Math 1210 - Tutorial #6 October 20 - 26

1. Let P be the plane passing through the points A(1,1,1), B(2,0,0) and C(1,6,3).
Let ¢ be the line through the point D(4,5,16) and perpendicular to the plane P.

(a) Find an equation of the plane P in standard form.

Solution: The vectors

-

AB=02- 17+ (0-1Dj+(0-1)k=7—F—k

and
AC=(1— 17+ (6-1)]+(3—1)k=5]+ 2k

lie in the plane P . Their cross-product is a normal vector for P :
i=(i—7—Fk) x (5] +2k) = 3i — 2 + 5k .

A point-normal equation of the plane P can now be found using any of the points
in P, say the point A(1,1,1):

3(z—-1)—2(y—1)+5(z—1)=0.
By simplifying, we get the equation of the plane P in standard form:
3r—2y+52=6.

(b) Find parametric equations of the line ¢ in vector and scalar forms.

Solution: Since ¢ is perpendicular to P, it must be parallel to the normal vector
=30 — 2f+ 5k. Therefore the vector parametric equation of the line ¢ is:
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Hence the scalar parametric equations are:
r=443t,y=5—2t, z=16+5¢.

(c¢) Find the point of intersection of the plane P and the line ¢.
Solution: Since the point of intersection belongs to the line ¢, it must be of the
form (z,y, z) = (4+3t,5—2t, 16 4 5t) for some value of the parameter ¢. Since this
point also belongs to the plane P, it must satisfy the equation 3z — 2y + 5z = 6,
that is:
3(4+3t)—2(5b—2t) +5(16 +5t) = 6.

Hence t = —2. The point of intersection is (4 + 3t,5 — 2¢,16 + 5t) = (=2, 9, 6).
(d) Find the distance from the point D to the plane P.

Solution: The distance, d, between the point D and the plane P is measured
along the straight line through D perpendicular to P . This is exactly the distance
between D(4,5,16) and the intersection point (—2,9,6) from part (c):

d=+/(4—(=2))2+ (5—9)2+ (16 — 6)2 = V152 = 2/38.

NOTE: This result can be verified using the formula for the distance between a

. Azo+B Czo—D
point (xo, %o, 20) and a plane Az + By +Cz=D: d = | \‘J/ZQJZ‘;JFC?Q |
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2. Find all points of intersection of the planes Py : 7z + 3y — 4z =2 and Py: 2z +y — 32 = —3.
Explain the geometrical significance of your answer.

Solution 1: Consider the equations of the two planes as a system of two equations in
three unknowns. One way to solve the system is to express y from the second equation:

y=—2x+32—3,
then substitute the result into the first equation:
Tr+3(—2x+32—-3) —42 =2,

and then solve for x: =z =11—-5z. Hence y = —2x +32—3=—-2(11—-52)+32—-3 =
13z — 25. By setting z = ¢, where t is an arbitrary real number (a parameter), we find
the solution of the system in the form:

r=11-5t,y=13t —25, 2z =t.

These parametric equations describe a line in E3.

Solution 2: The normal vectors of P; and Py are ny = 7?—1—3]’—4/5 and ny = 2?—1—3—3]5 ,
respectively. If the two planes intersect in a line ¢, then ¢ is perpendicular to both 7
and ns. Hence the cross-product of the normal vectors

i x 1ty = (Ti + 37 — 4F) x (20 + — 3F) = —5i + 13] + &

must be parallel to £. In order to get the equations of the line ¢, we only need to find one
point belonging to ¢. For example, if we set z = 0 in the two equations for P; and P,
solving for x and y results in the point (z,y,z) = (11,—25,0). Hence the parametric
equations of the intersection line are: =11 -5, y=—-25+13t, z =t.

NOTE: If the two planes were parallel, the normal vectors 1] and n; would be parallel,
and then their cross-product would have to be equal to the zero vector. Since ny x ny =
—5i 4 13}4— k is not the zero vector, this tells us that the two planes are not parallel, so
they must intersect in a straight line.

3. Given the matrices

2 5 —1 L 9 o 100

A=10 0 0 ,B:(O O 1), C=(2 -51), D=|010
00 0 001
-2 0 0 3 4 0 00 0

E=|0 30|, F=|0 -1|, G=|0], and H=(0 3 0),
0 20 0 0 0 00 —4

(a) identify the matrices of each of the following types:
square, diagonal, identity, zero, column, row, upper triangular, lower triangular;
Solution: square matrices: A, D, E, H ; diagonal matrices: D and H ; identity
matrix: D ; zero matrix: G ; column matrix: G ; row matrix: C' ; upper triangular
matrices: A, D, H ; lower triangular matrices: D, E, H.
(b) evaluate or declare as undefined: BT - F, C+aG, 3E +2H .
Solution:
92 4 -6 0 0
BT —F=\(2 0], C +@G isundefined, 3E+2H=|0 15 0
2 1 0 6 -8



