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Contest problems often contain polynomials. Here are a few ways to look at some of these
problems.

1 Facts and definitions

A (real) polynomial of degree n in a single variable x is an expression of the form p(z) =
Anx™ + ap_12" "t 4 -+ a1z + ag, where the a;’s are real numbers with a,, # 0. The polynomial
p(x) is called monic iff a,, = 1.

Any polynomial of degree n has (counting repetition) n roots (some perhaps complex).

Lemma 1.1 (Bernoulli’s inequality). For non-zero x > —1 and integer n > 2,
(14+2)" > 14 nax.

(An easy proof is by induction; another proof is derived from the binomial theorem.)

1.1 Symmetric polynomials

A polynomial in n variables is symmetric iff permuting variables gives back the same polynomial.
Among the symmetric polynomials in n variables, the elementary symmetric polynomials are

S1=x1+x2+ -+
So =2X1X2 +T1X3 + - + Tp—1Tp

83 = 12223 + T1X2T4 + -+ + Tp—2Tn—1Tn

Sn = T1X2 -+ Tn,

where for each k = 1,2,...,n, the elementary symmetric polynomial s; is formed by sum-
ming all possible products of k different variables. Observe that any polynomial in symmetric
functions is again a symmetric function. For example, with n = 2,

s2—2sy = (x4 1y)? — 20y = 22 + ¢/
is symmetric.

Problem 1.2. Prove that a symmetric polynomial in n variables can be expressed as a polyno-
mial in elementary symmetric functions.

Hint: Examine p(x1,...,2y-1,0).



2 Look for symmetry

Problem 2.1 (K3, Kopotun’s sheet, Fall 2004). Which of the expressions
(1422 — 2310 op (1= 22 4 25)100

has the larger coefficient for %0 after expanding and collecting terms?

Hint: replace —z with x to gain extra information.

3 Use a modulus

Problem 3.1 (from CMO 1969?). Show that there are no integer solutions to a* +b* — 8c = 6.

Solution: Consider a? + b*> modulo 8. The squares 02, 12, 22, 32...., 7% are (modulo 8):
0,1,4,1,0,1, 4,1, no two of of which add to 6. Since 8c is a multiple of 8, there are no solutions. [

For the above problem, is the solution the same if 6 is replaced by 3 or 77

4 Translate variables
Problem 4.1 (33rd Spanish Mathematical Olympiad). For positive reals a,b, ¢, prove that
a? + 0%+ —ab—bc—ca > 3(b—c)(a—1D),
and find when equality holds.
Solution: Putting z =a—band y=0—c,
2(a® +b* + ¢ — ab — be — ca) — 6(b— ¢)(a — b)
(a =04+ (b—c)*+(c—a)®*—6(b—c)(a—D)
= 2?4+ 9° + (z +y)* — 6zy

=2(2% 4+ 9 — 2zy)
=2(z —y)* >0,

and so equality above holds iff x = y, that is, when a — b =0 — ¢, i.e., when a + ¢ = 2b. O

Another problem [I do not know its origin, but it has been done in past years’ practice
sessions here] is:

Problem 4.2. Solve the system
2?4+ y =3z +4

2% + 2 =6y + 6
323 4+ 2 =9z +8.



Solution One solution is to first put x =a+ 2, y =b+ 2, 2 = c + 2, giving

ala+3)*4+b=0 (1)
26(b+3)2+c=0 (2)
3c(c+3)*+a=0. (3)

If a > 0, then by (1), b < 0, and by (3), ¢ < 0; but also b < 0 implies by (2) that ¢ > 0,
an impossibility. Similarly, if ¢ < 0 one gets a contradiction. So conclude that a = 0. Then
(1) shows that b = 0 and consequently (2) yields ¢ = 0. So all of a,b,c are zero, giving
r=y=2z=2. O

5 Some polynomial factoring

Problem 5.1. Factor the polynomial z'°+2° +1 as a product of two lesser degree polynomials.

Solution:

(z°)* -1
x> —1

|

2 —1

1310+£E5+1

(z)° —1
(x—1)(az*+a3+224+2+1)
(23 = 1)(22 + 2 + 28 + 23 + 1)
(x—1)(z*+ a3+ 22+ 2+1)
(@2 + 2+ 1) (22 + 2%+ 28 + 23 +1)
et a3+ a4+l
=@ +r+1)(a®—2"+2° -2t + 2%~z +1).

Problem 5.2 (K6, Kopotun’s sheet, Fall 2004). Factor a® + b® + ¢3 —ﬂc.
—3abc is intended
Hint: one factoris a + b + c.

Problem 5.3 (Kopotun’s sheet K4, Fall 2004). Find the remainders upon dividing the polyno-
mial

x4 22+ 27 + 227 4 28 4 2

by (a) x —1; (b) 2% -1, (¢) 23 — 1.

Hint: for (b): Work modulo #? — 1, and so use 22 = 1.

6 Given roots, find a polynomial

Problem 6.1 ([3, p. 46]). Show that

{’/2o+14\/§+ {’/20—14[2:4.

3


–3abc is intended


Solutions: One solution is rather simple, however might require inspiration. Notice that

(2422 =234+3-22/2+3-2.24+2V2
=20 + 14V/2,

and similarly, (2 — 2v/2)3 = 20 — 14y/2, from which the result follows. What if one did not
“notice” the above? Set x to the left hand side of the desired identity. Cubing the sum of two
cube roots usually leaves one more cube-root to deal with, but in this case, one gets lucky. So
that things will fit on one line, put a = 20+ 14v/2 and b = 20 — 14v/2; note that a + b = 40 and
ab =20% — 14* .2 = 8. Then

2* = a+3a’Pb? 4 30! PP 4 b
= 40 + 3(ab)'/3(a'/? + b/?)
=40+ 3(8)Y3x
=40+ 6.

So x satisfies 23 — 62 — 40 = 0. It is trivial to check that = 4 is a root of this equation
(verifying the original identity), and upon factoring,

2% — 62 — 40 = (z — 4)(2* — 4o + 10),

the second factor of which has only complex roots. Since « is evidently real, z = 4 is the only
solution. 0

7 Viete’s relations

Most material here is taken from [1], some based on questions from Mathematical Olympiad
contests.

Francis Viete (1540-1603) was one of the first to use letters as variables, a practice that
allows one to generalize formulae. He wrote The analytic art, where he used linear transforma-
tions were used to solve some quadratic, cubic, quartic equations.

Theorem 7.1 (Viete’s relations). Let p(z) = ag + a1z + azx® + - + a,z”, and let c1, ..., ¢,
be its roots (real or complex). Then

an—1
cLtc2+ -ty =— )
an
Ap—2
ci1c2 +cie3+ -+ cp—1Cp = ,
Gnp
an—3
Cc102C3 + c1c2¢4 + -+ -+ Cp—2Cp—1Cp = — )
anp
ag



Problem 7.2. Prove Viéte’s relations.

Problem 7.3. If x +y + z = 0, prove that

2 5 B 7 ‘

Outline: Consider a polynomial p(t) = 3 + pt + ¢ with roots t = x,y, 2. Begin by using the
identity
2 +y?+ 2% = (w+y+2) - 20y + 22+ yz).

By the second Viete relation, (zy + zz 4+ yz) = p, so
22+ % 422 = —2p.

Adding the three equalities 0 = 23 +pxr + ¢, 0 = ¥ + py + ¢, and 0 = 22 + pz + ¢, (using
x+y+2z=0) gives
2?4y 4+ 23 = =3¢

Then show that z* + y* + 2% = 2p?, and use this to derive
2® + 95+ 2% = —pa® + P + %) — q(a® + 2 + 2%) = 5pg,

and
ey 42 = —p(x5 +9° + 25) — q(sc4 +yt + 24) = —5p?q — 2p%q = —Tpy.

Problem 7.4 ([1, 1.8.1, p. 29]). If a,b,c are non-zero real numbers satisfying
(ab + be + ca)® = abe(a + b + ¢),

then prove that a, b, c are terms in geometric sequence.

Hint: Consider a monic cubic polynomial with roots a, b, c. Also, (a,b,c) = (a,aa,a?a) forms
a geometric sequence iff b? = ac.

Solution: Let f(x) = 23 + ma? 4+ na + p have roots a, b, c. By Viete’s relations,

a+b+c=m;
ab + be + ca = n;
abc = —p.
The original equality then becomes n® = —pm3. Consider the two cases depending upon

whether or not m = 0.
Case 1: Suppose m # 0. Then p = (m/n)?, and so f(x) = 0 becomes

23 + ma® 4 nz + (n/m)® =0,



and mulitplying through by m? gives
m?z® + miz? + nmiz +n® =0,
After a moment of reflection, see that this factors:

(max 4 n)(m*z* 4+ (m® —mn)z +n?) = 0.

So one root is 1 = —*, and the other two satisfy (by the last Viete relation for the polynomial
in the second parentheses), xoxs = 7’%—22 Hence 27 = x9z3. Then (a,b,c) = (w2, 21, 73) form a
geometric progression (with ratio \/c/b). O

Problem 7.5 ([1, 1.8.2, p. 30]). Find all solutions in real numbers to the system
rT+y+z=4
z? + y2 +22=14
23+ 4 23 =34
Hint: Consider a monic cubic polynomial with roots x, ¥, z.

Solution: Let p(t) = t+at?+bt+c have roots x,y, z. By Viete’s relations, a = —(z+y+2) =
—4, and so p(t) = t3 — 4t> + bt + c. From the identity

>+ + 22 = (rty+2)? - 22y +yz + 22),

it follows that
14 = 4% — 2(b),

and so b = 1. Thus, p(t) = t3 — 4t +t + c. The only information not yet used is the third of
the original equations; such cubes can arise from putting the roots in p(t):

2 —42 v +ce=0;
Y =4y’ +y+c=0;
2422+ 24¢=0.

Adding these three equations, using the given equations find ¢ = 6. So p(t) = t3 — 4t> +t + 6.
Observing that t = —1 is a root, find the factorization

p(t) = (t+1)(t2 =5t +6) = (t + 1)(t — 2)(t — 3),

which has roots -1,2,3. So z,y, z are —1,2, 3 in any order. O

Problem 7.6 ([1, 1.8.3, p. 31], from USAMO and US selection tests). Let a and b be two roots
of f(z) = x* + 23 — 1. Prove that ab is a root of g(x) = 25 + 2* + 2% — 2% — 1.



Solution: Let ¢ and d be the other two roots of f(x). Then Viete’s relations give

atbt+ctd=—1;
ab + ac + ad + bc 4 bd + cd = 0;
abc 4 abd + acd + bed = 0;
abed = —1.

Group a with b and ¢ with d by setting s = a+b, t = ¢+ d, (with foresight) p = ab, and ¢ = cd.
Then the Viete’s relations become

s+t=—1;
p+st+qg=0
pt+qs =0
pq=—1L
Solving for t = —1 — s in the first equation and ¢ = _71 from the last into the second and third
equations gives
-1
p—si—s5—— =0
p
s
p(l—s)——-=0.
p
The last of these two equations yields s = p?fl . Putting this into the first of these two equations
gives
4 2
1
p= 2p 5 T 2p - =0.
(P +1)  p*+1 p
With a little work, this last equation yields
P+t +p’ =P —1=0.
Thus p = ab is a root of g(x). O

Problem 7.7 ([1, 1.8.4, p. 32]). Let a,b,c be non-zero reals with a + b+ ¢ # 0. Show that if

1 1 1 1
4= 4
a+b+c a+b+c’ (4)

then for all odd positive integers n,

11 1
an pn Cn_an+bn+cn’
Hint: Look at a monic cubic polynomial with roots a, b, c.
Solution: For some p, q,r, let f(x) = 23 + px? + gz + r have roots a, b, c. By Viete’s relations,
p=—(a+b+c), g =ab+ bc+ ca, and r = —abe. Putting the left side of (4) over a common
denominator and cross multiplying gives

(a+ b+ c)(ab+ bc + ca) = abe,



and so pqg = r. Hence

f(2) = 2® + pa® + gz + pqg
= 2(z +p) +q(z +p)
= (2* + ¢)(z + p).
Suppose that one of the roots, say a, is —p = a + b+ ¢; then b+ ¢ = 0, and hence ¢ = —b. It
then remains to show that
1 1 1 1

a - ’

bn (_b)n am _|_bn + (_b)n

which is clearly true since n is odd. The same proof works if one of the roots is b or c. O

Problem 7.8 ([1, 1.8.10], from Gazetta Matematica). Find all solutions in real numbers to the
system

r+y+2=0 (5)
3 3 3 _
" +y +2°=18 (6)
a4+ o7 + 27 = 2058, (7)

Hint: Let z,y, z be roots of some polynomial p(t).
Solution: Let p(t) = t3+at?+bt+c have roots x,y, z. Then by Viete’s relations, z+y+z = —a,
but then equation (5) shows a = 0. Hence p(t) = t3 + bt + ¢. Since z,y, 2 are roots,

23 +br+c=0,

y® +by +c=0,

B 4bz+c=0.
Adding these equations and appling equations (6) and (5) gives 18 + 3¢ = 0; hence ¢ = —6.
Thus p(t) = t3 + bt — 6.

It remains to find b; this can be done by using (7), if you are persistent. For this, some kind
of recursion is useful. For any positive integer n, multiplying each of the last three displayed
equations by 23, y3 and 23, respectively,

"t bt — 62" =0
yn+3 + byn+1 o 6yn =0

2" pn T 62 = 0.
Adding these three equations gives
g8 g8 S (gt gt gty G(an 4y 4 o) = 0.
Letting S), denote z* 4+ ¥ + 2*, this last equation becomes, for all n > 1

Sn+3 + b8n+1 - 6Sn - 0



Using the recursion Sy,+3 = —bS;+1 + 65y,
2058 = S7 = —bS5 + 654

= —b(—bS3 + 652) + 6(—bS2 + 657)
= 1255 — 12bS? + 365,.

Using S35 = 18 and S; = 0 gives
2058 = b - 18 — 12b55.
To get rid of the Sy, note that
So=(x+y+2)?—2@y+yz+22)=0—2b=—2b,
and so the previous equation becomes
2058 = 18b* — 12b(—2b) = 42b?,

which reduces to 49 = b%. Hence b = +7. However, if one uses b = 7, the polynomial
t3 4+ Tt — 6 has only one real root (it increases always by a first derivative test), contrary
to the requirement that z,y,z are all real. So b = —7, in which case one can verify that
t3 — 7t —6=(t+1)(t+2)(t — 3). Thus the solutions are any permutation of -1,-2, and 3. [

8 More than one variable: scaling and homogeneous functions

There are many meanings of the word “homogeneous”; here is one more. If f(x1,x9,...,2,)
is a function of n variables, say that f is homogeneous of order d iff for any constant ¢ > 0,
f(toy,ta, ... tr,) = t*f(x1,29,...,2,). For example, the expression f(z,vy,z) = % is
homogeneous of order 1. The advantage of having an equation with two expressions that are
homogeneous of the same order is that, if one needs, one can first prove an equality for, say, a
particular ‘size’ of x,y, z, then later ‘scale’ the variables to any sizes.

For example, a problem that at first seems quite hard is the following;:

Problem 8.1. Show that for any non-negative real numbers xri,xs, ..., Ty,

a3+ a3+l
n

$1+$2+“‘+$n>n+2

561932"'an< -

Notice that both sides are homogeneous of order n + 2.

The renowned problem poser/solver Murray S. Klamkin gave this inequality as Problem
1324 in Mathematics Magazine, June 1989; in fact, the problem was actually proposed with
the added condition x1 + 9 + ... + x, = 1, and many solutions were received which used
the method of Lagrange multipliers (a method from multivariate calculus often used to solve
problems with such constraints), however Klamkin gave a solution [5] which was by induction
on n. His solution is given here, however with just a few more details supplied. Some simple
algebraic steps are still left to the reader.



Solution: Let 1,9, ...,z, be non-negative reals, and let S(n) be the statement

Lx1xe - Ty <

n

z3+ a3+ -2l <x1+x2+---+xn>"+2
- :

Rewrite S(n) as

x1+x2+---+xn>"+2

(x%+x%+---xi)x1x2---:vnSn( -

First observe that the inequality is trivial if any of the x;’s are 0, so assume that each z; > 0.

BASE STEPS: For n = 1, S(1) says 2} < x3. For n = 2, S(2) says
1
(2] + 23)z122 < é(xl + m)*,

which reduces to 0 < (z1 — x2)*, which is certainly true.

INDUCTIVE STEP: Let k > 2 be fixed and suppose that S(k) holds:

:L‘1—|—:L‘2+~-—|—xk>k+2
: :

S09: e adn < )

It remains to prove (using = = xp41)

$1+"'+$k+$>k+3

S(k+1): (x%+---+xi+x2)x1a:2---xkxg(/<;+1)( P

T+ 22+ + T

Put A =
b i

assumed 1is

and P = x1x9 - - - . With this notation, the induction hypothesis

Sk): (24224 22)P < kAM?
1+ 23 k

and it remains to prove

LA k+3
S(k+1): (x%—l—x%—I—-'-mijoQ)P:L‘g(k:+1)<k:f) .

The left hand side of S(k + 1) is
(2423422 +2>)Pr = (22 422+ 2))Px+ P2?

< kAM2z 4 Pad (by S(K)).

So to prove S(k + 1), it suffices to prove that

kA+.'E>k+3

k+2 3 o
kA" x + Px _(k+1)< F 1

By the AM-GM inequality, P < A*, so it suffices to prove

l{:A+x)k+3

Ak+2 Ak 3< 1
k z+ A% < (k+1) F 1

10



Now restrict to the situation where the sum z1+x9+- - -+ 2z +z is held constant, and prove
the result with this added constraint. The general result then follows immediately; observe that
for any constant ¢, the statement S(n) holds for x1, ..., z, if and only if it holds for cz1, ..., cz,
(the factor ¢"*2 appears on each side). So, consider only those (z1,..., 2y, x) € R¥*1 for which
r1+x0+ -+ xp +a=k+1, that is,

kA+x=Fk+1.
So, to prove S(k + 1), it suffices to show
kAN 4 AFad < k4 1.

The left hand of the above inequality is a function of A (and = = k 4+ 1 — kA, also a function
of A), and so this expression is maximized using calculus:

d k+2 k.37 k+1 fto dz k—1_3 ko 2dT
dA[k:A x+ A%’ =k(k+2)A" z + kA dA+kA x+A3di

= k(k +2) A e + kAR 123 — B(RART? 4 AF322).
Putting A = tx, this expression becomes (after a bit of algebra)
(1 —t)(kt*> — 2t + 1)kth 12k +2,

Since k > 2, the above has roots at only t = 0 and t = 1, and so the derivative is positive for
0 <t < 1 and negative for t > 1. Thus, kA*+22 + AF23 achieves a maximum when ¢ = 1, that
is, when A = x = 1. Hence,

kAR 20 4 AFe3 <k +1,

and so S(k + 1) follows, completing the inductive step.

Thus, by mathematical induction, for all n > 1, the statement S(n) is true. O
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