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Abstract

In 1968-1969, A. V. Jategaonkar published his famous construc-
tions of left but not right noetherian rings that provided counterex-
amples to several important conjectures of that era. These examples,
and others like them, seemed to indicate that, in general, the task
of completely understanding the structure of indecomposable injec-
tive modules over one-sided noetherian rings was hopeless. In this
paper I show how to deduce by natural methods, directly from the
known description of these rings and their properties, explicit compu-
tational descriptions of the indecomposable injective left modules over
Jategaonkar’s rings. I use these explicit descriptions to answer some
simple structural questions about the indecomposables.

This short note provides a correct proof and supplementary mate-
rial to the original article, published in Communications in Algebra

*AMS subject classifications: Primary 16D50; Secondary 16D70, 16536, 16B70, 03C60.
"Keywords: injective modules, non-commutative noetherian rings, non-commutative
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The proof outline given of Theorem 4.24 in the original is entirely opaque
and certainly includes at least some errors in inequalities. A correct proof
is given, together with additional material that can be extracted from the
structural description.

I have left a lot of “empty” items in, in order to preserve numbering and
cross-references.

1 Descriptions of the rings

1.1 The ring R - a simple case
1.2 The rings R® — the general case.

Now I describe the more complicated rings from [3]. It would be nice to
follow Jategaonkar’s description exactly, but unfortunately a choice that he
makes in order to make the exposition of his construction simpler (starting
the enumeration of indeterminates with x; rather than with zy) would make
the description of my constructions unwieldy, with separate cases for finite
and infinite . So with the minor change in the indexing of indeterminates,
I present Jategaonkar’s examples.

In [3, see especially Theorem 4.6], Jategaonkar shows the existence of
rings R, « an ordinal, with the following description and properties.

There is a division ring K C R® and twisted polynomial extensions of K
inside R™ satisfying:

Ry = Kz, py : v < B] foreach f <a.

R = Rglrs, psl for each § < «.
RY = R,.

where each pg: B3 — K is a monomorphism, and multiplication in R® is
determined by xsr = ps(r)xs for any r in Rg.

Elements of R* can be expressed in an essentially unique way as a (finite)
sum of distinct standard monomials, where a standard monomial is a term
of the form azj!...z0k for some k > 0, a0 € K, oy < --- < oy < «a,
and n; > 0. (For k = 0, a standard monomial is just some element of
K .) Jategaonkar shows that R® is a principal left ideal domain and that the



elements 1+ 23, f < a, are right R*-linearly independent. From these facts
follow most of the interesting and peculiar properties of the ring R*.

Let © be the set of all monic standard monomials (including 1). The set
O can be ordered in order type w® as follows. The least element is 1, and
otherwise given two monic standard monomials, write them with common
variables as 0; = z3! ... a0k and 0y = 20t .. gk o < -0 < ap < a and
n; > 0, m; > 0. Then 6; < 6, if and only if for some ¢, n; = m; for all
l,t <l <k,and n, < m;. Consequently, each standard monomial has
a well defined degree which is an ordinal < w®, and I define the degree of
a non-zero element of R* to be the maximum of the degrees of its terms.
Note in particular that deg(1) = 0 and that deg(zs) = w”. Note also that
any subsequence of a monic standard polynomial is again a member of O , in
particular initial and final segments (including the empty segment, taken to
be 1) of some 6 € © are again in ©. For any § € © and a € K, I define the
order of afl to be —1 if § = 1, otherwise it is the largest index of a variable
occurring in 6. For 6 € ©, 0 = x5! ... xpk, Tlet pp = pglo--- o ppk, with
po the identity map. I record a few simple but useful facts about degree and
order.

Lemma 1.1 1. The successor of 0 in the order on © 1is x¢f .
2. Let0#r, s € R*. Then!

deg(rs) = deg(s) + deg(r).

3. Let 0y, 01 be standard monomials. Then

ord(6pf;) = max{ord(6y), ord(6;)} .

4. Let 6y, 0 be standard monomials. If ord(6y) < ord(f) then 06, =
po(o)t -

Proof: The first three parts are obvious. The last part is proved by induction
on the order of 6. If § € K there is nothing to prove. Otherwise § = 'z
with ord(fy) < 8. Then 00y = 0'xj30y = 0'pj3(6o) 2 (since ord(6h) < 3, 0y is
in the domain of pg), and then since pj3(6h) € K, by induction hypothesis
the latter equals py (0j5(00))0' 7], that is, it equals pg(0)0 . i

'Here ‘+’ represents ordinal addition; the order of r and s on both sides is significant,
as neither operation is commutative.



Let S = {f € R“: f has non zero constant term } . S is easily seen to
be a left Ore set in R*, [3, Theorem 4.5], and every non-zero element 7 of
R* can be written in the form r» = s, where s € S and # € ©. In fact
it follows immediately from the proof of [3, Theorem 4.5] that 6 is just the
indeterminate part of the term of r of least degree. Let R* = (R*)g . Every
non-zero element of R can be written as a sum of terms of the form s—'6
where s € S and 6 € O.

R is a principal left ideal domain, every left ideal is generated by a monic
standard monomial, every left ideal is two sided, and the left ideals are well-
ordered by reverse inclusion. Thus R® is left FBN and so the indecomposable
injective left R*-modules are in one-to-one correspondence with the prime
ideals. A typical non zero left ideal is then R0, with # € ©. Then R*6y D
R0, if and only if 6y < 6, .

Considerably more can be read out of the analysis of the descending
sequence of left ideals in the proof of [3, Theorem 4.6] than is stated in the
conclusion of the theorem. In fact we have that the Jacobson radical J(R%)
is the ideal J = R%x(, and every left ideal is J? for some 3, so J” is the
[£-th ideal in the descending order just described. In particular, the prime
ideals of R® are J, J* = R%y, ..., J*" = R%%,,...,J" =R, ..., J" =
Rwg,..., J*" = 0. (Once again the same model-theoretic explanation as
in Section 1.1 could be used to show that these are exactly the prime ideals.)

For the purpose of developing explicit descriptions of the indecomposable
injectives, it will be useful to have descriptions of R*/R*x 4 for each f < «.
Let S5 = SN Rg. Then Ss is a left Ore set in Rg. Clearly for any s € S
there is unique 5 € Sg such that s — 5 € R%xg; similarly for any r € R®
there is a unique 7 € Rs such that r — 7 € R*z5. Thus for any s~'r € R?,
sTlr = 5717 (Rg). So R®/Rs = (Rps)s, . Here the action of R® on
the R*-module (Rg)s, can be thought of as “ordinary multiplication in R,
followed by setting to 0 any indeterminate x.,, v > 8”. Furthermore, since
by construction Ry is a left Ore domain ([3, Theorem 2.8]), we may consider
(Rg)s, to be embedded in the left quotient field K7 of Ry .

2 The indecomposable injectives over R

Lemma 2.1 Any injective right R-module E is also an injective right D-
module and an injective right F[z]-module.

Lemma 2.2 [f (¢;)ier is F-linearly independent in C', and for each i € I,
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e; is a solution in E(R/J) tov . (1,0) = ¢;, then (e;)ier is F-linearly
independent in E .

Proof: Suppose that for some finite I’ C I, >, ., ¢; « (0, a;) = 0 where a; €

F. Thene; . (0, a;) (1,0) =¢; . (1, 0)(0, o(a;)) = ¢ . (0, o(a;)) = cio(a;) .

So certainly (in F'), > .., cio(a;) = 0; thus in Cp, >, cp ¢« a; = 0. Thus

by assumption, a; =0 for all s € I". |

Lemma 2.3 Let (¢;)ier be an F-basis for Cg, and for each i € I, let e; be

a solution in E(R/J) ofv . (1,0) =¢;. Ifa € F, and e € E is a solution

of v . (1,0) = a, then e is an F-linear combination of the e;’s modulo

{feE:f.J =0 forsomen}.

Theorem 2.4 E(R/J) = F[X'|® X °F with R-action given by
(f(XH4+X"a). (b, d) = f(X").d+ XD+ X ac(d)

(with the scalar action of D on F[X '] described earlier).

Theorem 2.5 E(R/J¥) = F(z) under the scalar action q . (b, d) = qd. |

Note that E(R/J)/F[X '] 2z E(R/J¥).

3 Some applications of the explicit descrip-
tion
3.1 Series in E(R/J)

3.2 Endomorphism rings
Proposition 3.1 End(E(R/J¥)) = F(z). i

Lemma 3.2

Endp(BE(R/.J)) = ( F %ﬂfﬂ Pl []g(;,)x]]m) )

with the actions on Flz~, x]] as described. i



Quite a few computations have been left out of the above discussion, and
the reader is warned that a detailed checking of these claims is, while routine,
quite tedious.

Now we have to identify the R-endomorphisms among the D-endomorphisms.
We represent an element of E(R/J) as a column vector with entries f(X 1)
and a, letting the endomorphism ring above act on these from the left by
ordinary matrix multiplication. Again, equally routine and tedious compu-
tations yield:

Lemma 3.3 The elements of Endp(E(R/J)) which are R-endomorphisms
are exactly those of the form
(i)
0 £(0)

Theorem 3.4 Let S = F[[x]|® Flz™', z]] with F[z~!, z]] the (F[[z]], F(x))-
bimodule described earlier. Then S is a ring with multiplication

(€ O, ) =€ ¢. +¢.£(0) .
S is isomorphic to Endgr(E(R/J)), acting on E(R/J) from the left according

to the rule

€ Q- (FXT+X¥a) =€ . f(XT)+XC.at+ X%¢(0)a.

3.3 Elementary duals

Theorem 3.5 1. The elementary dual of the right R-module E(R/J) is
the flat indecomposable pure-injective left R-module P = F & F|[[z]],
with the action of R given by (b, d) . (a, f) = (bp(f) + o(d)q, n(d)f) .

2. The elementary dual of the right R-module E(R/J¥) is the flat inde-
composable pure-injective left R-module F(X), with the action of R
given by (b, d) q = dq .



3.4 The lattice of submodules
Lemma 3.6 S (E(R/J¥)) is isomorphic to the chain 1 +Z + 1.

Lemma 3.7 The following is a mazimal chain in S (E(R/J)) :
0OCXFc...cy, ,X'"FC...CFX'cC...

L CFRX )+ (X)) C... CE(R/J)
where n € w and z € 7. |

Lemma 3.8 For anyn € w and z € Z, the following five submodules form
a sublattice isomorphic to Mg in S (E(R/J)) :

(0, X (X050, X)) (0, X0 )
(X", XY | and (X~ X—o0g1Y) I

3.5 Solutions to the exercises

4 The indecomposable injectives over R“

We have already seen in section 1.2 that the ring R is left FBN and the
prime ideals are exactly the ideals J’ = R for f < a, and J** = 0,
(where J is the Jacobson radical of R®). Thus the indecomposable injectives
of R are precisely the injective envelopes E(R*/ J“’B) , B < a. By methods
entirely similar to those outlined in detail in the previous section, we are led
to explicit descriptions of these modules. Of course these also provide explicit
descriptions of some indecomposable injective left R*-modules, but it seems
that it is unlikely that we would be able to identify in some uniform way
all of the indecomposable injective left R*-modules. Nonetheless, it seems
reasonable that we should be able to describe explicitly any Ega(R*/I) where
we have reasonable descriptions of I and of R*/I.

For each monic standard monomial § € ©, 6 = 27! ...z  let 7! denote

e
the formal expression X ™ ... X7 (an “inverse standard monomial” ). (For
6 = 1 let ! denote 1 as well.) The order of ~! is the order of 6. It is
intended that in each indecomposable E(R®/R%zz), af~' will represent a
canonical solution to a consistent equation 6 . v = a, where ¢ > x3 and
ac K-,

The first (and major) task will be to describe E(R/J).
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4.1 The “biggest” indecomposable E(R*/J)

Using the maps pg , 0 € © , K may be made into a vector space over itself since
each py restricts to a proper embedding of K into itself. Let Ky denote the left
K-vector space with underlying set K and scalar action a . k = py(a)k. Let
Ey be the K-vector space @pco Ky~ !. The elements of £ have a naturally
defined degree inherited from the degree defined on R*. I will show that Ej
is in fact the underlying K-vector space of E(R*/J). Note that since R* is
a domain, any equation r . v = a with a € R*/J and r # 0 is consistent.

Lemma 4.1 Let 6 and n be standard monomials, and let a € R*/J = K .
Let e be any solution in E(R*/J) to§ . v=a. Then:

1.n.a=mnaifdeg(n) =0 andn .a=0 if deg(n) > 0.
2. Iford(n) < ord(f) then n . e is a solution to 6 . v = py(n)a .

3. If ord(n) = ord(0), say n = ' and 6 = 0x", and m < n then

v’

n.e=1n.¢é, whereé is a solution to éxz_m Lv=a.
4. if ord(n) = ord(#) as in (iii) and m > n or if ord(n) > ord(f), then
n.e=0
Proof:
1. n € K if deg(n) = 0 and n € J if deg(n) > 0.
2. Letn.e=f. Thenf.f=60.(n.e =(0.n).c=(ps(n)f) . e,

by Lemma 1.1, which equals pp(n) . (6 . €) = po(n) . a = pg(n)a, by
part 1.

3. Leté:x?.e.Thenéaﬁ_m.é: x =
e=0.e=a,andn.e=n2 .e=7n. (2] .e)=17.¢.

4. Iford(n) = ord(#) and m > nthenn . e = nal' . e =nzl™" . (27 . e),
and 7l . e is a solution to 0 . v=a with ord(d) < ord(nx]'"), so
we can assume without loss of generality that ord(n) > ord(#). Thus
nd = p,(0)n by Lemma 1.1. Let f =7 . e. Then p,(0) . f = p,(0) .
(n.e =(p,@n) .e=md) .e=n.0.e)=n.a=0,bypart 1.
But p,(0) is invertible, so f = 0.



Corollary 4.2 If ord(n) = ord(f) and m < n then n . e is a solution to
0™ v = py(py~"(1))a

A

Proof: By part 3 and part 2, since if m < n then ord(s) < ord(f22~™).

i

With the intent that af~! is supposed to represent a canonical solution

to the (consistent) equation 6 . v = a, I define an action of the standard

monomials on the inverse standard monomials by recursion on the order of
7.

Definition 4.3

po(n)ad=t A ord(n) = —1 or ord(n) < ord(#), A
n.adt =< 7. aX "9~ ord(n) = ord(8) ,n =z and 6 = O ,m < n,
0 ord(n) = ord(d) ,m > n, orord(n) > ord(f).

Then I extend this to an action of R* on Ej by distributivity. It follows
immediately from Lemma 4.1 that this multiplication respects the intended
interpretation of the inverse monomials.

Corollary 4.4 In the second case of the definition, if ord(n) = ord(f) and
m < n then R
0. ald™t = pa(ph " (0))a X

Note that the condition “ord(n) = —1” must be included in the first clause of
the definition as in this case there simply is no ‘y’; this is in accordance with
the #-component of Fy being the K-vector space Ky. The only thing that
remains in order to see that Fj is an R*-module is to verify the associativity
of the operation just defined.

Lemma 4.5 The action of R* on Ey is associative, and hence makes Ej
into a left R*-module.

m
o

standard monomial af~! = aXﬁ_”é’Ll. We need to verify that 9 . (11 .
af™) = (nomy) . a@~'. We have to consider a variety of cases depending on

Proof: Take standard monomials 1y = fjpx} and n, = f2™, and inverse
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the ordering of { 3, v, d } , and, where appropriate, the comparisons among
the exponents [, m, and n. In any case where ¢ or 7 is greater than g, or
one of them equals § and the corresponding exponent is greater than n , both
sides of the associative law are eaily seen to reduce to 0. I leave it to the
reader to verify that the various degenerate subcases arising from the order
of ng or of m; being —1, or possibilities like m —n = 0 in case (2), are either
trivial or handled correctly by the following computations. So we assume as
induction hypothesis that

my - (1« af™h) = (nony) - b~
for all a0, whenever ord(n)) < ord(ng) and ord(n;) < ord(n;), with at
least one of the inequalities being strict.

Case 1 (9, v < p)

Mo+ (m - af™) = 1o . pe(m)ad™"  (since y <f)
po(10)po(mi)ad="  (since § < 3)
po(mom)ad ™"

= (nom) - af~*
the latter since the order of the standard form of 7y, is less than 5 by Lemma
1.1.
Case 2 (0 <vy=0)

o« (m -abd™) = no. (M. anL_"é_l) (clause 2 of the definition)
= (nom) - an”_”é_l (induction hypothesis)

(nom) « ad™' = (o) - a9_1A
= (nom) - aXé"*”H—l (clause 2 of the definition)

the latter since the order of the standard form of ny7; is less than (.
Case 3 (y<d0=0)

o - (m - ab™) = no . pe(m)ad™" A (since v < )
= 1o . pg(nl)aXé’”G_l (clause 2 of the definition)

(nom) - at b= (onlgnﬁ at
= (fopl(m)al) . ad™! (since v < )
= o - (ps(m)zly . ab™) (induction hypothesis)
= 1o (plﬁ(nl) aXlﬁ_”HAfl) (clause 2 of the definition)
Mo + P4 pZ’%p%(m)))aXf{”é‘l (clause 1 of the definition)
= o+ po(m)aX} "0
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Case 4 (0=~=p)

Mo« (m - abd™) = no. (i - @ngn_ilé_l)
= (noi) - aXg "0~
Puo(M1)00 + a X507
= pyo(M)io - aX5 707!

clause 2 of the definition)
induction hypothesis)
since ord(7;) < ord(n))
clause 2 of the definition)

o~ o~~~

(770771) . agil = (nofhxgl) . a@fl
= (g (M)moxy) - af™! (since ord(7;) < ord(mp) )
= (pno(in)itoxs™) « ab”!
= pno(M)o + aX éer*"H_l (clause 2 of the definition)

Now I begin to consider the task of solving linear equations in Ejy. In
particular I will show that for s € .S and for any e € Ej, the equation s.v = ¢
has a unique solution in Ey. Thus Ej is in fact an R*module. I will also
develop the tools for finding all solutions to division problems.

Lemma 4.6 Scalar multiplication cannot increase the degree. More pre-
cisely, letn, 0 € ©. Then

1. deg(n . 671) < deg(071).
2. If ord(n) = —1 or ord(n) < ord(f) then deg(n . 67') = deg(67").
3. If ord(n) > 0 and ord(n) > ord(#) then deg(n . 671) < deg(671).
4. If deg(n) > deg(f), thenn . 671 =0.
Proof: Immediate by the definition of multiplication. |

Lemma 4.7 For any s € S the unique solution to s.v =0 1 Ey isv=20.

Proof: Since s has a non-zero constant term s, it follows from Lemma 4.6
that if eg is the term of e of largest degree, then sy . e is the term of s . e
of largest degree; that is, if e 2 0 then s . e # 0. |

Lemma 4.8 If 0 # e with apfly" being the term of e of largest degree, then
ann(e) = ((xobp)) -
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Proof: If af~! is any other term of e then already 6, . ad~! = 0 by Lemma
4.6. Clearly xq6y . a«90_1 = 0. On the other hand, if r . ¢ = 0 we can write
r in the form s#; with s € S and 6; € ©. Then s6; . e = 0 implies that
0, . e = 0 by Lemma 4.7. Clearly if 6, < 6, then 6, . af,' # 0 by the
definition of multiplication; and so by Lemma 4.6 6, . e # 0. Thus 6, > 6,
that is, 6, € {(xobo)) . i

Lemma 4.9 Forn € ©, the solutions in Ey to the equation n . v =0 are
exactly the elements of an Ky0~1, that is, the elements of lesser degree
than n .

Proof: Obvious. |

Lemma 4.10 To solve all equations of the formr .v=e (r € R*, e € Ey)
in Ey it suffices to be able to solve all equations of the forms s . v = af~!
andn . v =al"t, where s €S, 0 € O, nc O, and the situations a = 0,
0 =1 are allowed.

Proof: If e # 0, express e as a sum of terms e = » . a;0; " . Clearly if we
have solutions to each equation r . v = a;0; ' then we get a solution to the
original equation as a sum of these. Any r € R* can be written in the form
r=snwheres€ Sandn € O. Thusr . v=cifandonlyifs. (n.v)=c.
So if we can solve s . w = e and n . v = w, then we can solve r . v = e.

Combining the two reductions yields the Lemma. i

Lemma 4.11 Every equation of the formn . v = ad™', n € ©, has a
solution in Ey; in particular a canonical solution (when a # 0) is found
as follows: Write af~! = aX;”é’l and split up the standard form of n
as m = noxlm (with any of no = 1, m = 0 and m = 1 allowed). Then
v = [pg(770)]*16L771_1X;"*"””9A*1 is a solution.
Proof: Since af~! is a solution to § . v = a, n . v = af~! implies that
(fn) . v = a. Simple computations from the definition of multiplication give
the standard form of (6n)~! as above. i
Note that the formula given simplifies considerably if ord(n) < ord(f):
a solution is v = [py(n)]'ad~'. We get all solutions to n . v = af~! by
combining the above with Lemma 4.9. Note that the degree of any solution
is the degree of 0n.
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Lemma 4.12 Every equation of the form s . v = a0, s € S, has a
solution in Ey, and the degree of the solution is deg(f) .

Proof: I prove this by induction on deg(f). If deg(f) = 0 then af~! = a €
K ; write s = sg+s; where sg € K and s; ¢ S'; then s.v = a has the solution
v = sala.

So assume that deg(f) > 1 (so that ord(f) > 0) and that s . v = afl"
has a solution in E, for all s € S and all afy, 6y € O, of degree less than
deg(f). Write s = sg + s; where sy is the sum of all terms of s of order
less than ord(f); hence every term of s; has order > ord(f) or s; = 0.
Clearly so € S. Let ¢ = [py(so)]'a. Let e = a0™' — s . c6~'. Then
e=alt —sy .0t =51 .0t =alt — pp(sg)cht — 51 . ! (since the
order of each term of sq is less than the order of #~1), and this is then equal
toad™ ! —ab ' —s; . = —s; . ch . Notice that if s; = 0 then we are
done. Otherwise, the order of each term of s; is greater than the order of
fp so by Lemma 4.6 the degree of each term of ¢ = —s; . ™! is less than
the degree of 6. Hence by Lemma 4.10 and the induction hypothesis, the
equation s . w = e has a solution eq in Ey, of degree less than deg(f). Then
s.(t+e)=s.c01+s.¢g=s5.01+e=s5.c0"+alt —s.

cd~!' = af~!. Clearly deg(cf™" + ey) = deg(6) . i
Note that the proofs of the preceding lemmas actually give an algorithm
for solving any equation r . v = e in the R*-module Fy,. However the

obvious restrictions on the allowable degrees of terms in the answer give
an easier method of computing solutions. Write down a formal sum with
undetermined coefficients of the finitely many monomials that could actually
appear in a solution and are not annihilated by r; multiply formally by
r; solve by comparing coefficients to the representation of e as a inverse
polynomial. Unfortunately this more efficient method of solving equations
does not yield an efficient proof of the desired result following. For to use
this method to prove the main theorem, we would be need to be able to show
that the systems of linear equations over K arising by comparing coefficients
are always consistent.

Corollary 4.13 FEj is a divisible R*-module. |

Now it is trivial to see that Ej is an essential extension, and hence the
injective envelope, of R*/J .

Lemma 4.14 FEj is an essential extension of R*/J .
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Proof: Let 0 # e € Fy and let kof, ' be the term of e of highest degree. Then
if k0~ is any other term of e, 6y . k0~* = 0. Hence )y . e = 0y . kofly' = ko,
a non-zero element of R*/.J . i

Theorem 4.15 Ej is the injective envelope of R*/J . i

Exercise 4.16 Find all solutions to the following system of linear equations
over E(R*/J) .

v . v o= X;!

To u +
u 4+ (ro+m) . W 1+ X1

4.2 All the other indecomposable injectives

Now the descriptions of all the E(R*/R%x3), 0 < 8 < «a, follow in a similar
manner. The reader should note the similarities to the commutative ring
constructions in [6], in particular the appearance in the descriptions of the
quotient fields K? | taken over successively larger subdomains of R®. This
is an indication that in spite of the many peculiarities exhibited by both the
ring and its indecomposable injectives, the E(R*/R%xs) are in many ways
quite well behaved injective modules.

First note that since R* is an Ore domain, it has a quotient skew field
K* , and this quotient field is, as a left R*-module, the injective envelope of

R

Theorem 4.17 The injective envelope of R is the quotient skew field of
R™.

Proof: K¢ is clearly an essential extension of R, and as already noted, it
suffices to check divisibility. But this is obvious.

So for the moment, I let 5 be any ordinal, 0 < § < a.. I begin, as in the
previous section, by considering the effects of monomial scalar multiplication
on the solutions to monomial equations.

Note that since K# is clearly an essential extension of its R®-submodule
R*/R*xs, we might as well asssume that the constants of these equations
are in K?. So consider an equation # . v = a with # € © and a € K”. Split
the standard monomial € into two (possibly empty) parts, 8 = 6y0; with
0y € Rs and 6, € R%x5. Then any solution to f . v = a is also a solution to
61 . v = (1/6y)a and conversely. So we might as well assume that 6 > x5.
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(The reader should be careful in the sequel about the distinction between
reciprocals in K” such as (1/6,) above, and the formal inverse monomials
that will be introduced later; in this context 6;' will be one such.)

Lemma 4.18 Let 0 and n be standard monomials, 0 = x5, and let a € K .
Let e be any solution in E(R*/R%xg) to 6 . v=a. Then:

I.n.a=naifn<zgandn.a=01in>axs.
2. If ord(n) < ord(f) then n . e is a solution to 6 . v = py(n)a .

3. If ord(n) = ord(0), (and son = xg), say n = Hzl' and 0 = éxz, and

m < nthenn.e=mn.¢é, where é is a solution to éxv

VU =aqa.

4. if ord(n) = ord(#) as in (iii) and m > n or if ord(n) > ord(d), (and
so ord(n) > ord(xp) ), thenn . e=0.

Proof: The same as the proof of lemma 4.1. |

Definition 4.19 Let O3 ={0 € O: noxy, v < occurs in 8} (and so 1 €
©p ). For 0 € ©g, let Kg be the Kﬁ—vectgr space on K? with scalar action
t=hr o k= [pe(t)] " pe(r)k, for 0#£ L, r € Rg.
By
Let Eg = @96@5 K o1,
Define an action of R* on Eg as before:

po(n)ad™" ord(n) < ord(#),
n.ad =1 7. aXg"0~" ord(n) = ord(#),n =Nz and § = 07 ,m < n,
0 ord(n) = ord(d),m > n, orord(n) > ord(f).
Lemma 4.20 1. Ejg is a left R*-module.
2. Eg is a divisible left R*-module.
3. Eg is an essential extension of KP .
Proof: These follow for exactly the same reasons as before. . i
Theorem 4.21 Ej is the injective envelope of R*/R%xs . |

Note that if T had allowed § = « above, we would have ©5 = {1}, so
naming E(R®) as FE, is consistent with Definition 4.19.
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4.3 Applications

For the most part, I leave it to the reader to explore possible applications
of these descriptions. Computational problems such as solving systems of
linear equations, while daunting, are feasible. Extracting more useful alge-
braic (or model-theoretic) information is of course more of a challenge. In
these examples once again, the (algebraic) socle series stabilizes after only w
steps, whereas the elementary socle series quite naturally corresponds to the
structure of the description.

Proposition 4.22 (socle series)
1. soc,(Eo) = > o Kam Xo ™.

2. Forall v > w, socy(Ey) =), ., Kem Xg ™.

m<w

Proof: The key point is that py : K — K is an embedding of a field into K,
whereas for 3> 0, pg : Rs — K is an embedding of a domain not a field into
K . So, for instance, the minimal submodules over soc;(Ey) = K are of the
form K + po[K]aX, " for some a € K. For b € py[K]a if and only if b = da
for some d € pg[K]; and since py[K] is a subfield, d~! € po[K] so d™'b = a
and a € po[K]b. On the other hand, (p;(z¢))~! is not in the image of p; and
so (X7, {pi(zo) X)), {pi(xzd) X)) ... form an infinite descending
chain of submodules with intersection K, but no one of them is contained in
soc,(Ey) - i

Proposition 4.23 (elementary socle series) soc®(Ep) = >, deg(6)<5 Koo'
for 6 < w®.
In particular, for v < a, soc®” (Ey) = ZQ’RM Ky~ 1.

Proof: The definable subgroups are determined by Lemma 4.9. i

I will investigate only one application of substance. We saw in Section
2 that the “uncomplicated” indecomposable (E(R/J“)) was a homomorphic
image of the “complicated” one (E(R/J)). This “layering” of the indecom-
posables is one of the interesting and peculiar features of the example. This
sort of structure is displayed beautifully in the general case.

Theorem 4.24 Let0 < < «. Then for eachy, f < v < a, E()/SOCwﬁ(E())
has an infinite direct sum of copies of E., as a direct summand.
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Proof: First note that Ag =), 025 Ky0~! is a set of representatives of the

cosets of soc®”(Ey) in Ey. The scalar multiplication of R* on Ag is then
just ordinary scalar multiplication on Ej , followed by setting to 0 any term
of degree less than deg(xg). Since R® is hereditary, Ej Jsoc” (Eq) = Ag is
injective. So it suffices to find R*-linearly independent elements of Az with
annihilator R%z, for any v, 8 <y < «.

In fact, for fixed 7, the set BX, ™' will do, where B is a basis for K, as
a left K vector space. For in Ey, r . aX[1 either has order that of z, or
order —1. So in Ag, r . aX, ' = 0 if and only if r € R%x, .

Furthermore, if r . aX,™" = 0 # 0 in Ag, the product is of the form
CL,XV_I in Aﬁ .

So no non-trivial linear combination of such things can be zero. For the
same reason, the elements chosen for different v’s are independent from each
other. |

References

[1] Fossum, R.; Griffith, P.; Reiten R. Trivial extensions of abelian cate-
gories and applications to rings: An expository account. In Ring Theory;
Robert Gordon, Ed.; Academic Press: New York, London, 1972; 125—
151.

[2] Herzog, Ivo. Elementary duality of modules. Trans. Amer. Math. Soc.
1993, 340, 37-69.

[3] Jategaonkar, A. V. A counter-example in ring theory and homological
algebra. J. Algebra 1969, 12, 418-440.

[4] Jategaonkar, A. V. Localization in Noetherian Rings; London Math. Soc.
Lecture Note Ser. Number 98; Cambridge University Press: Cambridge,
1986;

[5] Kucera, T. G. Totally transcendental theories of modules: Decomposi-
tion of modules and types. Ann. Pure Appl. Logic 1988, 59, 239-272.

[6] Kucera, T. G. Explicit descriptions of injective envelopes: Generaliza-
tions of a result of Northcott. Comm. Algebra, 1989, 17, 2703-2715.

17



[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Kucera, T. G. The regular hierarchy in modules. Comm. Algebra, 1993,
21, 4615-4628.

Kucera, T. G.; Prest, M. Imaginary modules. J. Symbolic Logic, 1992,
57, 698-723.

Kucera, T. G. Explicit descriptions of the indecomposable injective
modules over Jategaonkar’s rings, Comm. Algebra, 2002, 30(12), 6023—
6054 [MR1941940 (2004e:16006) (John Clark)]

Lascar, D. Relation entre le rang U et le poids. Fund. Math., 1984,
121, 117-123.

Matlis, E. Injective modules over Noetherian rings. Pacific J. Math.,
1958, &, 511-528.

Musson, Ian M. Conditions for a module to be injective and some ap-
plications to Hopf Algebra duality. Proc. Amer. Math. Soc., 1995, 123,
692-702.

Northcott, D. G. Injective envelopes and inverse polynomials. J. London
Math. Soc. (2), 1974, 8, 290-296.

Prest, Mike. Model Theory and Modules; London Math. Soc. Lecture
Note Ser. Number 130; Cambridge University Press: Cambridge, 1988.

Prest, Mike. Remarks on elementary duality. Ann. Pure Appl. Logic,
62:183-205, 1993.

Stenstrom, Bo. Rings of Quotients; Springer: Berlin, 1975.

18



