.QL\—\P‘WéQ /L g\lSTE\"\S OF \_J\QQ\Q
Eoormons & WerRices

Sefion 1.1: Trtee. Yo Sislerg oF
Unear Egustvong
Den's N Tinear austion” \n 4 Nansbles
(X\) X2, X3, s Kn) S oe Mhatcon be
Expressed (nthe fofm:

exz Mre the -?c\\o.d\hé\ \Inear ean's y,
Q) X \4’2‘7(2, = O
) 3x+y = 4



st s o SOWTION Yothese eqn's /
T s © sequence «f /7 numbers

(5,2, .- ) Sy ¥ sshisfes Yre  ean!
wnen e PRIN Ki=S,, %585, oo Xy=Sy

o7 Find Yrhe sodron get- of
Q) X3y =6



Defn': A Fnve set o \inese n's in4he
Nanables K, 42y oy X 1S caV\ed q //sys}em
of linesr equations” 4 &S Sole' set
(51,82, - ,S) wodd safishy AL oF the egnls




A S§5\€m ot \\neé>¢C eqn‘s &= Lo
0 One (onique) sdn'
@ An WWRinde nomber of caln's
@ No selns
Lek's lustte e shoove by exawmining 3
Seers, eadn having 2 inese egn's in
LNkfoWNS X4\



A av\d\’(@r@ dem ofF 7 nesx eqn 'S
AN 2 nenowns Oon e udlen 4as:

ahf\_‘\’a\z&*' v "'a\hxg:b \
B2 X\ ¥ 3%+ ¥ B Rn = by

gm‘x \'\'amzxz-\- Xy T bm

These qustems oM be difficat/nesely
\mpossble Yo SR by hand . N compotes
could do, bt how wsdd we oger the

nho o dre Compoten )7



A 0§meved Wavx »

S, wrie he system belaus it e foem of
AN Qe natTX

This can nows help us o solve 2 sysiem
of linexr eqn's. 7How 7

WNe eploce & Jiven YS'em Wiy 2
rew  SyShem WS e sSweé Saln!

bot Ynst is easter o salve !



__E \eheh\'aﬁ Rao O?eca_'\'&f

O Moltiphy an e (RO by & ren-zer> constant
®Treharge s (@0S)
® Pdd & woltige o one @p{Rw)to ancther

Oy Selve Hre Sstem \celow Ry usieg @
Sgmenied NSiTix ¢ to apeRtanS
2x-34+32<=6
X 424y -2 =73
x -y 3z=2




§@m \.2- G)ausg\éh iminshon .
WE CaN rEuce & WSHAX "\h\"b /1 - ECheLon
or 7Pepicep Row-EcHEion Lo

@O IF 5 oW doeg not corsist enrirely of zeroy
Jren e fcgr ton-zere honber \n Fe  tow

s al>a “elngl’
(2) TE Hrere are oy rows Hhat corsist ecﬁ\v;?

ot 2eCs, Yhen sre Qroped Yegether
e botom of 4N N\gﬂ)& 8

() Tn Q\;Q WO socceseve s st do net
Conslst enfirely of 2ercs, tre \exding 1
‘he lower Tow occurs ('(ev-\\e&‘*o e
Tt Hon the \e:d\rﬁi W ¥ne higher™ row.

() Eacn ccdmn st conains o \exdi nqd
b2 2ens everyuhere else n Yng- colomm .

ey hee e fellowing ™ REF RREE o nelther?

\ IV o | © 6 W]
© \ 2y O© 10 -\

°0~} 6o2 ]
(o067 To \ o

O oo 2 ( © ©
000|3 oS\
06000 o -




¢, by 2 sequence of elememisny rou cpe,e\ichg
Yhe ex%men\ed mabvrix fora sss’e:t‘s oot into
RREF (o RER), trenthe solw! set-cfthe systen
will beeme. §Sirly simple o fand

ey e ¥ol|au\np ae o Yed nafnices
repesenting nesr qystems ¥nat-have been

reduced WS\vg row ops o KREF, sadve !




)|t OO0 O
O\ 2 O
Qoo |\

ey Sc\ve He s;s'bm below using Gaussian
Eliminahon & back subshiivhion:
2% +Uy~-32=9|
X +y+23z =9
2% + 63-5%%



ey Shve the systems \oelowo usi
Jordan SiminsHon:

Q) =2X  +3x, =1
3x‘ "GX;_‘gxs:'z
ex‘ -PGX; 4'3X3 =S

03 Gauss -



A syem o linese eqn's (s sarl tobe %omo -
3em'ou.$' . i@‘“\& COhS\'aw\' {emns are all Z2ero:

atix\4 an_’(‘ -+ Xn=0
Sy X+ Kok -+  F3 Xn =0

DX+ DXt +3mn XnTO
Eveny homogeneocus System is consis'ent gince
X,Z0, %, =0, ..., Xq=O IS alusys 3 sdn'/

So, these systems can have either just the trwial
SAn', o oo saln's(one of Which 1€ the tevial one.

©5, Explain Hhe fuo ophans abae mierms of
stolght lines (syslems of 2 linesr @yn's in

2 oNknoW*S).



Theorems A eous aysiem of inesreq's
with more unknewns Yhaneqgn's has oo soln's .

€z Withovt ws\ng pen & paper determine which
of e following gysiems have non-trivia |
salns. Fird Yucse saln's Ls\ng Gawssion Elim,
) ><| * 3’(}_"‘3 o
Ko =BXe=O
Uxy =S

b> 3x,~2x, To
ex, ~HxX, =O



OK, =Xy + Xy=Xy =O

Section |2 : Hatrices &Matix Opeations
Detr’: A “mefriv (s & rectongolar amay of
nombers, Called @nfries, & mstnces may

arise W conlexts other than reprcseu’ﬁnj
Systems of \inear eqe's .

TS Siz€ 15 determined by the numnbers
of rowe & cdlomng ¢ has -



o) What e dize of e Rlowing makrices

[é ﬂ (2 ' o -3l

.—‘ L'

[‘:; H “} i W
& o ©

note.: we wally use capikel letters as swes
for wobnces

3y 22 "+ 8in ]

A\‘hXh= Q3 332 """dan

..a"“ é"“& > a'«m_\ e

=
Gy Vst s¥he b, enty ot le; g“;&

Tor 2 square ma’rﬁx, wWe._ cen \coh;-\.-ﬁt,.\g
“main diagens/”, wiase enivies have =) .

AN& - Su 3\2 3\3 e Sn
A 3 32 333 "7 A2

;;\\ ;'\2 ong - ¢ Q|



We can do Some of e sawme -\\{mas ot
we do with numbers  ith matnces, but

In shgntly differert waNs (3dd, subtead, mol, efe.).

ﬁl‘ Two marcices ave sod 4o be ”egva/ ¢
® they heve e Some SIRES & NeiC corespond!

9
evtcies are g\ (le, AeR ohily it afj=bi;
for SN 1))
Scarar YoLriPLicamion: TE we malkiphy 2
motax by Qe consort (Sealar ) te, o f .

L' 3 - 3

)2

RA

Mareix AoDimown/SegTétetion: Two
mafrices ¥t are e sowve size con be
added or sotradied 3:3 a:&éi\a [sobtrscring
aorresmxdihg entes - :

&, A2 -3 ‘\] B=[° ?.]) Ned




=2t -3 & o 6
A=\ °] o \\sl C"[;‘.-\( 3
ayFind A+R

byFind 2A -3

oFind $C+8

Mateix HouTtrueemow : TH A 1s an txe makrix
$ R iS an vxn waheix ten the ornalicd AR
s m XN MK Whos€ entries Sre -

o Tnd the W rowi, colomng of AB,
-s‘;hgk oot mhéc)c\m '?:‘Ramj,
maltiply ¥he cortsponding entries fow rows d
addome, & then add gpHe€ resulting products -



=k 3 T
e esfid ]

3 Fard e (2 2) ety ofF AB

b) Find AR

e, Given Yhe follwsing 1nfo., Siale uhich
zpee*us e mn«f’ & ifso He stz

offe resalt. Agxs B2 Caxz Dvg

ANDB | dy 8D



noe: wirh numbers, order of mul plicstion
TOES NOT WATER, Lok i does with waerices/

A maltik can be parérned wo Sepllec
matias by inserting hocizontal Aertica lines
between seleded rows/colomne . This can
\e\p vs when \odking for Pgr‘\'ico\é\‘ entnes
n & product maknix.



wh2d =< 3]

i
2) Td the Frow o 2“d lomn of AR:

) Fied Hhe C?-,O efh‘\‘tﬁc:' AR .

Row & cdlumn mahnices provide on gllemgle
way obHhinking sbodk nsirix  mothplication:

A_ a\i 3!1 R a\'\ - K.
o 3uian | R &l
a.hu a.'hl e '&;'\ 7:'\



Mk maolfigicstion has an impoctont applicstion
1o syslems of linesC eagn's:
Corsidec S sssk,m of 7 \Inear &n's In
# ONErSorg © QK+ Jp X, -~ 1dmXa=b,

X, +3nkt -t XaSba

A Xt Xt -~ 1Q@mn X "bm

We s\rpady krow 1 usy Yo ose matricss fo
repregent s system (Dugreried matrix), oF. ..



Teansrose: LE A 1s any mxn matric Yhenthe
“Yronspose ” F R, AT, s the trm i et
resolts From nlerchanging e @us & cdomns ok A,

<f=2 v o |V -5
Q‘//A -t 3 Y B[‘oal

Red AR

TeacE: TF A € 3 gqure ratrix, +hen the
“race "ok A, teln) , (s *he s of 4he

entries oo the wain d@sOhb\ of A.

ey C=133] (="
9y Fed ABT-2C



Secien | 4:Trverses; Rules of Hatrix
| Antlwere
We s3w W & Previous example dhxt theogh

FEAY -Qof\\ow\bef‘s, AR 8 SR need not
be equal (For mateices).

1\ cther properties do motrices have
Properties of Watrx ArithmeNc
Acsuming the sizes of these matdces allew
for e opeabians Yo be performed...

) AtB=B+n (cormmoniive \sw for addi tion)

1) Ar(Rtc)= (Are)+C (associative. lau - addi fon)

iy M8 (M) (ocsodsti |sw = wothiplicaion)

W) AB+C)= AB+AC  (le® disibufive law)

V) (oY= BAtCcn  (nght dishleutive w)

VW) A(R-C) =p8-AC

VIO (R-0) = BA-CA

V\i\)g(B )= 3R*aC

1K) (2 £D)C = O3
X)ale® = GWHC
MNa(RD=(38)C=B(30




Defn': a motrix fu\lof 2erss 1's 4 “2ero motnx ”

Hee & Srother example of 3 Property that
hAds with numbers, bot hot with ndhces...

o If 2beDe daﬂtO, '\-\\el\ b=c C(bhce//aﬁm /Dw)
« Il ad=0, ten <O or d=o (orbckh)

Cots,\def >

s3] o38] >33



Sowe “0” propecies do @My over...
Propecties of Zers Wabnces

) ArOzo+h=hA i) O-A=-A
W) A-ATO W) AQ=0 £O-A=O
Defn': An nxw 7dentily matrik "is a square
mobrx Gith 4's onthe main diagonal ¢
O's every where else

O Pove that forany Agys, Buxy, the ghove hdds



Tewen': TH R & the REF o an nen motex A,
een aither R Was 2 tow of 2erns, or R is T,

Dedn': IT A« 3 square ma’mx”g&am{-ﬁxg
 of H#e Same SiRe on be Tou m%«-

AR=Bh=T, Hher A is Said Yo be Yrrertivie
¢ Q 15 ¥he Znverse “of M.

TF nosuch wattiv B conte Sourd, A is Dngulor .
ey T At[j 'glt g=|> S_;X’ verfy -hot
R © e \nverse of A



eyy \Iedﬂ hat A= [T s glis sngulor
3 0oy

Tm': TEB & C ave \sth inverses of A,
then R=C (e, +he lnverse s vnique/)

So we g\we the Unige inverse g specia |
ame: AT ¢ ARSI, ATA=T

?cm\ wele)) rc 3 matnx o\ Nave an 'lNEf‘se?.



M&"ﬂ: B 1§ o Square wshix, Yren:
=T, Nep-A- A (07O wwhegen)

N X\'tne

£ s eiBe: AN @Y e AR A AT

Lsws of Exporents ~ e
i) Forsqusre watnces S ArAS=AT ¢(N3$=Ars
i\)for trertble wattices

8y Bt is iverhble (A= A
by A" s Wwedkble § (k™) =AY, ns0\,2-

O A is merhible ¢ (kAY = + A

" @) Usivg AR fron e \ost Skomple, Find
AS$ A



o’ TRe tatrix A:[i :1 1§ iverrible i
ad Tbc#0 & the werse will be:

! =b

A.(= \ d -b _0_
- loc {_c 5\ = d-be ad-be

-C
| ad-be 3-&'-:5 J

Tam". TF A4 B ore inverhible ¢ of-the some size,
then AB is 1svertbhle & (AB) ‘= R-'p
(4 ths VoM for e prduct of any number
of \wertble mamces)

)

exy Fird I nverse of Ae R 3]



We con define 3 “pynomial fen’ ysing wafvess:
IC Ais mxm & ?CK)= 3."'3,’('\-"'-\';,\)(';

H\en P(A\: q’I-\»;'P.-\—%h%-...,_ahAn
ex, If POR)I=x%-2x+3 d P«=B'-‘A' Qnd P(A)

FPropecties of #e Transpase

Providing motvix stiaes gle, Cor well defined operabions
Y @Y= A i) () = e AT Ck scaler)
WAER)T=ATZRT ) AR) = RTAT




'“'\“'* TE A s weectlble {hen sois A ¢
AT)-\‘CA-‘)T

wv/t-’orsxe[' o 2] fed AR A™)T, & vedty
sk (A7) (AT

30— O is wechible 4
€S Yoot A ‘9 Sz~ © ‘(T\\:d s (vese

o o- ..‘3\!\‘)



Sed‘w«‘ S:Bleventary totrices & 5 Hethod
'YOF rrd(ha A

Veln': l\n wn watax (s colled an ‘elemeniary
mofix 2 & can be obhined Sromine nxn

Ydonkiy motrix In by performing @ single rwop .
ex,Find o 2x2, 3x3, dUxY eleventary matrix

Thw': T the elementory matnix E results
frorn Per'corn'\ns a cerom ous 00. on Ten
8 A IS mxh, then EA TS 4he mafrx that
results uwhendhe some ey op. 1S
perfored on E .



Thwe spply one @0 cp-do an tdentity
X 4o ek &, we con doply S “inrerse
Ao Se;\' bac‘v- ‘o I!

Tow’: Every Elemertary matrix 1S \nvertble, ¢ the
Verse S 8\se an e)emt:n\‘aﬁ wnahN X,

Thin': Equifalent Statements ...

Foc Anxa, He ‘Fb“ow!ha are eqoiva\e!\":
A Ts mverkble

MARX=O has Gh\d e trvial solution
N The RREF ofF A s In
N s expresiide 35 3 prodoct d‘Q\ew\et\’Gd nafnee




7 Row doesthic help os fird & woatenls ‘mverse’,z

2 § 3

€%y Fird the wverse d‘—A-_F 3 3]
( © 8



§_§_‘—“3“_\'_é} Further Resdfs on Systems of
Equshens & Trvectibilily

1"),‘ T A S an nvectible nen matix, then for
edch nx| matnx b, ¥he sysiem

AxX=' hos exacky cre selotion: X=A™b

&y 051“3 \nvesses, And e sc\n' of
2,)(, +5<2*3K3 =3
X<+ 8x, =7



Sometimnes We nee to find Sdn's 4o 2
Sequence of sysers, eath of uinich hasthe

Same Squre. ceeffcrent mabtnx A

e can colve s AUS‘\CM os\na nverses...

&y Scle the systems
K v 2 20 =Y | X K20 ¢ 3%, =)
) 2, 4r5'x3-\'3x§ =5 )ZKL4—S)§+3><:=G
K, %+ BX; =9 K‘ = 3x3 =_G



Tom': Lek Abe 3 square matvix, then:

1) TF B s square 4Sshshes Rp=T > R=A""
'\.|) e W W\ (Y \ t\ AB=I= B":A-\

e Egowalgn'\' Shotements

W AR=\ 18 congictentfor every x| watrix | N
WAx=e has Otec’f‘ﬁ one Soln ';Ofeleva nx | wetrx b,

S o Sauare matnx Hra-is tverkble represents
e coefficienYs of & corgistent Qystem, bot
sther cystems may o may mibe consistent .

exy, Wt condifionS must oy, bz, db; sshefy in
/order for the Hllowing systems fo iﬂ Ca\‘s:?sb'ﬁj

8) K +¥a 2%, =b,
))(\, + Ksz-'-b



x+Nresbhb
b)x + Yz =ba
~‘\K+j +2 =by

Section \F : Dtagees|, Taangulsr, and
gﬂ\\e‘\ﬁc Yatrces

Dedn': p sqUIre matrix In which a\\ entries ofEthe
ma\n didgens| are gers 1S 3 ’é//agona/ nfnx " .

i d,0‘°°°°
D’[?érm?]
00--- Qe N



Avotrer chorkaor with disgenal watrices
d. O Olladw S Ay Sy
\t; ézdb“?u n Sz |
3 33\ a2 3!3 a’!‘t

8\\ a\?] d.O 1
« || 0 4,

Q3 S
Wt a\n.l
\ © =
exyfor A={5 3 383 2 ‘e i
003060 0 O~
OO0 op-\0O
00 OO0\

.? -\ A - s -
wd B AS AT, BT, B, B 3



Defrt : A square matvix n which 8\l entries ..
é\mle-\’he S d\aacna\ ave ¢eros \S /oa.cr- 'ér)an‘gu ,é,,-

.« pelow the moin dﬁacha\ are e iS Yper ‘éfl'aryu/:r .

Buth are e\ Priongular
95// Prethe Sellow ‘\'nansdar 7
u 3\:, ats Yl ew © tOC o
u 13 \ 932 O Q?. S
O ’Tal\ =19 3«; oo '3]

d) 3 square matrix in REF?

1‘\.2“." '\)“\Q'\-rahseose Fa LT vmatnix ¢ LT,

{ (\ it o O.T- (¢ " U. T.
1) The product ofF L.T. watrices fS L. T,
\\ W w . T, ( n Q.7 .

\ity A -\-r\anau\a\' matrix i ‘myerhble (€and only 1€
tks disgens) enfries are 3! von-2ere

W)The werse f aninvedble L. T matvix s L. T,
TR "o ’" 0.T “w Q0. T



95/~ - = -2 ':\QQ
/A-éiﬁgéc-\c' Y-t o
oo § oo | ©3 3

Find A8, ¢ ¢ AR (if defined)

Defn' A e matsix A (s ’.’S]Meﬁk “$ A=AT
Tn other words W (g symmetre  if

a4y = 3y



Tom': TC A4 R sre symmeiric matrices with
tre Same size, then
‘) A' s Symwetnc
1) A+R & A-R gre symwmetnc
i) kA 15 gymmerric (forany scalor &)

=1 | -1 y ol -
QX//P’.[—‘ 2 01 5'[{:: : 3]
Yo 3 - -1 32
awen‘g Wt Ad B gre gymmernc

b) verity A+B is ymmetnic

s AB sywmetric?

vy ¥he Preduct of A AT (3 sywnetric



97/"' P . °] Shaw AKX AATR are samme“-n‘ c

Tham 't TF A is o0 \nvertide gymmernc matnx, dhen
A 1S symmetnc.

Tar': IF A 1s on Irverkble matmix, then ART
¢ ATR are a\so \nverkble
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