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K. Kopotun

1. Prove that there exists a positive integer n such that for every x ≥ 0 the
inequality

(x − 1)(x2005 − 2005xn+1 + 2005xn − 1) ≥ 0

holds.

2. (a) Find the formula for
n

∑

i=1

i4. Note that we assume that all of us know how

to prove this type of formulas using Math Induction, so you need to show
how this formula can be derived.

(b) Prove

lim
n→∞

1k + 2k + · · · + nk

nk+1
=

1

k + 1
.

3. Prove that if the polynomial

P (x) = a0 + a1x + a2x
2 + · · · + anx

n

with integral coefficients is such that P (0)P (1) is odd, then the equation P (x) =
0 cannot have integral roots.

4. Prove that if p and q are relatively prime natural numbers, then

q−1
∑

k=1

[

kp

q

]

=
(p − 1)(q − 1)

2
,

where [x] is the integer part of x.

5. Find all integers n which are divisible by all integers not exceeding
√

n.


