth on [0, 5] with g;(0) = g;(§) = 0 and
g2(0) > g1(8) on [0, 5]. We will call @ an annular domain with monotonicity if g1
is increasing and gs is decreasing on (0, %).

1.3. Main results. We begin by stating our assumptions on the a(z) term.

(A): Conditions on a(z). We take the function a to be a continuous nonegative
function of (s, t) that is a(z) = a(s,t). Moreover, we say that a satisfies (A) if a is
a continuously differentiable function with respect to (s,t) and sa; — tas < 0 in Q.
We are allowing a to be zero in some regions of Q but we are not using this to gain
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compactness; recall in the Hénon equation the term |z|* allows one to gain some
extra compactness on a ball centred at the origin.

Theorem 1. The following assertions hold.

(1) (Annular domains without monotonicity) Suppose Q is an annular domain
in RN =R™ x R" and a = a(s,t) is nonnegative and Hélder continuous.
(a) Suppose f(u) = (u+1)P and

1<p<min{pJL(n—l-l),pJL(m—l-l)}, (6)
where pyr (k) is the Joseph-Lundgren exponent in dimension k. Then
u* is bounded.

(b) Suppose f(u) =e* and m,n < 8. Then u* is bounded.

(2) (Annular domains with monotonicity) Suppose Q@ C RY = R™ x R" is an
annular domain with monotonicity in RN with n < m and a satisfies (A).
(a) Suppose f(u) = (u+ 1)P and

1<p<ps(n+1)=max{psL(n+1),psr(m+1)}. (7)

Then u* is bounded.
(b) Suppose f(u) = e*, @ C RN = R™ x R" is an annular domain with
monotonicity in RN and n < 8. Then u* is bounded.

2. ELLIPTIC PROBLEMS ON DOMAINS OF DOUBLE REVOLUTION

We shall begin by providing some more background on quantities related to
domains of double revolution that are essential in this work. Assume €2 is a domain
of double revolution and v is a function defined on 2 that just depends on (s,t),
then one has

/ v(x)dx = c(m,n) /A v(s, t)s™ " dsdt,
Q a
where c(m, n) is a positive constant depending on n and m. Note that strictly speak-
ing we are abusing notation here by using the same name; and we will continuously
do this in this article. Given a function v defined on Q we will write v = v(s,t) to
indicate that the function has this symmetry. Define

Hyq:={u€eHj(Q):gu=u VgeG},

where G := O(m) x O(n) where O(k) is the orthogonal group in R* and gu(z) :=
u(g™1z).

To solve equations on domains of double revolution one needs to relate the equa-
tion to a new one on Q defined in (3). Suppose  is a domain of double revolution
and f is a function defined on  with the same symmetry (ie. gf(z) = f(g ') all
g € G). Suppose that u(z) solves

—Au(xz) = f(z) inQ,
{ u=0 on 0f). (8)

Then u = u(s,t) and u solves
(m—1Dus (n—1uy

—Uss — Utt — s - P = f(S,t) in ﬁa (9)
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with u = 0 on (s,t) € 9Q\({s = 0} U {t = 0}). If u is sufficiently smooth then
us = 0 on 00N {s =0} and u; = 0 on QN {t = 0} after considering the symmetry
properties of u.

2.1. Improved compactness via annular domains and via monotonicity.
We now define a convex set K that we work on to give increased compactness. We
mention that this idea of restricting functions to ones which are monotonic in an
angle, to improve compactness, is coming from the work of [3] where they examined
some Lane-Emden type equations in an annulus. The current setting of nonradial
annular domains with (and without) monotonicity is coming from [18] where this
monotonicity is combined with an abstract nonsmooth variational principle, due to
A. Moameni, to obtain nontrivial solutions of supercritical problems, see [16, 17,
32, 33]. Here we are not considering this variational principle since we are only
considering the regularity of the minimal solutions which are known to exist; we
could also consider questions of regularity of solutions with finite Morse index again
without considering the variational principle.
We define K by

K =K(m,n) := {0 <ue H&G(Q) i sup — tug < 0 a.e. in (AZ} , (10)
and note we can rewrite K as functions u such that if we write (s,t) in terms of
polar coordinates we have ug < 0 in  defined in (4).

Theorem A. ([18]) (Imbeddings for annular domains) Let Q@ denote an annular
region in RV,
(1) (Imbedding without monotonicity) Suppose Q@ has no monotonicity and

2(n + 1) 2(m+1)}.

1<p<mi ,
=P mm{ n-1" m-1

Then Hj (2) CC LP(Q) with the obvious interpretation in the case of
m=n=1.

(2) (Imbedding with monotonicity) Suppose § is an annular domain with mono-
tonicity, n < m and

2(n+1) {2(n+1) 2(m+1)}

1<p< ——= ,
=P n—1 ax n—1 m—1

Then K CC LP(Q) with the obvious interpretation if n = 1.

The idea of the imbedding is that on a annular domain one expects and improved
imbedding and this is what is given in the first part of Theorem A. If we have
monotonicity (in the right direction) we can further improve the imbedding and
that is given in the second part of the theorem. The above imbedding together
with a new nonsmooth variational principle enabled the authors in [18] to deal
with supercritical problems on annular doamins variationally, and to prove the
multiplicity of positive solutions for such problems.

3. PROOFS

Lemma 1. Let Q denote an annular domain with monotonicity and a satisfies (A).
Then for all 0 < A < \* one has uy € K.
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Proof. There are multiple ways to try and prove the result. We will use directly the
linear iteration that is used to construct the minimal solution to prove the result.
An alternate way would be to use the fact that the linearized operator satisfies the
maximum principle. For k > 0 we set

—AuFtt = Xa(z)f(uF)  in Q,
ubtl =0 on 09,

with ug = 0. Then for 0 < A < \* one has that u*(z)  uy(z) as k — co. Writing
this in terms of the (s,t) coordinates we have

~

{ —ult =l — syt - O (s ) f(ub) in O,

with ©**! = 0 on the curved portions of 29 and d,u = 0 on the remaining portions
(ie. on T = 80N ({s = 0} U {t = 0})). We now discuss the Neumann boundary
condition since this relies on the symmetry and smoothness of the function.

Since uF*t1 = u**1(s,t) is the restriction to the first quadrant of (21, Z,,,+1) plane
of an even C* function in z; and x,,,1 we see that u*! v € C%*(Q). This is
sufficient regularity for u**! and uf“ to give the desired boundary conditions on
{s =0} and {t = 0} portions of O respectively. Define v = sulf — tu* = uk and
then note that

~

L") = Af/(ab)ok + Af(ub)(sa, — ta,) i
where

L(¢) = —bss — Pt — (m = 1)¢, - (n = )9 + (m _21)¢ + (n— 1>¢»

s t s 12

and note that, up to issues with singularities, L satisfies a maximum principle on
ﬁ; for the time being we assume there are no issues here.

So the idea is to show that v* < 0 in ) for all k& > 0. Suppose v* < 0 in Q for
some k > 0. We now claim that v**! = uf™ < 0 on 99. To see that v**1 =0 on
the portions of the boundary that correspond to {s = 0} and {t = 0} we use the
boundary conditions for u*+! and uf“. For the curved portions of the boundary
note that we have ™1 > 0 in Q and v*t! = 0 on 9Q and hence 9,u*t1 < 0
on 02 and one can relate this the derivative in 6; instead of doing this it is much
easier to view the pde in Q and then note that since u**! > 0 we immediately
get u§+1 < 0 on the curved portions after noting the monotonicity assumptions
on g;. Since we were assuming that we could apply the maximum principle we
would then get v**1 < 0 in Q. To complete the proof we just need to show that we
can start the iteration process; since u® = 0 we have —Au! = Aa in Q and hence
L(vY) = A(sa; —tas) < 0 in  and hence we can start the iteration after considering
the boundary conditions for u'.

We now give more details about the maximum principle argument since there are
issues with the operator having singularities. Let € > 0 be small and consider ) =
(v**1 —¢), and note ¢ = 0 near s = 0 and t = 0. Now set du(s,t) = s™ 1" 1dsdt
and note
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0o > /Q{Af'(uk)vkﬂ(sat—ms)f(uk)}quu
= [ £
= [t [(EUE L DTy,
> [ (waura {2 0200,

k+1 < ¢ a.e. in € which gives us the desired

and hence ¥ =0 a.e. in Q and hence v
result after noting € > 0 is arbitrary.

Following the computation in [12] we have

m N
Z; Z;
uktt = u’;fl—z and  uft! = g uijlf, (11)
i=1 5 i=m+1

and since uf+! — (uy)y, in C%%(Q) we have ub™ — (uy)s and uf ™ — (uy); ae.

in Q. From this we can conclude that s(ux)e — t(ux)s = (urn)g <0 a.e. in Q which

gives us the desired monotonicity.
O

Remark 2. (1) For the proof of Theorem 1 (2a) we will use a blow up argu-
ment since for the proof of Theorem 1 (2b) we used an iteration argument
and the improved imbeddings. Either proof works but we decided to use both
methods for the interest of the reader. Note if one wanted to extend these
results to solutions with finite Morse index the natural approach would be
the blow up approach since the only difference would be the need of Liou-
ville theorems for finite Morse index solutions (which are available under
the same restrictions on the parameters).

(2) Recall the concentric ellipsoids can be thought of as a prototypical annular
domain with monotonicity under the correct assumptions on the parameters.
Note that the moving plane method would show that there is a strip near
the outer boundary where the solution cannot attain its maximum. This
relies on the convexity of the domain that one would obtain if they con-
sidered the domain induced by the outer boundary. One should note that
the monotonicity assumptions on go does not induce this convexity. For
example take g2(6) = 2+ cos(20) and note this satisfies the assumptions on
g2 and yet it does not give the desired convexity condition.

In our proof using blow up analysis we will assume that we have this
added convexity to rule out a case where the marimums are close to the
outer boundary. This case can easily be handled with the blow up analysis
but since it is fairly standard we chose to omit it and more concentrate on
the other cases.

Proof of Theorem 1. (2b). Here we assume a(z) = 1, but the exact same proof
works if we assume a(z) satisfies the assumptions stated earlier. We will use an
approach that avoids having to use LP regularity theory in Q. For ’\7 <A <N
set © = u, the minimal solution. All estimates will be uniform in A and hence we
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can pass to the limit in A. We assume 2 < n < 8 (for n = 1 we use a different
argument) and n < m. Then standard test function argument shows that there is
some C (indepedent of \) such that

/ 6(27+1)“*dx < 07
Q

for all 1 < 7 < 2 and hence we have a uniform (in \) L7 (2) estimate on e** for all
T < 5. For the readers convenience we now give the argument. Put ¢ = e™* —1
into the stability inequality (1) to arrive at

e (7" —1)3dx < 7'2/ 2T |Vuy |2 de,
Q Q
where 1 < 7 < 2. Now mulitply (P)y by €27%* — 1 and integrate by parts to arrive

at
A
72/ TN | Vuy [*dr = T—/ e (2™ — 1) da,
Q 2 Ja

and now you can equate the terms with the gradient to arrive at

/ e (7 — 1) da < g/ e (2™ — 1) du,
Q

Q

and now one can expand the integrals and collect like terms. Note the highest order
term will be e27tDux and we can use Holder’s inequality to control the lower order
terms provided 7 <1 or 7 <2.

Fix vp > % and 7 > 0 such that

Ty > n% and Ty < 2.
For k > 0 we set
(D 1
R 21

Under the assumptions on v and 7 we see that v, * 0o as k — oo. Note we have
7k>70>%forallk21. Define v =v, =e™ — 1.

Claim. Given k > 0 and suppose the right hand side of (12) is finite. Then (12)

holds where

2t 2

(/ U2’yk+1+7l.dl.) i S m/(v+1>l+%v2’yk_ld$. (12)
Q 2y, — 1 Q

So note if there is some C' > 0 such that
/ V20T dy <C,
Q
uniformly in A then for all £ > 0 there is some Dy such that
/ VPRt T dy < Dy, (13)
Q

uniformly in A.
We now prove the claim. First note that v satisfies

—Av = —e™ 7| Vul? + AT < Ar(v + 1)1+$ Q,
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with v = 0 on 9Q; in the last line we dropped the quadratic in |Vu| term and
rewrote the remaining term in terms of v. For ¢ > 0 set ¢(z) = v(x)?7r~1 — 2n 1
for v > ¢ and 0 otherwise and note this is a nonnegative H}(2) test function and
hence testing the equation for v (and sending € \ 0) gives

(2’}% — 1)/ U2’ch*2|v,u|2dx S T)\/(U"‘ 1)1+%U2’yk71d1,7
Q Q
which we can rewrite as
/|V1ﬂk| dr < ﬂ/(v—‘—l)pr%v%k*ldz,
Q

Now since v € K we can show that v’ € K and hence we can use Theorem A to
see that

n :7 2
</ vwki,(—fl)dx) B < Cut e /(1} + 1)1+%v27k*1dx,
Q 29— 1 Jo

and hence we have

2 2
(/ v27k+1+idx> + < CnT)"Yk /(v_i_l)lﬂ-%v?wc—ldx?
Q 29, =1 Jo

since M = 27k41 —|—% and this completes the proof of the claim. We now show

we can start the process at k = 0 and so its sufficient to show that
/(v + 120t de < C,
Q

uniformly in A. Note that
(v + 1)270-',-% _ 6(2T’Yo+l)u7

and note under the assumptions on vy and 7 we have 2779 + 1 < 5 and hence we
have the desired integral is uniformly bounded in A. From this we see that for all
1 < T < oo we have v is bounded in LT (Q) uniformly in A\. Set w = w) denote
a solution of —Aw = Ar(v + 1)1+% in Q with w = 0 on 99 and note 0 < v < w.
From the LT (2) bound on v we see that w is bounded in L% (£2) uniformly in A
and hence we have the same for v and from this we get the same for u.

(2a.) Again we assume a(z) = 1 for the proof, but the same proof works for more
general a(z). Suppose the result is false and hence there is some A; 7 A" such

that u* = wu,, is such that ||u*|p~ = T} — oco. There is some (sg,tx) € Q such
that u*(sy,tx) = T} and note by monotonicity assumption on u* we have t; = 0.
We will now assume the outer boundary has some added convexity to rule out the
maximums being attained near the boundary; under the assumptions we have im-
posed this is not true but the proof could easily be adjusted to handle this case;
see Remark 2 part 2. So with this assumption we have (sg,0) bounded away from
the outer boundary; so there is some dg > 0 such that s, < g2(0) — dp for all k. We
now consider the three cases:

(i) (s — 91(0))Tk 271
(i) (st — 91 (0)T, = 2_ e 0,00),
(ili) (sx — g1(0))T}, >
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For r;, > 0, to be determined later, set

uF (s + rps, Trt)

v (s,t) = T o (s,8) € Qp = {(s,1) : (s + ris,Tit) € Q).
k
Then a computation shows that v* = v*(s,t) satisfies
, (m—Drpvk (n—1)of 1 _ PN
—uf, —vf, — Sk +1rgS - t - = )\le%Tlf (v* + T DPin Q, (14)

with vF = 0 on 9Q), N {t = 0} and v* = 0 on 8§kﬂ{s: ok} and v* = 0 on the
remainder of the boundary.

Case (i). Take rp such that riT,f_l =1 and so rp — 0. We suppose we are in
the case of s; bounded away from g;(0). In this case its clear that for any R > 0
(large) there is some kg such that for all k > kr we have (—R, R) x (0, R) C Q.
Using a standard compactness argument we can pass to the limit in (14) to find
some 0 < v <1 a solution of

(n—1)v;

—Vss — Ut — f = \"oP in R x (07 OO)7 (15)

with v(0) = 1 and v = 0 on t = 0. Note instead of using boundary regularity one
could extend evenly in t and then use interior regularity to get the needed estimates
to pass to the limit near ¢ = 0. Note we can view this equation as being satisfied in
R"!1 = R x R™ after noting we can view the function v as radial in the ¢ coordinate
in R™. Since u* is a stable solution of (P),, in © one has

/J¢>§ - )dp > / Nep( PR dp Y € HE (),
Q Q

where, as before, du = s™~'t"~!dsdt. By using a change of variables in this sta-
bility inequality one can show that v* is a stable solution of (14) and then one can
pass to the limit in this inequality to see that v is a nonzero semi stable solution
of (15). But we now recall that 1 < p < pyr(n + 1) which gives us the needed
contradiction.

We now suppose we are still in case (i) but s; N\, g1(0) (by the boundary condition
on the inner boundary we know that s > ¢1(0) and we already know sy, is bounded
away from g¢5(0). We now suppose there is the maximal 73 > 0 such that

Qr = (Wng(O) - 50) x (0,7) C Q.
If 7 is bounded away from zero the problem becomes easier so lets assume 1, — 0.
Then for large enough k£ we can assume the upper left corner of this rectangle hits
the inner boundary of . Near (s,t) = (¢1(0),0) we can write s = h(t) for some h
smooth and h(0) = g1(0) and A'(0) = 0. By the mean value theorem there is some
T € (0, 7%) such that

N 0 —g1(0

Wmgm = MO g )= 2= 0l0)
2 2

and hence

[ b = O
2

()| — o0,
Tk



12 A. AGHAJANI, C. COWAN, AND A. MOAMENI

and since |7'(7x)| — 0 we see that = — co. We now define

Qi :={(s,) : (55 + 5, 7xt) € Qu} C QU

and note we can write this as

O = <91«D‘—8k’gzﬂn‘—8k‘—5o> o <O,Tk>,

27y, Tk

and note that @k — R x (0,00). The rest of argument follows as in the case of sy
bounded away from g;(0).

Case (ii). In this case we have s N\, g1(0). In this case we take 1, = s — ¢1(0) and
then note that Q — {(s,t) : s > —1,¢t > 0}. Using boundary regularity argument
on (14) we can pass to the limit to find a classical solution of
-1

v == CEI e (s,0) € (<Loo) x (0,00), (16)
with v = 0 on the left boundary and with v; = 0 on the bottom boundary. Also
recall we have 0 < v < 1 with v(0) = 1. By extending evenly in ¢ we have a positive
solution on a half space. We can now apply Liouville results of either [24] or [22]
to obtain the needed contradiction.

Case (iii). In this case we again we have s N\, ¢1(0) and we take 7, = s — g1(0).
We can argue as in case (ii) (the only difference is v = 0) to arrive at a classical
solution of

(n—1)v; )

TUss — U T S = 0 in (s,t) € (—1,00) x (0,00), (17)
with v = 0 on the left boundary and with v; = 0 on the bottom boundary. Also
recall we have 0 < v < 1 with v(0) = 1. We can extend in ¢ evenly to arrive at
a nonconstant solution v of Av(z) = 0 which attains its maximum at an interior
point which contradicts the strong maximum principle.

(1a) and (1b). In this case we are not assuming any monotonicity of the do-
main. In the case of the polynomial nonlinearity we can perform a similar blow
up argument. Here the solutions are not monotonic in 6 and so there are extra
cases to consider for the limiting problem. This will introduce the minimum of the
Joseph-Lundgren exponents in the appropriate dimensions. For the exponential
nonlinearity one can use a proof similar to the monotonic one we used but they
would need to use the imbedding without monotonicity in place of the imbedding
we used. Alternatively one could use a blow up argument for the exponential. O
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