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Abstract

We study the regularity of the extremal solution of the semilinear biharmonic

equation A%y = ﬁ, which models a simple micro-electromechanical sys-

tem (MEMS) device on a ball B C RY, under Dirichlet boundary conditions
u = dyu = 0 on dB. We complete here the results of LiN and YANG [14] regard-
ing the identification of a “pull-in voltage” A* > 0 such that a stable classical
solution u; with 0 < u; < 1 exists for A € (0, A*), while there is none of any
kind when A > A*. Our main result asserts that the extremal solution u;x is reg-
ular (supg u;» < 1) provided N < 8 while u,+ is singular (supg u;» = 1) for
N =9, in which case 1 — Co|x|*? < uy+(x) < 1 — |x|*3 on the unit ball, where

1 —
Co = ()‘7)3 andk::%(N—%) (N—%).

1. Introduction

The following model has been proposed for the description of the steady-state
of a simple Electrostatic MEMS device:

ad2u = (B [, |Vul?dx +y) Au + MO - in 2
(17u>2(1+x o —(1;)2)

O<u<l1 in 2 (1

u=aoadu=>0 on 052,

where o, B, y, x 20, f € C($2, 10, 1)) are fixed, £2 is a bounded domain in RV
and A = 0 is a varying parameter (see for example BERNSTEIN and PELESKO [19]).
The function u(x) denotes the height above a point x € £2 C RY of a dielectric
membrane clamped on 952, once it deflects towards a ground plate fixed at height
z = 1, whenever a positive voltage—proportional to A—is applied.
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In studying this problem, one typically makes various simplifying assumptions on
the parameters «, B, y, x, and the first approximation of (1) that has been studied
extensively so far is the equation

—Au=2Y in@
O<u<l1 in 2 (). f

u=2~0 on 052,

where we have set« = 8 = x = 0 and y = 1 (see for example [7,9,10] and
the monograph [8]). This simple model, which lends itself to the vast literature on
second order semilinear eigenvalue problems, is already a rich source of interest-
ing mathematical problems. The case when the “permittivity profile” f is constant
(f = 1) on a general domain was studied in [16], following the pioneering work
of JosepH and LUNDGREN [13] who had considered the radially symmetric case.
The case for a non constant permittivity profile f was advocated by PELESkoO [18],
taken up by [12], and studied in depth in [7,9, 10]. The starting point of the analysis
is the existence of a pull-in voltage A*(£2, f), defined as

A (82, f) ;== sup {k > 0 : there exists a classical solution of (S),\,f}.

It is then shown that for every 0 < A < A*, there exists a smooth minimal (small-
est) solution of (5);, r, while for A > A* there is no solution even in a weak sense.
Moreover, the branch A +— u; (x) is increasing for each x € 2, and therefore
the function u*(x) := limy_»y« u; (x) can be considered as a generalized solution
that corresponds to the pull-in voltage A*. Now the issue of the regularity of this
extremal solution—which, by elliptic regularity theory, is equivalent to whether
sup, u* < 1—is an important question for many reasons, not the least of which
being the fact that it decides whether the set of solutions stops there, or whether
a new branch of solutions emanates from a bifurcation state (1*, A*). This issue
turned out to depend closely on the dimension and on the permittivity profile f.
Indeed, it was shown in [10] that u* is regular in dimensions 1 < N < 7, while
it is not necessarily the case for N = 8. In other words, the dimension N = 7 is
critical for equation (S), (when f = 1, we simplify the notation (S5), 1 into (5);).
On the other hand, it is shown in [9] that the regularity of ™ can be restored in any
dimension, provided we allow for a power law profile |x|7 with n large enough.

The case where 8 = y = x = 0 (and @ = 1) in the above model, that is when
we are dealing with the following fourth order analog of (),

Azuzﬁ IHQ
O<u<l in 2 (P)x
u=0o,u=0 onas2,

was also considered by [4,14] but with limited success. One of the reasons is the
lack of a “maximum principle” which plays such a crucial role in developing the
theory for the Laplacian. Indeed, it is a well known fact that such a principle does
not normally hold for general domains 2 (at least for the clamped boundary con-
ditions u = d,u = 0 on 0£2) unless one restricts attention to the unit ball 2 = B
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in RV, where one can exploit a positivity preserving property of A2 due to BoGG1o
[3]. This is precisely what was done in the references mentioned above, where a
theory of the minimal branch associated with (P); is developed along the same
lines as for (S),. The second obstacle is the well-known difficulty of extracting
energy estimates for solutions of fourth order problems from their stability prop-
erties. This means that the methods used to analyze the regularity of the extremal
solution for (§), could not carry to the corresponding problem for (P);..

This is the question we address in this paper as we eventually show the following
result.

Theorem 1. The unique extremal solution u™ for (P),= in B is regular in dimension
1 £ N £ 8, while it is singular (that is, supg u* = 1) for N = 9.

In other words, the critical dimension for (P), in B is N = 8, as opposed to being
equal to 7 in (S), . We add that our methods are heavily inspired by the recent paper
of DAVILA ET AL. [5] where it is shown that N = 12 is the critical dimension for
the fourth order nonlinear eigenvalue problem

A%u =" inB
u=0d,u=0 ondB,

while the critical dimension for its second order counterpart (that is, the Gelfand
problem) is N = 9. There is, however, one major difference between our approach
and the one used by DAvILA ET AL. [5]. It is related to the most delicate dimen-
sions—just above the critical one—where they use a computer assisted proof to
establish the singularity of the extremal solution, while our method is more analyt-
ical and relies on improved and non standard Hardy—Rellich inequalities recently
established by GHOUssOUB—-MORADIFAM [11] (see Appendix).

We remark that very recently, see [6], DAVILA ET AL. examined the question of
the multiplicity of solutions to the problem

A%u = A(1 +sign(p)u)? in B
u:avuzo on 0B.

In our case, where p = —2, they have shown that for 3 < N < 8 there exists
a critical parameter 0 < Ag < A* where the problem has an infinite number of
smooth solutions and also a singular solution.

Throughout this paper, we will always consider problem (P); on the unit ball
B. We start by recalling some of the results from [4] concerning (P);, that will be
needed in the sequel. We define

A* :=sup{A > 0: there exists a classical solution of (P);},

and note that we are not restricting our attention to radial solutions. We will deal
also with weak solutions defined as follows.

Definition 1. Say that u is a weak solution of (P); if 0 < u < 1 almost everywhere

in B, ﬁ e L'(B) and

2, ¢ 45 >
/BMA ¢_AA—(1_M)2, V¢ € C*(B) N HZ(B).
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Say that u is a weak super-solution (resp. weak sub-solution) of (P), if the equality
is replaced with the inequality > (resp. <) forall ¢ € C*(B)N Hg(B) with ¢ = 0.

We also recall the notions of regularity and stability.

Definition 2. Say that a weak solution u of (P), is regular (resp. singular) if
l#]loo < 1 (resp. =) and stable (resp. semi-stable) if

1 () = mf{/mw 2)»/0 1 ¢ € H3(B), ||¢||Lz—1]

is positive (resp. non-negative).

The following extension of Boggio’s principle will be frequently used in the sequel
(see [2, Lemma 16] and [5, Lemma 2.4]).

Lemma 1. (Boggio’s Principle). Let u € LY(B). Then u = 0 almost everywhere
in B, provided one of the following conditions hold:

l.u e C*B), A>u 2 00n B, and u = g—z =0ondB.

2. [puA’pdx = 0forall0 < ¢ € C*(B) N H(B).

3.u € HX(B),u = Oandg—z < 0ondB, and [ Audd = 0 forall0 < ¢ €
H(B).

Moreover, either u = 0 or u > 0 almost everywhere in B.

The following theorem summarizes the main results in [4] that will be needed in
the sequel.

Theorem 2. The following assertions hold:

1. For each 0 < L < A%, there exists a classical minimal solution u;) of (P);.
Moreover u,_is radial and radially decreasing.

2. For & > A*, there are no weak solutions of (P));..

. For each x € B the map A — u, (x) is strictly increasing on (0, 1*).

4. The pull-in voltage )* satisfies the following bounds:

A2
max 32(10N — N —12) S(N_2) (N—§)]§)»*

(98]

41)]
27

A

27 9 3 3

where vy denotes the first eigenvalue of A in H02(B).
5. For each O < A < A*, u,_ is a stable solution (that is, 1 (uy) > 0).

Using the stability of u,, it can be shown that u; is uniformly bounded in H0 (B)
and that —u is uniformly bounded in L3(B). Since now A — uy (x) is increas-
mg, the function u*(x) = lim;,_ =+ uy (x) is well defined (in the pointwise sense),
u* € H2(B), W € L3(B) and u* is a weak solution of (P);+. Moreover u* is
the unique weak solution of (P);x.
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2. The effect of boundary conditions on the pull-in voltage

Asin[5], we are led to examine problem (P); with non-homogeneous boundary
conditions such as

A%y = in B
a<u<l in B (P)x,a,p
u=o, dhu=p onodhb,

A
(1—u)?

where «, B are given.
Notice first that some restrictions on « and B are necessary. Indeed, letting

D(x) = (a — g) + g|x|2 denote the unique solution of
AP =0 in B 2
&=a, 0,2 = onadB,

we infer immediately from Lemma 1 that the function u — @ is positive in B, which
yields to

sup® < supu < 1.
B B

To insure that @ is a classical sub-solution of (P), ¢ s, we impose a # 1 and

B < 0, and condition sup @ < 1 rewrites as o — g < 1. We will then say that the
B

pair («, B) is admissible if 8 < 0, and o — g < 1.

This section will be devoted to obtaining results for (P); o, when (a, B) is an
admissible pair, which are analogous to those for (P);. To cut down on notation,
we shall sometimes drop « and § from our expressions whenever such an emphasis
is not needed. For example in this section u; and u* will denote the minimal and
extremal solution of (P);, «, 8.

The notion of weak solution for (P); «,g is defined as follows.

Definition 3. Say that u is a weak solution of (P); ¢ if « = u < 1 almost

everywhere in B, m e LY(B) and if

/(u —@)A%p = X/ P e eC'BNH®),
B g (1—uw
where @ is givenin (2). Say that u is a weak super-solution (resp. weak sub-solution)
of (P);. ,p if the equality is replaced with the inequality = (resp. <) for ¢ = 0.
We now define as before

A*(er, B) :=sup{r > 0: (P); a,p has aclassical solution}
and

As(ar, B) :==sup{A > 0: (P); «p hasa weak solution}.

Observe that by the Implicit Function Theorem, one can always solve (P)j «,p
for small A’s. Therefore, A* (and also A,) is well defined. Let now U be a weak
super-solution of (P);, « 5. Recall the following standard existence result.
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Theorem 3 ([2]). For every 0 < f € L'(B), there exists a unique 0 < u € L' (B)
which satisfies

/m%p:/ fo, forall¢ € C*(B)N HI(B).
B B

We can now introduce the following “weak iterative scheme”: Start with ug = U
and (inductively) let u,, n = 1, be the solution of

/(un — P A% = x/ ¢ V¢ e C*(B) N Hi(B)
B B

(I- un—l)z

given by Theorem 3. Since 0 is a sub-solution of (P) ¢ s, one can easily show
inductively by using Lemma 1 that « < uy,41 < u, < U forevery n 2 0. Since

(I-u) =0 -U)%el'(B),

we get by Lebesgue Theorem, that the function u = lirJrrl u, is a weak solution
n——+00

of (P)y.a,p such that e < u < U. In other words, the following result holds.

Proposition 1. Assume the existence of a weak super-solution U of (P);, «,8. Then
there exists a weak solution u of (P);. «,p so that o < u < U almost everywhere
in B.

In particular, we can find a weak solution of (P); ¢ g for every A € (0, A,). Now
we show that this is still true for regular weak solutions.

Proposition 2. Let («, B) be an admissible pair and let u be a weak solution of
(P)j.,a.p- Then for every 0 < u < A, there is a regular solution for (P),. «.p-

Proof. Let ¢ € (0, 1) be given and let u = (1 — &)u + &, where @ is given in
(2). We have that

supu S (1 —¢e)+esup® <1, infu 2 (—¢e)a+einfd =aq,
B B B B

and for every 0 < ¢ € C*(B) N HOQ(B) there holds:

/(ﬁ—@)A2¢=(1—5)/(u—®)A2¢=(1—8)A/LZ
B B g (1 —u)

3 o} NN ¢
=d 8”/3(1—:2“(@)—1))2:(1 8“/3(1—&)2'

Notethat 0 £ (1 — &)1 —u) =1 —a+e(® —1) < 1 — . So u is a weak
super-solution of (P)(j_g)3; ,p satisfying supu < 1. From Proposition 1 we get
B

the existence of a weak solution w of (P)_,)3; 4.p 50 thata = w = i. In par-
ticular, supw < 1 and w is a regular weak solution. Since ¢ € (0, 1) is arbitrarily

B
chosen, the proof is complete. O



The Critical Dimension for a Fourth Order Elliptic Problem 769

Proposition 2 implies in particular the existence of a regular weak solution U,

for every A € (0, A,). Introduce now a “classical” iterative scheme: ug = 0 and

(inductively) u,, = v, + ®,n = 1, where v, € Hg(B) is the (radial) solution of
A%, = A%y — @) = _* uB (3)

! ! (1 = un—1)? '
Since v, € HOZ(B), u, is also a weak solution of (3), and by Lemma 1 we know
that o < uy,, < uyyy < Uy forevery n 2 0. Since supu, < supU, < 1forn 20,
B B

we get that (1 — un_l)_2 € L2(B) and the existence of v,, is guaranteed. Since v,

is easily seen to be uniformly bounded in HOZ(B), we have that u, = lirf uy
n—+00

does hold pointwise and weakly in H?(B). By Lebesgue Theorem, we have that
uy is a radial weak solution of (P); ¢ g so that sup u; < supU;, < 1. By elliptic
B B

regularity theory [1], we have uy, € C®(B) and uy — ® = 3, (u), —P) = 0 on J B.
So we can integrate by parts to get

[ 2o = [ 2w-00= [ -o22 =1 [ L
B B B B (I —uy)

for every ¢ € C4(1§) N HOZ(B). Hence, u;, is a radial classical solution of (P); «,
showing that A* = A,.. Moreover, since @ and v;, := u; — @ are radially decreasing
in view of [20], we get that u,,_ is radially decreasing too. Since the argument above
shows that u; < U for any other classical solution U of (P), ¢, With u = A, we
have that u, is exactly the minimal solution and i, is strictly increasing as A 1 A*.
In particular, we can define ™ in the usual way: u™(x) = )\li/ral* uy(x).

Finally, we show the finiteness of the pull-in voltage.
Lemma 2. If («, B) is an admissible pair, then A*(«, B) < +00.

Proof. Let u be a classical solution of (P); 4 s and let (¥, v1) denote the first
eigenpair of A% in Hj(B) with ¢ > 0. Now, let C be such that

/ (BAY — ad, Ay) = C/ v.
0B B

Multiplying (P);. «,g by ¥ and then integrating by parts one arrives at

A
() o

Since ¥ > 0 there must exist a point x € B where W —vu(x)—-C £0.

Since @ < u(x) < 1, one can conclude that A < sup,_,.;(viu + C)(1 — u)2,
which shows that A* < +co0. 0O

The following summarizes what we have shown so far.

Theorem 4. If («, B) is an admissible pair, then \* .= \*(a, B) € (0, +00) and
the following hold:
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1. For each 0 < A < A* there exists a classical, minimal solution uy of (P)j.«,p-
Moreover u;, is radial and radially decreasing.

2. For each x € B the map X +> u, (x) is strictly increasing on (0, 1*).

3. For & > \* there are no weak solutions of (P)j. a,p-

2.1. Stability of the minimal branch of solutions

This subsection is devoted to the proof of the following stability result for min-
imal solutions. We shall need yet another notion of H 2(B)—weak solutions, which
is an intermediate class between classical and weak solutions.

Definition 4. Say that u is a H?(B)—weak solution of (P)japifu—@ €

Hz(B) a < u < 1 almost everywhere in B, (1 o € LY(B) and if

¢ 4.5 2

Aquﬁ:k/ —_—, V¢ € C*(B) N Hy(B),
/B 5 (1—w)? 0

where @ is given in (2). Say that u is a H 2(B)—weak super-solution (resp.

H?(B)—weak sub-solution) of (P) nap if for ¢ 2 0 the equality is replaced with

2 (resp. £) and u = o (resp. <), d,u < B (resp. =) on 9 B.

Theorem 5. Suppose (o, B) is an admissible pair.

1. The minimal solution u,_is then stable and is the unique semi-stable H 2 (B)—weak
solution of (P); «,p-
2. The function u™ .= )Lli/n)}* u) is a well-defined semi-stable H 2(B)—weak solution

of(P)A*,a,/S~

3. When u* is a classical solution, then wy(u*) = 0 and u* is the unique
H2(B)—weak solution of (P)y» o8-

4. If v is a singular semi-stable H?(B)—weak solution of (P)y,a,p, then v = u*
and » = \*

The crucial tool is a comparison result which is valid exactly in this class of solu-
tions.

Lemma 3. Let («, B) be an admissible pair and u be a semi-stable H*(B)—weak
solution of (P); «,p. Assume U is a H?(B)—weak super-solution of (P)x,a,p SO
that U — & € HE(B). Then

1. u < U almost everywhere in B;
2. If u is a classical solution and 1 (u) = 0 then U = u.

Proof. (1) Define w := u — U. Then by the MOREAU decomposition [17] for the
biharmonic operator, there exist wi, wy € H (B),withw = w; +wy, w; =0
almost everywhere, A2w2 < 0Ointhe H 2(B) weak sense and f g AwiAwy =
0. By Lemma 1, we have that w, < 0 almost everywhere in B.

Givennow 0 < ¢ € C°(B), we have that

/ AwAg < x/ (fw) — FU)).
B B
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where f(u) := (1 — u)~2. Since u is semi-stable, one has

A / Flaw? < / (Awp)? = / AwAw; < A / (f ) — fUw.
B B B B

Since w; = w one also has

/f’(u)wwl é/(f(u)—f(U))wl,
B B

/fw1§0,
B

where f(u) = f(u) — f(U) — f'(u)(u — U). The strict convexity of f gives
f < 0 and f < 0 whenever u # U. Since w; = 0 almost everywhere in B
one sees that w < 0 almost everywhere in B. The inequality u < U almost
everywhere in B is then established.

Since u is a classical solution, it is easy to see that the infimum in wq () is
attained at some ¢. The function ¢ is then the first eigenfunction of A% —

(12‘4)3 in H02(B). Now we show that ¢ is of fixed sign. Using the Moreau

decomposition, one has ¢ = ¢ + ¢ where ¢; € HOZ(B) fori =1,2,¢; 2
0, fB Ap1Agr = 0 and A%¢, < 0 in the HOZ(B)—weak sense. If ¢ changes
sign, then ¢ # 0 and ¢ < 0 in B (recall that either ¢» < 0 or ¢ = 0 almost
everywhere in B). We can write now:

[3(A@1 — p2))? — Af (W) (1 — $2)*
[5(@1 — $2)2

which once re-arranged gives

0=pi@ =

A 2 —Af 2
_ I ¢>f ¢2f W _
B

in view of ¢1¢2 < —¢p1¢7 in a set of positive measure, leading to a contradic-
tion.
So we can assume ¢ = 0, and by the Boggio’s principle we have ¢ > 0 in B.

For 0 <t < 1 define

g(®) =/ AtU + (1 —t)u] A¢ —A/ f@U 4+ —=Hu)p,
B B

where ¢ is the above first eigenfunction. Since f is convex one sees that

g() il/B[tf(U)Jr(l—t)f(u)—f(tU+(l—t)M)]¢§0

for every ¢ = 0. Since g(0) = 0 and

8'(0) = /B AU —u)Ap = af' u)(U —u)¢ =0,
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we get that
§"(0) = -1 /B @)U —u)*¢ 2 0.

Since f”(u)¢ > 0in B, we finally get that U = u almost everywhere in B. O
Based again on Lemma 1(3), we can show a more general version of Lemma 3.
Lemma 4. Let (a, B) be an admissible pair and B’ < 0. Let u be a semi-stable
H?(B)—weak sub-solution of (P)y,a,p withu = o, dyu = ' = B on dB. Assume
that U is a HZ(B)—weak super-solution of (P)y o, withU = «, 3,U = Bon dB.
Then U 2 u almost everywhere in B.

Proof. Letu € Hg(B) denote a weak solution to A%ii = A%(u — U) in B. Since
i—u+U=0andd,(i—u+U) < 0ondB,by Lemma 1 one has that i = u—U
almost everywhere in B. Again by the MOREAU decomposition [17], we may write
uasu =w+ v, where w, v € H02(B), w 2 0 almost everywhere in B, A%y <0

in a H2(B)—weak sense and fB AwAv = 0. Then for 0 < ¢ € C*(B) N Hg(B)
one has

/ Aud¢ =/ Alu—U)A¢ = )»/(f(u) — fWU)e.
B B B
In particular, we have that
/ AiiAw = ?»/(f(u) - f))w.
B B
Since by semi-stability of u

)\/ Fuyw? g/(Aw)2 :/ Al Aw,
B B B

we get that

/ flaww? < / (f () — fFU))w.
B B

By Lemma 1 we have v < 0 and then w = & 2 u — U almost everywhere in B.
So we see that

0 é/B(f(u) — fWU) = ffwu— ) w.

The strict convexity of f implies as in Lemma 3 that U = u almost everywhere in
B. O

We shall need the following a priori estimates along the minimal branch u;,.
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Lemma 5. Let (o, B) be an admissible pair. Then one has

(uk—¢)2</ u, — @
B

g (1—uw)® = Jp (1 —up)?’

where @ is given in (2). In particular, there is a constant C > 0 so that for every

A € (0, 1), we have
1
Auy)? /—SC. 4
/B( O B (I—u)® = @

Proof. Testing (P); qg0onu; —® € C4(1§) N H02(B), we see that

_ _ 2
x/ =P =/ A, Ay, — @) =/(A(u)\ otz [ P
B B B

(1 —uy)? g (1—uy)?

2

in view of A>® = 0. In particular, for § > 0 small we have that

/ 1 o1 (uy — q>)2 / 1
fw—o12s) (L —u3)3 = 82 Jju—o>sy (1 —u3)3 ~ 52 g (1 —uy)?

1
3/ — 4+ Cs,
{ur—a>sy (1 —u3)3

by means of Young’s inequality. Since for § small,

A

/ ; < C’,
(u—oi<s) (1 —up)3 =

for some C’ > 0, we can deduce that for every A € (0, A*),

1
— < C,
/B(l—m)3 -

for some C > 0. By Young’s and Holder’s inequalities, we now have

/(Am)2 =/ Aumq§+x/ RISy /(Au)\) +Cs
B B (1 —uy)

2
1 3
(/)
B (1 —uy)?
and estimate (4) is therefore established. O
We are now ready to establish Theorem 5.

Proof of Theorem 5. (1) Since |u)llooc < 1, the infimum defining w;(u;) is
achieved at a first eigenfunction for every A € (0, A*). Since A +— u;(x) is
increasing for every x € B, itis easily seen that A — w1 (u;) is an increasing,
continuous function on (0, A*). Define

Asr i=sup{0 < A < A* ¢ uy(uy) > 0.
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We claim that A, = A*. Indeed, otherwise we would have that p1(u;,,) = 0,
and forevery it € (Ay, A™) the function u,, would be a classical super-solution
of (P)y,,.a.p- A contradiction arises since Lemma 3 implies u;, = u;,, .
Finally, Lemma 3 guarantees uniqueness in the class of semi-stable H2(B)-
weak solutions.

(2) By estimate (4) it follows that u; — u* in a pointwise sense and weakly
in H2(B), and .~ € L3(B). In particular, u* is a H*(B)—weak solution
of (P)y+«,p Which is also semi-stable as limiting function of the semi-stable
solutions {u; }.

(3) Whenever ||u*|looc < 1, the function u* is a classical solution, and by the
Implicit Function Theorem we have that p;(#*) = 0 to prevent the continu-
ation of the minimal branch beyond A*. By Lemma 3, u* is then the unique
H?(B)—weak solution of (P) »*,a,p- An alternative approach—which we do
not pursue here—based on the very definition of the extremal solution u™* is
available in [4] when « = 8 = 0 (see also [15]) to show that u™* is the unique
weak solution of (P);x, regardless of whether u* is regular or not.

(4) Assume now that v is a singular semi-stable H?(B)—weak solution of (P),a.p-
If . < 1*, then by the uniqueness of the semi-stable solution, we have v = u;.
So v is not singular and a contradiction arises.

By Theorem 4(3) we have that A = A*. Since v is a semi-stable H 2(B)—weak
solution of (P)y+ ¢, andu™ isa H?(B)—weak super-solution of (P)x 4 g, We can
apply Lemma 3 to get v < u™ almost everywhere in B. Since u* is a semi-stable
solution too, we can reverse the roles of v and u* in Lemma 3 to see that v = u*
almost everywhere in B. So equality v = u™ holds and the proof is complete. O

3. Regularity of the extremal solution for | < N <8

We now turn to the issue of the regularity of the extremal solution in prob-
lem (P),. Unless stated otherwise, u; and u™* refer to the minimal and extremal
solutions of (P);,. We shall show that the extremal solution u* is regular provided
1 £ N £ 8. Wefirst begin by showing that it is indeed the case in small dimensions:

Theorem 6. u* is regular in dimensions 1 < N < 4.

Proof. As already observed, estimate (4) implies that f(u*) = (1 — u*)"2 €

L% (B). Since u* is radial and radially decreasing, we need to show that #*(0) < 1
to get the regularity of u*. The integrability of f(u*) along with elliptic regularity
theory shows that u™* € w3 (B). By the Sobolev imbedding theorem we get that
u* is a Lipschitz function in B.
Now suppose u*(0) = 1 and 1 £ N < 3. Since
1 C

> — inB,
1—u | x|

for some C > 0, one sees that

T lxP T A —u*)? '
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A contradiction arises and hence u™* is regular for 1 < N < 3,

For N = 4 we need to be more careful and observe that u* € C]’%(l_?) by the
Sobolev imbedding theorem. If u*(0) = 1, then Vu*(0) = 0 and

1 > C

= 4
T=w ™y

in B,

for some C > (. We obtain a contradiction exactly as above. 0O

We now tackle the regularity of u* for 5 < N < 8. We start with the following
crucial result.

Theorem 7. Assume N = 5 and let (u*, \*) be the extremal pair of (P);. When
u™ is singular, then
1 —u*(x) < Colx|3  in B,
|

where Cgy := (%)? and A = Ly = g (N — %) (N — %)

Proof. First note that Theorem 2(4) gives the lower bound:

8 2 8
=—({N—=){N-—=). 5
v 9( 3)( 3) ®
1
For § > 0, we define ug(x) := 1 — C5|x|% with Cs = (AX—*+8)3 > 1. Since

N = 5, we have that us € HI%)C(]RN), 1_]” € L?OC(RN) and ug is a H*>—weak
solution of

W

>0

A 4 S
Zus = MO RV,
(1 — us)?

We claim that us < u™* in B, which will finish the proof by just letting § — 0.
Assume by contradiction that the set I" := {r € (0, 1) : ug(r) > u*(r)} is
non-empty, and let r{ = sup I". Since

us(1) =1—Cs < 0 =u*(1),
we have that 0 < r; < 1 and one infers that

o = u(r) =us(r)), B:= ") (r1) = us(r).

_4
Setting us ,, (r) = r, ° (us(rir) — 1) + 1, we easily see that the function us ,, is a

H?(B)—weak super-solution of (P)ystsiy.ar,p» Where

_4 _1
o =r a-1)+1, B =r B

Wl

Similarly, define u;, (r) = rl_ (u*(rir) — 1) + 1. The dilation map

W w, () =1y ¢ () — 1)+ 1 ©
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is a correspondence between solutions of (P); on B and of (P) ~4 on B, i
Ad=r; 7,0 1

which preserves the H2—integrability. In particular, (uy,, A¥) is the extremal pair

of (P) 4 on B,-1 (defined in the obvious way). Moreover, u;"l is a singular
Ad=r; 7,0 1

semi-stable H2(B)— weak solution of (P) Aol Bl
Since u* is radially decreasing, we have that 8/ < 0. Define the function
w(x) = (o/ — %,) + '%,|x|2 + ¥ (x), where y is a solution of A2y = A* in B with
y = 0,y = 0 on dB. Then w is a classical solution of
A?w = ¥ in B
w=dao, d,w=p ondB.
Since ﬁ > )*, by Lemma | we have uj‘l = w almost everywhere in B. Since
1
w() =a’ — ’% +¥(0) and y (0) > 0, the bound u;;, = 1 almost everywhere in B
yields to &’ — %/ < 1. Namely, (¢/, B’) is an admissible pair and by Theorem 5(4)
we get that (u;, , A*) coincides with the extremal pair of (P);, o g in B.
Since (e, B’) is an admissible pair and us ,, is a H?(B)—weak super-solution
of (P); 8yl p> We get from Proposition 1, the existence of a weak solution of

(P)A*Jr(SXN,a’,ﬁ“ Since A* 48Xy > A*, we contradict the fact that A* is the extremal
parameter of (P); o g. O

Thanks to this lower estimate on u*, we get the following result.

Theorem 8. If5 < N < 8, then the extremal solution u* of (P); is regular.
Proof. Assume that u* is singular. For ¢ > 0 set ¢ (x) := |x]| e and note that
(Ay)* = (Hy + 0(e))|x| 7V,

where
N2(N — 4)?

Hy =
N 16

Given n € C§°(B), and since N = 5, we can use the test function nyr € Hg(B)
into the stability inequality to obtain

2A/B<1 5 = @+ o,

where O (1) is a bounded function as ¢ N\ 0. By Theorem 7 we find that

o [ Lo _/(Aw>2+0(1)
and then

20N / lx|7NT2 < (Hy + 0(e)) / x|V T2 4+ 0(1).
B B
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Computing the integrals one arrives at
2any < Hy + 0(e).

As e — 0finally we obtain 24y < Hy. Graphing this relation one sees that N > 9.
0

We can now slightly improve the lower bound (5).

Corollary 1. In any dimension N 2 1, we have

2> A —§(N—%)(N—§) (7
AN 3 3)

Proof. The functionu :=1 — |x|% is a H?(B)— weak solution of (P);\N 0.4 If

by contradiction A* = Ay, then it is a H 2(B) weak super-solution of (P); for
every A € (0, A*). By Lemma 3 we get that u; < i forall A < A*, and then u™ < it
almost everywhere in B.

If 1 £ N < 8, u* is then regular by Theorems 6 and 8. By Theorem 5(3) there
holds w1 (™) = 0. Lemma 3 then yields that u™ = i, which is a contradiction since
then u* will not satisfy the boundary conditions.

If now N = 9 and 2 = A*, then Cy = 1 in Theorem 7, and we then have
u* 2 i. It means again that u* = i, a contradiction that completes the proof. O

4. The extremal solution is singular for N > 9

We prove in this section that the extremal solution is singular for N = 9. For that
we have to distinguish between three different ranges for the dimension. For each
range, we will need a suitable Hardy—Rellich type inequality that will be established
in the appendix, by using the recent results of GHOUSSOUB—MORADIFAM [11]. As
in the previous section (u*, A*) denotes the extremal pair of (P);.

e Case N = 17: To establish the singularity of u* for these dimensions we shall
need the following well known improved Hardy—Rellich inequality, which is
valid for N = 5. There exists C > 0, such that for all ¢ € Hg(B)

24 N2(N 4)2
(A¢) de x+C ¢ dx. 8)

e Case 10 < N < 16: For this case, we shall need the following inequality valid
forall ¢ € H3(B)

[@apra=t D W4 / il dx
5 ) (1 = 121

16 +1) (|x|2—|x|%)

— _4)2 2
+(N DV =4 / ¢ o~ dx. (©))
4 5 1x2 (1x2 - 1xI %)
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e Case N = 9: This case is the trickiest and will require the following inequality
forall ¢ € H}(B)

/(A¢)2dx 2/ Q(lx)) (P(le)vL
B B

N-—1
P )¢2dx, (10)

q" () + "¢/ (r)

" (N-1)
Ry 0 N |
q

p

P(r) =

with p and g being two appropriately chosen polynomials, namely

p(r):=r 3 47— 1.9 and
q(r) == r= 2 420,71 110,71 4 108 + 72 — 48,

We shall first show the following upper bound on u*.
Lemma 6. If N > 9, then u* < 1 — |x|3 =: ii in B.

Proof. Recall from Corollary 1 that % := § (N — 2) (N — ) < A*. We now claim
that u; < i for all A € (&, A*). Indeed, fix such a A and assume by contradiction

that
Ry :=1inf{0 £ R £ 1:u; < @ inthe interval(R, 1)} > 0.

From the boundary conditions, one has that u, (r) < u(r) as r — 1. Hence,
0 <Ry < l,a :=u(R)) = u(Ry) and B := ) (R1) < i'(Ry). Introduce, as
in the proof of Theorem 7, the functions u; g, and i g,. We have that u, g, is a
classical super-solution of (P)j3 vl Bl where

_4 _1
o =R (@—-1+1, B =R B

Note that ug, is a HZ(B)—weak sub-solution of (P);N’a/’ﬁ, which is also semi-
stable in view of the Hardy—Rellich inequality (8) and the fact that

N2(N — 4)2

2)_LN < Hy := 6

By Lemma 4, we deduce that u; g, = ig, in B. Note that, arguing as in the

proof of Theorem 7, (&', B’) is an admissible pair. We have therefore shown that

u) = i in Bg, and a contradiction arises in view of the fact that lin}) u(x) = 1and
X—>

llu; oo < 1. It follows that u; < u in B for every A € (kn, 2%, and in particular
w*<uinB. O

The following lemma is the key for the proof of the singularity of «* in higher
dimensions.
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Lemma 7. Let N = 9. Suppose there exist A > 0, B > 0 and a singular radial
function w € H2(B)wzth L e L>® (B \ {0}) such that

loc

2., < _ N

A W= gt forO0 <r <1, an

w(l) =0, w'(l) =0,
and

28 (1 )3 _/(A¢>) forall ¢ € HO (B). (12)
B
1LLIfB = )\, then \* < ).
2. Ifeither B > M orif B = ) = ZX, then the extremal solution u* is necessarily
singular.

Proof. (1) First, note that (12) and ﬁ % (B\ {0}) yield to )2 e L'(B).
By a density argument, (11) implies that w is a H>(B)— weak sub solution of
(P); whenever N = 4.If now A’ < A*, then by Lemma 4, w would necessarily
be below the minimal solution u,/, which is a contradiction since w is singular
while u, is regular.

(2) Suppose first that 8 = 1/ = % and that N = 9. Since by part (1) we have
A* < %, we get from Lemma 6 and the improved Hardy—Rellich inequality
(8) that there exists C > 0 so that for all ¢ € HOZ(B)

/(M’)2 M*/Ba P */(A"’)z HN/| = /4’

It follows that 1 (™) > 0 and u™ must therefore be singular since otherwise,
one could use the Implicit Function Theorem to continue the minimal branch
beyond A*.

Suppose now that 8 > 1/, and let % < y < lin such a way that

£\ 1/3
z(”’\) <1. (13)

loc

)\‘/
Setting w := 1 — (1 — w), we claim that
u* < w inB. (14)

Note that by the choice of & we have a3A’ < A*, and therefore to prove (14) it
suffices to show that for a1’ < A < A*, we have u, < w in B. Indeed, fix such A
and note that
/ 347
A2 = aAw e = aA_ < )L_ .
- (1—w)2 (I—w)? = (1-w)?

Assume that u; < w does not hold in B, and consider

Ry :=sup{0 < R < 1| up(R) > w(R)} > 0.
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Since w(l) = 1 —a > 0 = u, (1), we then have Ry < 1, u;(R;) = w(R;) and
() (R1) < (w) (Ry). Introduce, as in the proof of Theorem 7, the functions u;_ g,
and wg,. We have that u; g, is a classical solution of (P); o g/, where

_4 _1
o' =R C@i(R) — D +1, =R ) (Ry).

Since A < A* and then

21 20* 2 28

(1 —w)3 = Sl-w?  yl-w®  A-w?

by (12) wg, is a stable H?(B)—weak sub-solution of (P);.,a',p- By Lemma 4, we
deduce that u; = w in Bg,, which is impossible, since w is singular while u, is
regular. Note that, arguing as in the proof of Theorem 7, (&', 8’) is an admissible
pair. This establishes claim (14) which, combined with the above inequality, yields

2 2* 28
< < ,
A—uw)P ~Bl-—wp (d—-w)y

and therefore

* 42
(Ag)? — 222
inf s a-uy’

$<H2(B) Jz9?

It follows that again 1 (™) > 0 and u* must be singular, since otherwise, one
could use the Implicit Function Theorem to continue the minimal branch beyond
A*. O

Consider for any m > 0 the following function:

3m 4
=1 P ™, 15

m 3m—4 T 3m—4 (1>)
which satisfies the right boundary conditions: wy, (1) = w,, (1) = 0. We can now
prove that the extremal solution is singular for N = 9.

Theorem 9. Let N = 9. The following upper bounds on A* hold:

1. If N = 31, then Lemma 7 holds with w := wa, )’ = 27xy and p = X, and
therefore 1* < 2Thy.

2.If 17 £ N < 30, then Lemma 7 holds with w := w3, A’ = B = % and
therefore \* < %

3.If10 = N < 16, then Lemma 7 holds with w := w3, )y, < By given in Table 1,
and therefore 1* < X'y,

4. If N =9, then Lemma 7 holds with w := wj g, )\/9 1= 366 < B9 := 368.5, and
therefore \* < 366.

The extremal solution is therefore singular for dimension N > 9.
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Table 1. Summary

N w )”;V ﬁN

9 wo.g 366 366.5
10 w3 450 487

11 w3 560 739

12 w3 680 1,071
13 w3 802 1,495
14 w3 940 2,026
15 w3 1,100 2,678
16 w3 1,260 3,469
17< N <30 w3 Hy/2 Hy/2
N 231 wy 27hy Hy /2

Proof. (1) Assume first that N > 31, then 274 < % We shall show that w» is a

2

singular H?(B)—weak sub-solution of (P)y757 so that (12) holds with 8 = %
Indeed, write

4 4 2 _
wy = 1= [x/$ = 2013 = [xP) = it — o,

where ¢o := 2(|x|3 — |x[2), and note that w, € H(B), 1—1102 e L3(B),
0Zwr, <1in B, and

5 3 271
A wy = —§ —2
r3 (L—wo)

A

in B\ {0}.

So ws is H2(B)—weak sub-solution of (P)y7;. Moreover, by ¢p = 0 and (8)
we get that

HN/¢—2=HN/¢—2§HN/¢—2§/(A¢)2
B (1 —wy) B (x5 4+ o) B lxI* = Jp

for all ¢ € Hg(B). It follows from Lemma 7 that ™ is singular and that
<27 < e
Assume 17 £ N < 30 and consider the function

9 4
w3 :=1-— gr% + §r3.

We show that w3 is a semi-stable singular H?(B)—weak sub-solution of

(P) 1y . Indeed, we clearly have that 0 < w3 < 1in B, w3 € H02(B) and
e

1

1— w3
write

€ L3(B). To show the stability condition, we consider ¢ € HOZ(B) and
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2 2
HN/¢—%=125HN/¢—3
B (1 - w3)‘ B (9,.% _4r3)

1 s
125Hy sup — vy
0<r<l1 (9 _4’,%) BT

— ¢2 < 2
=Hy | = = [ (49)
BT B

by virtue of (8). An easy computation shows that

A

Hy ) 25Hy 9.  12N?%2-—1
- A5 — A w3 = ———5 — — — =
2(1 — w3)? 3

_ 25NA(N-4)? 8(N-3)(N-F§)
32 (9r%—4r3)2 5r

By using Maple, one can verify that this final quantity is nonnegative on (0, 1)
whenever 17 < N < 30, and hence w3 is a H2(B)—weak sub-solution of
(P) ny . It follows from Lemma 7 that u* is singular and that 1* < %

3) Assuine 10 £ N £ 16. We shall prove that again w := wj3 satisfies the
assumptions of Lemma 7. Indeed, using Maple, we show that for each dimen-
sion 10 < N < 16, inequality (11) holds with A, given by Table 1. Then,
by using Maple again, we show that for each dimension 10 £ N < 16, the

following inequality holds

(N —2)2(N — 4)? 1
16 (112 = 1x13+1) (1xP2 = o1 %)
(N = 1)(N —4)? 1
- 1 R
2 (1512 = 1x1 )
> 2"#
— (I -w3)?

where Sy is again given by Table 1. The above inequality and the Hardy—Rellich
inequality (9) guarantee that the stability condition (12) holds with B := By.
Since By > MV , we deduce from Lemma 7 that the extremal solution is singular

for 10 £ N < 16.

(4) Suppose now N =9 and consider w := w5 g. Using Maple on can see that

366
Aw<—""_ B
(1 —w)?
and
723 N-—1
—= =0 | P(r) + forall r € (0, 1),
(1 —w)? r2
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where P and Q are given in (10). Since 723 > 2 x 366, by Lemma 7 the
extremal solution u* is singular in dimension N =9. O

5. Appendix: improved Hardy—Rellich inequalities

We now prove the improved Hardy—Rellich inequalities used in section 4. They
rely on the results of GHOUSSOUB—MORADIFAM in [11] which provide necessary
and sufficient conditions for such inequalities to hold. At the heart of this charac-
terization is the following notion of a Bessel pair of functions.

Definition 5. Say that a couple V, W of positive functions in C'(0, R) is a Bessel
pair on the interval (0, R), if the ordinary differential equation

” N -1 Vi (r) ’ W(r) N
y (r)+(T+ V(r))y(r)ery(r)—O,

has a positive solution on the interval (0, R).

Let Bg denotes a ball centered at zero with radius R in R¥ (N > 1). The space of
radial functions in C§°(Bg) will be denoted by C&"r (Bg). The needed inequalities
will follow from the following result.

Theorem 10. ([11]) Let V and W be positive Cl-functions on the interval (0, R)
such that fOR rN—ll—V(r) dr = +o00 and fOR PNV (r)ydr < 4o0. The following
statements are then equivalent:

1. (V, W) is a Bessel pair on (0, R).

2[5, V(x)|Vp|?dx = I, W (|x)¢? dx for all ¢ € CS°(Bg).

3. Iflim, o r*V(r) = 0 for some o« < N — 2, then the above are equivalent to

/BV(|x|>(A¢>2dxz/B W (|1x)IVe|* dx

V{xD)  Vi(xD
|x|2 |x|

+(N=1) ( )|V¢|2dx
Br

forall ¢ € C35, (BR).
4. If in addition, W (r) — % + w — V.- (r) 2 00n (0, R), then the above are
equivalent to

/BV(IxI)(Atb)deZ W (1x)IVe|* dx

Bgr
V. (V<|x2|) - vr<|x|)) Vol dx
Bx \ IxI x|

forall ¢ € C3°(BR).

We shall use the above theorem to deduce the following corollary.
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Corollary 2. Let N > 5 and B be the unit ball in RN . Then the following improved
Hardy-Rellich inequality holds for all ¢ € C3°(B):

(N —2)*(N -4 ¢* dx
(Ap)* dx = / 5 N
»L 16 B (1x2 = 1x1341) (1 = 1x13)
(N—nw—aﬁ/ ¢ dx
+
5 1x]? (

. (16)
N
4 xl2 = 1x1 %)
Proof. Let0 < o < 1 and define y(r) := r=5+1 _ . Since
y//+ (Nr—l)y/ B (N _2)2 1
y 4 rz — OH’%+1 ’

the couple {1, (Nf)zm is a Bessel pair on (0, 1). By part (4) of
Theorem 10, the following inequality then holds:

> >(1\’—2)2/ V| dx B /|v¢|2dx
| @orarz 20 | = [

S an
2 — el T 2

forall ¢ € C3°(B). Set V(r) := é,\,ﬂ and note that
ré—ar?2

1% 2 a(N-2) r32
- +

\%4 r 2

|
|
1\
|
R

N
1 —ar2

The function y(r) = r~ 212 — 1 is decreasing and is then a positive super-solution
on (0, 1) for the ODE

N—-1 V, W
y”+(T+—r) y/(r)+ﬂy—0,

1% V)~

where

Wi(r) = N — 47 .
4 (r2 — r%) (r2 — ar%H)

Hence, by part (2) of Theorem 10, we can deduce that

/ IVgIPdx (N—4)2/ ¢?dx
N =
B P —alx 3TN 2 b (e a5 (R - 101 )
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for all ¢ € C3°(B). Similarly, for V(r) = 2 we have that

Vo> dx (N—4)2/ $? dx
po P T2 S e (12 - 1x1%)

for all ¢ € C3°(B). Combining the above two inequalities with (17) and letting
o — 1 we get inequality (16). O

Corollary 3. Let N = 9 and B be the unit ball in RY . Define p(r) := por +r—
1.9and q(r) := r*%ﬁ +20r 19 4+ 107~ +10r + 7r% — 48. Then the following
improved Hardy—Rellich inequality holds for all ¢ € C3°(B):

/(A¢)2dx /Q(le)( | 2 )¢ dx, (18)

" N—1 " N 3 7
Py = P N+=reo 0y =1 N+ 79 @)
p(r) q(r)

Proof. By definition (1, P(r)) is a Bessel pair on (0, 1). One can easily see that
P(r) 2 r% Hence, by Theorem 10(4) the following inequality holds:

2
/<A¢>2dxz/ P(xDIVoI dx + (N — 1)/ v |¢"|2dx, (19)
B

for all ¢ € C3°(B). Using Maple it is easy to see that

where

P, 2
—>-Z"in (0,1,
P r

and therefore g () is a positive super-solution for the ODE

P(r) Py 2=

on (0, 1). Hence, by Theorem 10(2) we have for all ¢ € C(C)’O(B)

o (N —1 n Pr(r)) V) + P(r)Q(r)

/BP(|x|)|V¢|2dxz/BP<|x|)Q(|x|)¢2dx,

and similarly

¢* dx,

/ IVolPdx _ [ Q(x])
B

X2 T s Ix?
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since ¢ (r) is a positive solution for the ODE

N -3

r

1

y + Y'(r)+ Q(r)y =0.

Combining the above two inequalities with (19) we get (18). O

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

References

. AGMON, S., DOUGLIS, A., NIRENBERG, L.: Estimates near the boundary for solutions of

elliptic partial differential equations satisfying general boundary conditions I. Comm.
Pure Appl. Math. 12, 623-727 (1959)

. ArioLl, G., GAzzoLA, F., GRaNAU, H.-C., MITIDIERL, E.: A semilinear fourth order

elliptic problem with exponential nonlinearity. SIAM J. Math. Anal. 36(4), 1226-1258
(2005)

. Boaaio, T.: Sulle funzioni di Green d’ordine m. Rend. Circ. Mat. Palermo 20, 97—-135

(1905)

. Cassant, D.,p0 O, J., GHoussoUB, N.: On a fourth order elliptic problem with a singular

nonlinearity. Adv. Nonlinear Stud. 9, 177-197 (2009)

. DAVILA, J., DUPAIGNE, L., GUERRA, 1., MONTENEGRO, M.: Stable solutions for the

biLaplacian with exponential nonlinearity. SIAM J. Math. Anal. 39, 565-592 (2007)

. DAvILA, J., FLORES, 1., GUERRA, I.: Multiplicity of solutions for a fourth order equation

with power-type nonlinearity. J. Differ. Equ. 247(11), 3136-3162 (2009)

. EsposiTo, P.: Compactness of a nonlinear eigenvalue problem with a singular nonlin-

earity. Commun. Contemp. Math. 10(1), 17-45 (2008)

. EsposiTo, P., GHOUssoUB, N., Guo, Y.J.: Mathematical Analysis of Partial Differential

Equations Modeling Electrostatic MEMS. New York University, Courant Institute of
Mathematical Sciences—AMS-CIMS, CLN/20, 2009, 332 pp

. EsposiTo, P., GHOussoUB, N., Guo, Y.: Compactness along the branch of semi-stable

and unstable solutions for an elliptic problem with a singular nonlinearity. Comm. Pure
Appl. Math. 60(12), 1731-1768 (2007)

GHoUssOUB, N., Guo, Y.: On the partial differential equations of electro MEMS devices:
stationary case. SIAM J. Math. Anal. 38, 1423-1449 (2007)

GHOUSSOUB, N., MORADIFAM, A.: Bessel pairs and optimal Hardy and Hardy-Rellich
inequalities. Math Ann. (2010). doi:10.1007/s00208-010-0510-x

Guo, Y., PaN, Z., WArD, M.J.: Touchdown and pull-in voltage behavior of a mems
device with varying dielectric properties. SIAM J. Appl. Math 66, 309-338 (2005)
JosepH, D.D., LUNDGREN, T.S.: Quasilinear Dirichlet problems driven by positive
sources. Arch. Ration. Mech. Anal. 49, 241-268 (1973)

LN, EH., YANG, Y.S.: Nonlinear non-local elliptic equation modelling electrostatic
actuation. Proc. R. Soc. London, Ser. A 463, 1323-1337 (2007)

MARTEL, Y.: Uniqueness of weak extremal solutions of nonlinear elliptic problems.
Houst. J. Math. 23(1), 161-168 (1997)

MiGNoT, F., PUEL, J.-P.: Sur une classe de problemes non lineaires avec non linearite
positive, croissante, convexe. Comm. Partial Differ. Equ. 5, 791-836 (1980)

MOREAU, J.-J.: Decomposition orthogonale d’un espace hilbertien selon deux cones
mutuellement polaires. C.R. Acad. Sci. Paris 255, 238-240 (1962)

PELESKO, J.A.: Mathematical modeling of electrostatic mems with tailored dielectric
properties. SIAM J. Appl. Math. 62, 888-908 (2002)

PELESKO, J.A., BERNSTEIN, A.A.: Modeling MEMS and NEMS. Chapman Hall and CRC
Press, 2002

SorANZO, R.: A priori estimates and existence of positive solutions of a superlinear
polyharmonic equation. Dynam. Syst. Appl. 3(4), 465-487 (1994)


http://dx.doi.org/10.1007/s00208-010-0510-x

The Critical Dimension for a Fourth Order Elliptic Problem 787

Department of Mathematics,
University of British Columbia,
Vancouver,

BC V6T 172,

Canada.
e-mail: ctcowan@math.ubc.ca

and

Dipartimento di Matematica,
Universita degli Studi “Roma Tre”,
Rome, 00146, Italy.
e-mail: esposito@mat.uniroma3.it

and

Department of Mathematics,
University of British Columbia,
Vancouver, BC V6T 172,
Canada.
e-mail: nassif@math.ubc.ca

and

Department of Mathematics,
University of British Columbia,
Vancouver,

BC V6T 172, Canada.
e-mail: a.moradi @math.ubc.ca

(Received October 30, 2008 / Accepted September 28, 2009)
Published online September 10, 2010 — © Springer-Verlag (2010)



	The Critical Dimension for a Fourth Order Elliptic Problem with Singular Nonlinearity
	Abstract
	1 Introduction
	2 The effect of boundary conditions on the pull-in voltage
	2.1 Stability of the minimal branch of solutions

	3 Regularity of the extremal solution for 1 le N le 8
	4 The extremal solution is singular for N ge 9
	5 Appendix: improved Hardy--Rellich inequalities
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


