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Abstract

This paper examines the existence and regularity of classical positive solutions of —Au = |Vu|” on a
bounded domain in RY with 0 < p < 1. This appears to be the first paper to discuss dead core solutions
for a PDE with a nonlinear advection term. We also give a Liouville-type result for supersolutions on an
exterior domain, asymptotics of solutions as p 1 and p N\, 0, as well as various extensions of the PDE.

1 Introduction

In this article we examine the existence and regularity of positive solutions of the following

—Au = |Vulf in Q, (1)
u = 0 on 012,
where Q is a bounded domain in RY with smooth boundary and p > 0. We also consider some variations
on (1).
Our motivation for studying this problem comes from the well-studied Lane-Emden equation given by

—Au = uP in Q,
{ u = 0 on 0, (2)

where p > 1. This equation (and variations of) have played a central role in the development of the calculus
of variations, bifurcation theory, the role of the critical Sobolev exponent, Pohazaev identity, see for instance
[14, 28, 32, 45, 48]. In the case of p supercritical the existence versus nonexistence of solutions of (2) on non
star shaped domains becomes a very nontrivial issue, see for instance [20, 24, 44]. For versions of (2) on
exterior domains see [21, 22, 23].

Consider the variation of (2) given by Au = «? in the case of 0 < p < 1. In this case there exist dead
core solutions; i.e., solutions which (in this case) are zero on a closed set with nonempty interior, see [47].

We now return to (1). The first point is that it is a non variational equation and hence various standard
tools are not available anymore. Some relevant monographs for this work include [39, 33, 29]. We now point
out a basic feature of of (1). In the case of p > 1 there is no non-zero classical solution of (1) since we
can re-write the equation as —Au — b(z) - Vu(x) = 0, where b(z) = |Vu|P~2Vu. Hence we can apply the
maximum principle, provided b(x) is sufficiently regular, to see that u = 0. So with this in mind we restrict
our attention to classical solutions of (1) in the case of 0 < p < 1. One can also examine suitably singular
solutions of (1) in the range of % < p<2andp > 2, see Example 1 and forthcoming paper [9].

We recall some background regarding (1). Many people have studied boundary blow up solutions of the
variation of (2) given by Au = uP (and generalizations of ). Similarly people have studied boundary blow
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up versions of (1) where one removes the minus sign in front of the Laplacian; see for instance [40, 49]. See
[5,6,7,8,10, 11, 12, 13, 19, 25, 26, 30, 31, 34, 35, 41, 42, 43, 46] for more results on equations similar to (1).
Needless to say, this list is incomplete. We remark that several papers consider a much more general PDE
than (1). Those papers tend to discuss existence of solutions which is not an issue in (1) since the trivial
solution is always a solution. This paper appears to be the first to discuss dead core solutions to PDEs with
a nonlinear advection term.

We now give a brief summary of the results in papers listed above. [5] studied positive weak solutions of
—Au = B|Vul|?/u+ f for positive B and non-negative f. It was shown that positive solutions exist iff B < 1.
[6] considers non-negative weak solutions of —Awu + |Vu|?u~" = f > 0, where v is a positive constant. The
main result is that such solution exists iff v < 2. [7] and [8] consider —Au = d(z)u + p(x)|Vul? + h(z) and
its generalization —Lu = H (x,u, Vu) + h(z), where L is a second-order linear elliptic operator and H grows
at most quadratically in |Vu| and satisfies other appropriate conditions. [10] demonstrates existence of weak
solutions of Au + g(x,u, Vu) = h(z), where A is a quasi-linear elliptic operator, the nonlinearity g satisfies
a growth condition in |Vu| and a sign condition.

In the series of papers [11, 12, 13], they consider —A,u+ |Vul? = 0 and its generalizations. Here —A, is
the g-Laplacian and ¢ — 1 < p < ¢q. A detailed study of the singularities of non-negative solutions is given.
[12] gives a classification isolated singularities of negative solutions of this PDE, which is a generalization
of (positive solutions of) (1) for the case 1 < p < 2. The paper [19] gives existence and a classification of
singular non-negative solutions of Au = u?|Vu|™ on RV \ 0, where ¢ > 0 and m € (0,2).

[25, 26] derived existence and a uniform L estimate of weak solutions of —A, = |Vul? + g — divf and
its generalization —div a(z,u, Vu) = H(z,u,Vu) + g — divf. Here p > 1, a satisfies certain coercive and
growth conditions and H grows no faster than |Vu|? and satisfies a sign condition. Both f and g must be
sufficiently small.

[30, 31] prove existence of weak solutions of —Au = |Vu|?|u| =% + f(z) and generalizations. Here 6 € (0, 1)
and f € L™ may not have a constant sign. [34, 35] prove a priori estimates and existence of a solution for
a general class of nonlinear elliptic problems —div a(z,u, Vu) = H(z,u, Vu), where H satisfies a growth
condition. In particular, it treats the case H = |Vul|P for p > 1.

[41] is a classical paper which considers —Au + H(z, Vu) + au = 0, where H satisfies a growth and
sign condition and a > 0. As opposed to other papers in our list, existence theory for both Dirichlet and
Neumann boundary conditions are given.

[42, 43] study non-negative solutions of —Au + H(x,u, Vu) = 0 for some H including the special cases
|[VulP, u?|Vu|? and «P + |Vu|9, where p and ¢ are suitably restricted constants. In particular, when H =
|[VulP, assume p € (1,2). Finally, [46] contains results for —Ayu = g(u)|VulP + f(z), where p > 1, f € L™
and ¢ satisfies a growth condition. It is shown that a weak solution exists, and is bounded or unbounded
according to whether m > N/p or m < N/p.

We begin by looking at an example.

Example 1. Let By denote the unit ball centered at the origin in RN. For 0 < p < 1 or p > 2 define

u(z) == Cp(1 — |z|?) where g == ?%ﬁ and CE~1 = %. Then in the case of 0 < p < 1, u(x) is a C?

solution of (1) and in the case of p > 2 we see that u is a weak C®? solution of (1). For 2~ < p < 2 we

define u(x) := Cp(|x| 79— 1) where q := % >0 and CE~1 = Nq;%Tq. Then u is a singular weak solution of
(1).

This example shows there are at least three regimes of the parameter p and what one may expect on
general domains. The following definition defines the notion of a dead-core solution.

Definition 1. (Dead core solutions) We call a nonnegative nonzero solution u of (1) a dead core
solution provided K9 is nonempty; here KO denotes the interior of K, = {x € Q; |Vu(x)|= 0}.

We now give some explicit examples of dead core solutions on the ball and annulus.



Example 2. Consider a dead core solution u of (1) in such a way that u is a positive constant for r € [0,rq],
where o € (0,1) and 0 < p < 1. The ODE forr € (rg,1) is

N -1
—u — — u = |u|P, uw'(ro) =0, u(l) =0.

Let v = —u' so that

Define z = v'™P so that

z’—i—gz:l—p, Z(TO):Oa
r
where a = (1 — p)(N — 1). The solution of this linear ODE for r > rq is

1-p
a+1

2(r)=Br—r7org™h),  p=

Consequently,
u'(r) = =Y AP (g — pmapat)l/(A-p) > 7g.

Integrate, using the boundary condition u(1) =0, to get

1
u(r) = 51/(1717) / (y — yfargﬂ)l/(lfp)dy, r > ro.

Note that
B/ (1=p)

1 —
v = -5

so that u € C?. Indeed, u € C* on (0,79) and (ro,1), and for 2 <ry <rg<re <1 we can write

(r— r*("rg‘ﬂ)p/(l*p)(l + ar*aflrgﬂ), r > 1y

u(rg) = u(r1) = u"(r2) = Co(rg™ — r§ TP/ P (0¥t gty N
<C(ry — 7ﬂo)p/(lfp) < C(ry — Tl)p/(lfp)’

with C independent of r1,r7o. Hence, u belongs to C2+[%]7(ﬁ>(31) if ﬁ is mot an integer and to
CH'%’Q(Bl) for every 0 < 0 < 1 if % is an integer. Here, [t] is the integer part of a positive real t
and (t) = min(t — [t],1 + [t] — t).

Note also that

1
h(ro) := |lull~ = 51/(1717)/ (y —y~rgtHV/A=plgy,
0

1

BTr
q
solution. In fact, h(ro), the height of these positive solutions, is a strictly decreasing function of ro so that

h(0), the height of ug, is the highest possible solution, while h(1) = 0 is the height of the trivial solution.

Finally by a direct calculation, if ro =0 and q = %, then u = ug = (1 —r7), which is not a dead core

We give a brief outline of the paper. In Section 2.1 we discuss the existence of positive classical solutions
of (1) in the case of 0 < p < 1. Our approach is to use a sub/supersolution approach and our main result
here is given by Theorem 1, where we also obtain some uniqueness results. In Theorem 2 we obtain some
needed estimates which allow us to prove some results regarding dead core solutions as well as the size of
a dead core; see Theorem 3. In particular, we show that for any compactly supported subset Q' of Q there
exists a positive classical solution u of (1) such that Vu = 0 in €'. As we shall see all solutions that we
find are indeed dead core solutions, hence we present an open problem about the existence of a non-dead
core solution. Also, some Liouville-type results for supersolutions of (1) in unbounded domains such as, the
whole space RV, exterior domains, cone-like domains or, more generally, domains € with the property that



sup,cq dist(z, 9Q) = 400, are given in Theorem 4. In Section 2.2 we consider the question of the regularity
of solutions of (1) in the case of 0 < p < 1. First we show that all positive classical solutions of (1) are
in C?P(Q2). We then explore the optimal regularity of solutions of (1) in Theorem 6, where for the proof
we use a fundamental result of Caffarelli and Friedman [16] regarding the representation of functions whose
Laplacians enjoy a certain inequality. In Section 3 we consider the asymptotics of solutions of (1) in the case
of p 1 and p N\, 0 by means of blow-up arguments and Schauder interior estimates. Finally in Section
4 we consider some generalizations of (1), i.e., —Au = |[Vu|? + f(z,u, Vu) in Q with v = 0 on 9, where
f satisfies some suitable conditions, and prove the existence of a continuum of positive classical solutions.
One example we consider is the convex-concave problem —Awu = |VulP + A|Vul|® in Q with u = 0 on 99
where 0 < A is a parameter. We denote this equation by (@), and fix 0 < p < 1 < s < 2. We obtain
solutions indexed by A which are increasing in A. These solutions are uniformly bounded in L> and we show
as A — oo the solutions converge in some sense to a constant in the interior of £ and they develop some
boundary layer behaviour; see Theorem 12 for the existence of solutions and Theorem 13 for the boundary
layer result. In Section 4.2 we consider the problem —Awu = |Vu|P 4+ f(x) in  with zero Dirichlet boundary
condition, where f € L9 (for some ¢ > N) is a given function, a non-homogeneous version of (1), and prove
the existence of weak solutions u in W24(Q) N HZ (). In Section 4.3 we consider variable exponent versions
of (1), ie., —Au = |[Vu[P®) in Q with u = 0 on dQ. Here, p(x) : Q@ — [0,2] is a continuous function with
infq p(xz) < 1. We then show that this problem has a continuum of positive classical solutions and there
always exists a dead core positive solution.

2 —Au=|Vulf for 0 <p<1

2.1 Existence of solutions

To prove the existence we use sub-super solution method based on the following known result from [38]. We
only state a special case of their result. Consider the problem

—Au = G(z,u,Vu) in Q, 3)
u = 0 on Jf.

Here
G(l’, 575) = g(z, 5) + H((ﬂ, 5;5)7

where H(z,s,£) is continuous in all of its variables for (z,s,&) € Q x R x R and satisfies

[H (@, s,6)| < c(ls])(1+[€[),

for some increasing function c(r) > 1. Moreover, g(z, s) is measurable for z € €, continuous for s € R and
for all » > 0,

sup |g(z,s)| € LY(Q2), for some ¢ > N.

s|<r

Now we state Theorem 6.5 of [38].

Theorem A. [38] Let the above assumptions hold. If u,i € W*4(Q) with ¢ > N are, respectively, lower
and upper solutions of (3) with u < 4 in Q, then there is a solution u € W%(Q) of (3) such that u < u < u.
If in addition G € C*° in its variable, then u € C*°.

Theorem 1. Suppose 0 < p < 1 and Q a bounded domain in RN with smooth boundary.
(i) There exists a continuum of positive classical solutions of (1). In particular, for every xg € § there exists
a positive solution u with ||u|| L) = u(xo) = an,p 7§, where

1 P \Tr 2—p .
==(N —) = —— and 1o := dist(xg, 0Q). 4
anNp q( +1—p 4= and 7 ist(xg,00) (4)



(ii) Suppose u and v are two distinct positive classical solutions of (1). Then K, N K, # (.
(iii) Let Q2 be a convex bounded domain. Then there exists at most one positive classical solution u with K,
countable. Moreover, if such a solution u exists then all other positive solutions are dead core solutions.

Proof. (i) Let o € Q, g and rg be as in (4) and set

u(x) = an,p (7 = o —20l).

Then it is easy to see that u € W°(Q) and —Au = |Vul? in Q with u|pq < 0. Hence u is a subsolution
of (1). Also, 4 = an,p i is a super-solution. On the other hand we have u < @, thus by Theorem A there
exists a solution u of (1) (with u € W24 for all ¢ < 00) and u < u < @ in . Note that by the Sobolev
imbedding and elliptic regularity we have u € C%%(€2) for some 0 < o < 1. Also, we have u(x) = @, implies
that ||u||L~ ) = u(xo) = an,p 7§. This in particular means that we have a continuum of positive classical
solutions.

(ii) To the contrary, assume that u and v are two different positive solutions with K, N K, = 0. Take
an y € Q such that u(y) # v(y). Without loss of generality, assume u(y) > v(y). Then for some s > 1 we
have u(y) > sv(y). Now set w = u — sv. Then we have w(y) > 0 and w|pn < 0. Hence, w must take its
maximum at a point in Q, say z. Thus we must have Vw(z) = 0 and Aw(z) < 0, that give, Vu(z) = sVu(z)
and

0> Aw(z) = —|Vu(z)]P + s|Vou(2)|P = —sP |[Vu(2)|P + s|Vu(2)|P = (s — sP)|Vo(2)|P.

But, since s > 1 and p < 1 we have s — s? > 0, hence we must have Vu(z) = 0 and so Vu(z) = 0, hence
z € K, N K,, a contradiction.
(iii) Assume that w and v are two positive solutions where K, and K, are countable. We show that
u = v. To do this, for every a € (0,1) and y €  define
Wy ot =R,
Wy.o(z) = ulaz + (1 — a)y) — v(x).

Now, the idea is to show:

there exist sequences y, € 2 and «,, — 1, such that w,, o, takes its maximum at 0€. (5)
To see how this works, let us for a moment assume (5) holds. Then, using v|sq = 0,
Wy, o, (T) = u(anz + (1 — an)yn) —v(z) < max Wy, a, = ?el%é u(ané + (1 — an)yn), =€ Q.
Now since {y,} is a bounded sequence then letting n — oo in the inequality above, we get u(z) < v(z),
x € Q. Changing the rules of v and v we get v < u, thus u = v.

Now we show that (5) holds if the sets K, and K, are countable. Take an arbitrary y € Q\ K,. Then
|[Vu(y)| # 0 and by the continuity of |Vu|, there exists an a > 0 sufficiently small such that

fora <ap, ax+ (1 —a)y ¢ K, for every z € Q. (6)

We claim that for oo < o, wy,« takes its maximum on 9. Otherwise, wy o takes its maximum at a z € €Q,
hence Vw, o(z) = 0, that gives a(Vu)(az + (1 — a)y) = Vu(z), and

0> Awya(2) = (@ — a)(V)(az + (1 - a)y),

but a? —a > 0, hence we must have (Vu)(az+(1—a)y) = 0 and Vo(z) = 0, give z € K, and az+ (1 —a)y €
K, that the later contradicts with (6).
Now for every y € Q\ K,, define o, := sup{a; wy  takes its maximum at 0Q}, and

B =sup{ay; y€Q\ Ky}



If B =1 then we get a sequence a,, — [ = 1 implies (5) holds, hence u < v. If § < 1 then by the definition
of 8, for every v € (8,1) and every y € Q\ Ky, w,  takes its maximum at §2, hence by the argument above
there exits z, € K, such that vz, + (1 — )y € K,. This means that y € ﬁKu - ﬁKU, hence

1
Q\Kug Ku_ ’7 K’U'
1—xv 1—xv

Since K, and K, are countable (and compact) then from the above we get

Q

1
K, — 7 K,, forevery v € (8,1). (7)

Q\ K, C
1—7 1—7

But (7) is impossible because the RHS is a countable set while the LHS is not. This proves the first part
of (iii). To prove the moreover part, assume we have a positive solution v with K, countable and v is a
positive solution with K0 = (). We show that u = v. First we rewrite (7) as

QcC U <1i7—ﬁKU), for every v € (5,1),

which is again impossible by Baire’s category theorem, since the RHS is a countable union of meager sets,
hence 8 = 1 and (5) holds implies that u < v. Now, changing the roles of u and v in the above we get (recall
that we have K0 = ()

_ 1 vz
Q=0\K, gzg (ﬁKv— 177), for every v € (5, 1),

which is impossible by Baire’s theorem, therefore, v < u. Hence, u = v. O

Remark 1. Note that we know how to get a contradiction from (7) above only when one of K, or K, are
countable. Generally, if K, and K, are two uncountable closed nowhere-dense sets we can not apply the
Buaire Category Theorem here to get a contradiction. For example take in R?, two meager sets E; = R x {0}
and Ey = {0} x R, then for every nonzero a,b we have aE; + bEy = R2.

2.1.1 Dead core solutions

Let Q c RY be a bounded smooth domain. For an z € Q we define
. =ds 9] - —yl.
ry = dist(xz, 09), R, ;Iég}({lm Y|

Then we have

Theorem 2. Let u be a positive solution of (1). If x €  is not an interior point of K, then we have
oy (74— ly = i) < u(y) < anp(RE—ly—al?), ye, (8)
where an , and g given in (4). In particular we have

T

u(z) > any rl, g K2 (9)

Moreover,
|ullLe (@) < anyp diam(€2)7. (10)



Proof. To prove the second inequality in (8), first fix an z € Q with Vu(z) # 0 and set

w(y) = any(RI—ly—2l7) yeo

Then we have

—Aw(y) = [Vu(y)l”, y e  w(y)lao = 0.
We want to show that u(y) < w(y) in Q. If this is not the case then there exist yo € Q such that u(yg) > w(yo).
Now take 1 < s < Z((Zf))) and v = u(y) — sw(y). Then we have v(yp) > 0 and v|pq < 0. Hence, v must take its
maximum at a point in €2, say z. Thus we must have Vo(z) = 0 and Av(z) < 0, that give, Vu(z) = sVw(z)
and

0> Av(z) = —|Vu(2)|? + s|Vw(2)|P = =s? |[Vw(2) P + s|Vw(2)|P = (s — sP)|Vw(z)P.

But, since s > 1 and p < 1 we have s — s? > 0, hence we must have Vw(z) = 0 and so Vu(z) = 0, that by
the definition of w we get z = x implies Vu(xz) = 0, a contradiction. Hence, u(y) < w(y) in © proves the
second inequality in (8) for x € Q with Vu(x) # 0 . Similarly we can prove the first inequality for z € Q
with Vu(z) # 0. To prove (8) in the case Vu(x) = 0 but x is not an interior point of K (u), it suffices to
take a sequence z,, in € such that Vu(z,) # 0 and z,, — x, then write (8) for x,, and let n — oo. To prove
(9) take y = z in (8). To prove (10), note that Q\ K°(u) # ) and apply the RHS of (8). O

Theorem 3. (Dead core solutions) Let Q be an arbitrary bounded domain. Then equation (1) has a
continuum of dead core solutions. Indeed, we have
(1) for every xo € Q with 14, # SUp,eq s = rq, there exists a solution uy and an open subset Qq in Q such
that

up = C = [|uo|[L=(0) in Qo

and
{x€Q; ry>ry} C KL,

(ii) If Q' is an arbitrary open subset with compact closure in Q, then there is a solution u of equation (1)
such that
Vu(z) =0, ze€Q.

Proof. (i) Let xo € Q with 7, # 7q. By Theorem 1 there exists a positive solution ug with ||ug||z~(q) =
ug(wo) = anprd = C. Let x € Q with 7, > 75, (such an x exists by the assumption that r,, # rq). We
claim that z is an interior point of K. Otherwise, from (8) in Theorem 2, we must have ug(z) > an rd >
anprd, = |[uo||L=(q), which is impossible. Hence, we proved that A,, := {z € Q; r, > ry,} C K} . Note
that, since r; is a continuous function of x on 2, then A,, is an open set and also xg € A;,. Let Qy be that
connected open component of A,, for which zg € Q. Then we must have ug = C in Q. This proves part
(1).

(ii) Set for € > 0, Q. := {z € Q, dist(z,00) > e}. If Q' is an arbitrary open subset with compact closure in
Q, then for € > 0 sufficiently small we have Q' C Q.. Now take an 2y € Q\ Q. and let ug be the solution of
(1) corresponds to zp obtained in part (i). The fact that zg € Q\ Q¢ gives Q. C {&x € Q; r, > 1y, }. Hence,
by part (i) we must have Q. C KU | which gives us the desired result.

up

O

Corollary 1. Let Q = Bg(zo) be a ball. If u is a positive solution of (1) with xo & K, then

u(y) = any (BT = ly—mol’), yeQ.
This in particular, means that except for the above radial solution all other solutions are dead core solutions.

Proof. Let u # 0 be a positive solution of (1). If zg ¢ K?, take 2 = zo in (8) then by the fact that
Tao = Ry = R, we get

uly) = o (R~ |y = o).



As we have seen, in our main theorems on the existence of positive solutions of (1), all solutions we
have found are indeed dead core solutions. However, the above Corollary 1 shows that when 2 is a ball then
problem (1) has one (and only one) non-dead core solution. Also, in Example 3 below we construct non-dead
core solutions of (1) on annular domains in RY. The following problem would be interesting to consider in
connection with the above results.

Open problem. Assume € is an arbitrary smooth bounded domain in R. Does problem (1) have a
non-dead core positive solution?

Example 3. Non-dead core solution on an annular domain in RY (N > 2).
Consider equation (1) on the domain Q = {x € RN; r; <r <1}, r = |z|, (N > 2). Set
Fro(y) := BY/ Py — ym gt OmP),

where 3, given in Example 2. Let ro € (r1,1) (that will be determined later). Taking

1
U’(T) = / fT'o(y)7 T >To,
then as it is shown in Example 2, u solves equation (1) in 1o <r <1, and u(1) = 0. Similar as above if we
define
u(r) = / fro (W), r1 <71 <7,
71

then u solves equation (1) in ry < r < rg, and u(r1) = 0. Using the computations in Ezxample 2, we have
u'(ry) = u'(rd) = u'(ry) = u'(ry) = 0. So, for u being in C? we need only to find a suitable ro so that
u(ry) =u(rg), or

I(ro) := /TO fro(y) — /r: fro(y) = 0.

Since I(r]) <0, I(17) >0 and

a+1)rg T et —a B 1 . o -
I'ro) = (1_]))0(/ y (g Ty =)/ ”)dy+/ y Ay —y gt/ p’dy)
ry ro
o+ 1)ry T0 o Y B
_ (1_;0/ Y [ratlyma /1) gy
T1
> 0

there is a unique ¢ € (r1,1) so that I(rf) =0.

2.1.2 Liouville-type results for supersolutions of (1)

In this section we give some Liouville-type results for supersolutions of (1) in the whole space RY as well as
exterior domains and cone-like domains. Indeed, our result is true in domains 2 containing balls of arbitrary
large radius, i.e.,
sup dist(x, 0Q) = +o0. (11)
€N
We recall that a domain €2 is called exterior if Q D {|x| > v > 0} for some v > 0. By a cone-like domain we
mean a domain

CS:{(r,w)ERN; weS, r>0},

where (r,w) are the polar coordinates in RY and S C SV~ is a subdomain (a connected open subset) of
the unit sphere S¥~1 in RV,



Theorem 4. Let 0 < p <1 and u be a nonnegative smooth solution of the inequality
—Au > |[Vul? in Q.

Then

(i) If @ = RN, u is constant.

(i) If Q satisfies condition (11) and u is bounded then there exists an M > 0 such that u is constant in
{zx € Q; d(x,00) > M}. Moreover, if u is unbounded then

lim sup i) >«
Ao = ON,ps
d(z,09) 00 AT, 0)1 !

where d(z,0) = dist(z,00).

Proof. (i) If we assume that u is not constant then there exists xo € RY with V(zg) # 0. Let R > 0 be
arbitrary and set wr(z) = a(R? — |x — 2¢|?) where « := an . Note we have —Awg = [Vwg|P and wg =0
on OBg(xg). Take an s € (0,1) and set vy = u — swg, then we have

Av| < (s— )Vl
Vvs=0

and similar as Theorem 2, since s — s? < 0 and Vw(z) = 0 only at = = zo, we get Awv, . <0
V=
implies that v, takes its minimum at dBr(zo). But vs|opg(ze) > 0, hence vy > 0 in Br(zo). In particular
vs(wg) = u(wg) — saR? > 0 which is impossible since R was arbitrary. Hence Vu = 0 in RY implies u is
constant.
(ii) Let y € Q with V(y) # 0. Taking R < d(y,09) then similar as part (i) we have u(y) > aRY, hence
u(y) > ad(y,00)?. Now assume u is a bounded solution but the assertion is not true, then there exists
a sequence {x,} C Q such that d(x,,0Q) — oo with Vu(z,) # 0, then from the above we get u(z,) >
ad(z,,0Q)? implies that u is unbounded, a contradiction. Moreover, if « is an unbounded solution then the
above also shows that we must have
lim sup & >«
d(z,00)— 00 d(x7 aQ)q -

O

It is worth mentioning here that a rather complete analysis of the positive supersolutions of the more
general equation —Au = f(u)|Vul? in exterior domains has been performed in [15], see also [1, 2, 3, 27].

We now give an example to show the bounded Liouville theorem given in part (ii) of the above theorem
is optimal. After the example we give a theorem on general exterior domains which also shows the above
Liouville theorem is the best one can hope for.

Example 4. Let Q be the region exterior to the unit ball in RY and 0 < p < 1. We look for radial
non-negative solutions of (1). The ODE becomes

N -1
T

—u''(r) — u'(r) = [u/(r)]?, u(1) = 0.

We shall show a family of dead core solutions parametrized by R > 1, with the solution constant when r > R.

Since the solution is non-negative, let v =u' > 0 when 1 <r < R. The ODE becomes

N -1
T

v+ v=—vP, v(R) = 0.
With z = v'=P, the ODE becomes, with o = (1 —p)(N — 1) > 0,

z/+%z: —(1—p), z(R) = 0.



This is easily solved to get

(T)_clx;—i-}i( atlpma oy, 1<r<R
Then
v(r) = (1 - p>1/(1—1’) (ROFLp=a — )t/ (=P) 1<r<R
a+1 ’
and so

a+1
By a direct calculation, v (R_) = 0. Define M(R) = u(R) and

1/(1=p) pr
1—
u(r) = ( p) /1 (RoFls— — )1/ (=P) (g, 1<r<R.

u(r) = M(R), r>R.

Thus u is a C? solution to (1) on Q (in fact see Section 2.2 for how regular one expects the solution to be).
Note that M(R) — oo as R — oo.

Let us consider the possibility of a solution with a finite (possibly empty) dead core region for r € (R, Rg)
for some Ry > R and a decreasing solution for r > Ro. In this instance, let v = —u’ whenr > Ry. A similar
calculation as above yields

1/(1-p)

= M(R) — 1_p g " _Ra+1 —« 1/(1—p)d >R

utr) = () - (Lo N AN Iy
2

For all sufficiently large r, it is not difficult to see that u(r) < 0 and so this solution can be discarded.

By Hopf’s Lemma, there can be no radial solution with a finite dead core region and another dead core
at a different value; or a finite dead core region followed by a region of increasing solution. So the family of
dead core solutions parmaterized by R found before is the set of all sufficiently reqular non-negative radial
solutions of (1).

Theorem 5. Let 0 < p < 1 and  be an exterior domain in RY , with smooth boundary. Then for every C' >
0, Problem (1) has a positive bounded solution u with ||u||L~) = C and u constant in {x € Q; d(x,08) >
M} for some M > 0.

Proof. First for the sake of simplicity, consider the exterior domain = {z € RY; |z| > 1}. For a given
C > 0 find an 7o such that ay,r§ = C. Now for R > 1 set Qp := QN B = {z € RY; 1 < |z| < R} and
consider the problem

—-Au = |Vul? in Qg,
u = 0 on 0Qg,

Fix an 29 € RY with |zg| = 1+ 7o, then for R > 1+ 3rg we have zo € Qx and dist(xg,dQ2r) = ro. Then,
by Theorem 1, the above problem has a positive solution ugr with |[ug||L~,) = ur(ze) = C. Also, by
Proposition 1, Vug = 0in Qf :={z € Qg; r, > ro} = {1+ ro < |z| < R —ro}. And since xy € 90y then
we get u(x) = C for x € {14+ rg < |z| < R—1p}. Now define u : Q@ — R by
u(z) = ugp(x), 1< |z| <1+4rg;
C, |.’L" >1+ T0.
Then we easily see that u is smooth as much as ug, also u satisfies Problem (1) in Q. Moreover, we

have [|u[|z ) = C and u is constant (= C) in {1 + 7y < |z| < oo}. A completely similar argument can be
applied for a general exterior domain €.

O
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2.2 Regularity of solutions

In this section we are interested in the regularity of solutions of (1). We begin with an initial regularity
result; which we will improve on later.

Lemma 1. Let 0 < p < 1 and suppose v > 0 is a solution obtained via the sub/supersolution approach
outlined in the previous section. Then u € C*P(Q).

Proof. First note we have the solution u € W24 for all ¢ > N; we now fix N < ¢ < co. Then by Sobolev
imbedding we have |VulP € C%¢(Q) some ¢ > 0. By elliptic regularity we have u € C?¢(Q) and hence
|Vu| € C%1(Q) and hence |VulP € C%P(Q) and we then obtain the desired result after applying elliptic
regularity. O

Theorem 6. Let u be a solution of (1) and xo € Q with |Vu(zg)| = 0.

If = is a non-integer, then we have either
1-p

i)

lu(z)| < Clz — 20|** T%, in B,y (10), ro = dist(zo, ) (12)
[Vu(z)| < Clz — 20| * ™%, in By, (z0), (13)
or
i)
u(z) — u(xo) = P (x) + Ry (), (14)

where pm, # 0 is a homogeneous harmonic polynomial of precise degree m with 2 < m < 2+ [{£] (here [z]
means the integer part of x) and
R ()| = O(|z — @o|™*?),
VR (2)] = O(|z — ao|™°71),

for some § > 0.
If &5 is an integer then the same is true if in (12) and (13) we replace £ in the RHS of these estimates

by every a < %.

For the proof we need the following fundamental lemma of Caffarelli and Friedman, which is proved in
[16] for the case N = 3, but as the authors indicated in the introduction, the proof is valid for any number
of dimensions, also see [17].

Lemma 2. ([16], Lemma 3.1) Let v be a positive non-integer, v > o > 0, and let v(x) be a function
satisfying
|[Av(z)| < Cylz]” in By, C,>27. (15)

Then
v(z) = P(x)+T(z) in By, (16)

where P(z) is a harmonic polynomial of degree (at most) [y] + 2 and

,YN72

T(z)| < Ccvw\xpﬁ in By, (17)
,YN

|V (z)| < CCWWWH in By, (18)

where {v) = min{y — [7],1 + [y] — v} and C is a constant depending only on vy, and on upper bounds on
[v(z)| and |Vv(zx)| for x € IB;.

11



Proof of Theorem 6. For the sake of simplicity take g = 0 and r¢ = 1.
Assume that (ii) does not hold, then we show u satisfies (12) and (13).
We know that u € C%P. Thus there exist Cy > 0 such that |Vu(z)| < Colx| in By. Then from the equation
(1) we get
|Au(z)| < CFlz|P < Ch|z|, in By,

where
1 :=p and C;:=max{C},2"}.

Thus by Lemma 2

w(xz) = Pi(z) + Ri(z), in By, (19)
where P; is a harmonic polynomial of degree [y1] + 2 = 2, and for = € B;
JN=2
|Ri(z)] < OO L[|+, (20)
(m)
AN
VR, (2)| < CCr— [, (21)
(m)

where C is a constant depending only on 7, and on upper bounds on |u(z)| and |Vu(z)| for € OB;. Since
P, is of degree 2, by our assumption and (19), we must have P; = u(0) or is of degree 1, i.e, P (x) = u(0)+A.x
for some 0 # A € RY. But in later case from equation (1) we get

—AR; = |A + VR1|”, in B,
that gives AR;(0) # 0, which is a contradiction because from (21) and the fact that Ry = u — P; is a 2
function we get AR;1(0) = 0. So P; = u(0). It then follows that u(z) — u(0) = Ry(x) in By, hence

N
\Auun:ﬁVRu@ws<CCQ%5VuWM+Uscuﬂ%7ith

where

N
Yo :=p(n+1) >, Cp:=max{(CCy %)p’?ﬁ}'
1

Replacing 2 (in the case it is an integer) with 75 — €1 to get a non-integer, where 0 < e; < 1 is sufficiently
small so that v — 1 > 71, and applying Lemma 2 once again, we conclude that,

u(z) = Pa(x) + Ro(x), in By,

where P, is a harmonic polynomial of degree at most 2 + [y2 — £1] and

_ _\N-2
IRo(e)] < O, 2= )" 2es.

(v2 —€1)
_ _\N
IV Ra(e)] < CCp Q25 " e,
{(v2 —e1)
Note that again we have
2< 2+ 2 —e1] <2+ [p(p+1)] 52”1%01

Hence by our assumption (that (ii) does not hold) and similar as the above we must have P, = u(0) and
u(z) — u(0) = Ra(x) in By. Repeating the above argument, we are able to find sequences C;,5; and a
decreasing sequence €; such that

_ —|R. < (g gj-1)"? 2+%-¢-1_ in B
u(z) = u(0)] = |R;(x)] < CC; E—— |z , in By, (22)
i -
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and

— . < (’YJ _E]'*l)N 1+vyj—€j-1 .
[Vu(z)] = [VR;(2)| < CC; E—— |z] , in B, (23)
J J—

where v; = p,eg = 0 and for 7 > 1
1

Yi+1 =p(L+7; —€j—1), 0<¢; < 7’ (24)
(G —&=D)M\P oy,

Cot = cc, Vi E=1) N gy 25

ik maX{( Ty o) ) J =

From (24) it is not hard to see that 7, is a bounded increasing sequence. Indeed, we have

v < IL’ for every j > 1. (26)
-Pp

To see this, by induction, we have y1 = p < 1% and assuming v; < t&; then from (24) we get

p p
i1 <pl+—)=—"—
’yj+1 P( +1_p) l_pv
that proves (26) . Now from (24) and the facts that ¢; is decreasing and v1 < 2, then by induction it is
easy to see that ; is also an increasing sequence. Thus ~; is convergent, say to . Taking limit from (24)
as j — oo we get

%Y= as j — oo. (27)

Now suppose £ is a non-integer then from (27) for a jo € N, (v;) > %(%) for every j > jog. Thus from

1-p
(25) we get
Cj+1 S aCf + 2’77 .7 2 j07
for a constants a independent of j. Then p < 1 implies that C; is a bounded sequence. Now, letting j — oo
in (22) and (23) we arrive at
[u() — u(0)| < Claf** ™5, in By,
and .
|VU(I)| < C’|1:|1+1fp, mn Bla

where C' = C(p,u) is a constant independent of zg.
Now consider the case when 1’%}0 is an integer and take o < ﬁ. Find a j such that o < ; < 1’%}0 = 7 then
(22) and (23) give us the desired result. O

Remark 2. Note that in the above we used the fact that if Py, is a harmonic polynomial of degree m then
we can write

P, (z) = ZQk(x — ), Q is a homogeneous polynomials of degree k.
k=0

Also note that if u is a solution of (1) the u is C™ at x € Q with Vu(z) # 0 or # € K. Thus we need
only to check the regularity for z € K, \ K2. In this regard we have

Corollary 2. If zg is an extremum point of u or xog € OK?, then u satisfies the estimates in part (i) of
Theorem 6 at xg.

13



Proof. If zyp € Q is an extremum point of u then u(x) — u(zg) does not change sign in a neighborhood
By (xg) of zg for r < ry sufficiently small. Now if u satisfies part (ii) of Theorem 6, then from (14) we have
P, (x9) =0, Py, (x) does not change sign in B,(xg) and AP, = 0 in B,.(z¢) thus by the maximum principle
P,,(z) =0, a contradiction.

Now assume zg € OK? and u satisfies part (ii) of Theorem 6 at zg. Then we have u(x) — u(xqg) = Pp(x) +
R,,(z) in a small neighborhood B, (z¢) of g, where P,, # 0 is a homogeneous harmonic polynomial of
precise degree m with 2 < m < 2+ [{£7] and |Ry,(2)] = O(|z — xo|™+%). Since g € AKY then we
have u(x) — u(xg) = Vu(x) = 0 for z € D := Bu(z) N K? for v < r small. But then we also have
P, (z) = VP, (x) =0 for x € D means that the dimension of the singular set of P, is N, contradicts with
the fact that the singular set of a harmonic homogeneous polynomial is of dimension less than or equal to
N — 2 when N > 3 ([37], page 5) and is isolated when N = 2 (see [36], Lemma 2.4.1). O

3 Asymptotics of solutions as p 1 and p \ 0

Theorem 7. Let p, /1 and suppose u,, > 0 is a classical solution of (1). Then there is some 0 < a < 1
such that u,, — 0 in C*>%(Q). Moreover, the following bound on the rate of convergence to zero holds

1—pm
(sup |Vum|> — 0.
Q

Proof. First note that by (10) Theorem 1 we have ||y, |1 < an,p,, diam(Q)? which gives

]. — 1—pm —pm
[t e < ——2m (N 4 L diam(Q)T=rm — 0,
2 - Pm 1- Pm

and hence u,, — 0 uniformly in . We now show the gradients are bounded. Let T, := supgq |Vun,| =
|Vt (zm)] and set

U (T + )

T , erm::{J;ERN:x—i—xmeQ}.

'UnL(x) -
Then |Vu,| <1in Q,, and |Vv,,(0)| = 1. Now suppose T,, — co. Then we have

—Avy,(x)

Zﬁwm(x)\pm Qs U =0 0Q,,.

We need to consider two cases:

Case 1. TL7Pm — oo,

In this case we see that —Awv,, — 0 uniformly in (2, and hence v,, — 0 in C** and hence |Vv,,(0)| = 0 (a
contradiction).

Case 2. Here we assume that 7, := TL"Pm — ~v € [1,00). Then in this case there is some v € C1'* such
that v, — v in C1® and v solves —Av = %|Vv|1 in Qo with v = 0 on 0Q24,. But the only solution of this
is v = 0 and hence we’d have v,, — 0 in C%® which again would contradict the fact that |Vov,,(0)] = 1. So
from this we see there is some C' > 0 such that supg |Vu,,| < C. We can then apply elliptic regularity to
see that u,, is bounded in C1®. By passing to a subsequence we can assume there is some u € C® such
that w, — v in C1*. But note u would satisfy —Au = |Vu|! in Q with u = 0 on 99; but u = 0 is the
only classical solution of this. So we have convergence of u,, to 0 in C%<. Since u,, — 0 in C% we have
|Vty,| — 0 in C%* and since p,, — 1 we have |Vu,,|[P™ — 0 in some slightly larger C%# space. From this
we get the convergence to 0 in C%5.
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To prove the moreover part, as before let T,,, := supq |Vum| = [V (zm)| and we have T, — 0. Set
() 1= W for z € Q := {z € RN : ,,, + © € Q}. Then we have (as above) |Vv,,| < 1in Q,, and
Vo, (0)] = 1. Also we have

1
—Avpy () = — Vo (@)P™ Qp, U =0 0Qy,

m

where «,, := T}=Pm_ Note that since 0 < T},, < 1 we have v, € (0,1].
m

1
Now suppose we have 7, — v € (0,1]. In this case we can find some v and Q. such that —Av = @ in

Qs with v = 0 on the boundary. (As above we would then have v = 0; and since we have convergence of
the gradient we’d have |Vuv,,(0)] — 0 a contradiction). Hence we must have v, — 0. O

We are now ready to determine the asymptotics of the solutions as p \ 0. Two lemmas are needed.

Lemma 3. Let % > pm N\ 0. Then for all 0 < a < 1 there is some C, > 0 such that for any positive
classical solution wy, of (1), with p = Py, we have ||tup|cra < Cq.

Proof. First note that u,, is bounded in L*> from the above results. We now obtain L* bounds on the
gradients. Let T, := supq |Vum| = |Vum (zy,)| and suppose T, — oo. Set

U (T, + )

vm () = T , 2€Qy ={reRY 2, +2cQ}.
Then note that supg |v,,| — 0. Also note that |[Vu,,| <1 and |Vv,,(0)] = 1. Also note that
1
7A'U7n(l') = W|vvm(x)|pm QWH

with v, = 0 on 0€,,. By elliptic regularity we have v,, — 0 in some C*%(€,,) From this we’d have
Vv, (0)] = 0; a contradiction. Set fp,(x) := |V, (z)[P and note that f,, is bounded in L*°(f2). Hence
from this we have u,, is bounded in C%* for all 0 < a < 1 after considering L? elliptic regularity and the
Sobolev imbedding theorem. O

To go any further on the asymptotics as p \, 0 we need some nondegeneracy results. We already have
shown that for positive solutions of equation (1) in every point zg € Q we have the ¢ := f_;g growth estimate.

The next result excludes the possibility that u(xg) — u(x) may decay faster than ¢ at every non-interior point
of singular set.

Lemma 4. (Nondegeneracy) Let u 2 0 be a positive solution of (1). Then for every xo ¢ KO we have

u(xo) > my +an, 1l 0 <r < dist(zg,09Q), (28)
where
m, = min u(x).
BBT(Q’,U)
Also, for every x € Q we have
w(x) < M, +any, !, 0<r<dist(z,00), (29)
where
M, = max u(x).
aBT(x())

In particular from (28) we get

sup |u(z) —u(xo)| > anyp 1!, for any xo € Q,
Br(wo)

and

sup |Vu(z)| > an,p rT, for any x € Q.
By-(z0)
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Proof. To prove (28) it is sufficient to consider the case Vu(zg) # 0, then by the continuity of u we get it
for all 7o ¢ K?. For simplicity set o := a;, and take

v(z) = a(r! — |z —x9l?), =€ Br(z0).

Take an arbitrary s € (0,1) and set w = u — sv. We show that w takes its minimum at 9B, (zp). If this is
not the case and w takes its minimum at a point z € B, (z¢) then we must have Vw(z) = 0 and Aw(z) > 0,
that give, Vu(z) = sVv(z) and

0 < Aw(z) = —|Vu(z)]P + s|Vo(2)|P = —sP |[Vu(2)|P + s|Vu(2)]P = (s — sP)|Vo(2)|P.

But, since s < 1 and p < 1 we have s — s? < 0, hence we must have Vv(z) = 0 and so Vu(z) = 0, that
by the definition of v we get z = xg implies Vu(xg) = 0, that contradicts by our assumption. So, using
V|98, (z0) = 0 We get
w(x) > min w= min w=m,, x € B,.(x
(2) 2 By (zo0) 0By (x0) " (@),
or equivalently
w(z) > my + s(ar? — alz — xol?), x € B.(z0).

And since s € (0,1) was arbitrary we get
u(z) > my +ar? —alz —zo|?, x € Br(x0).

Taking « = x( in the inequality above we get (28). To prove (29), it suffices to note that the functions
u(y) := u(y) — M, and @ = maxg u — M, are sub and supersolutions of the equation —Av = |Vv|P on B, ()
with Dirichlete BC., respectively. Hence there exists a solution v of this equation so that u(y) — M, < v(y)
for all y € B,.(z). But we know that the function ay ,(r? — |y — |?) is the largest pointwise solution to this
equation. Thus we get u(y) < M, +v(y) < M, + anp(r? — |y — z|?) for y € B,(x). Taking y = « in the
later inequality gives the desired result.

Now take an z, € dB,(xo) such that u(z,) = m, then from (28) we have

sup |u(x) —u(zo)| > u(zo) — u(z,) > an, !, for any zo € Q,
BT(I(])

and
anp T <u(zo) —u(zy) < |zo — | sup |Vu(z) =r sup |[Vu(z)|,
BT(IO) Br("L‘O)

that gives

sup |Vu(z)| > an,p rTE.
B,-(Z[))

For the next result we need the following W29 estimate from Gilbarg-Trudinger [33].

Theorem 8. Suppose 1 < q¢ < oo, Q is a bounded domain in RN and K CC Q. Suppose u € LI(£)
satisfies Au = f in Q in the sense of distributions, where f € L4(Q). Then u € WlQOCq(Q) and there is some
C =C(q,N,K,Q) such that

ullwar) < € (1fullzo () +11]120(2))

Theorem 9. Let p,, — 0 and u,, := u,,, > 0 denote the positive solution such that u, — ug in Ch for
some 0 < a < 1. If By(xo) C Q then we have

[Vug| =0 on By(z9) = [Vun|=0 on Br(xo), m >my, (30)
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for sufficiently large mg. This in particular gives

KO C hmsupK = ﬂ U
m>1j>m
Moreover, ug solves the problem
—Auy = X@Q\K,,) @e inf,
{ u = 0 ’ on 0L, (31)

Proof. Suppose (30) fails, then there exists m; — oo such that [V, (z;)| > 0 for some x; € Bz(xo).
Applying the nondegeneracy of the gradient at x; and using the fact that B:(z;) C B ar (o) we obtain

3 1 1
sup |V, | > any (Z)lfp’"i PPy
B%(IO)

Then passing to the limit, we get

3r
sup |Vug| > —,

contradicting our assumption. To show that ug solves (31), note that by Lemma 3, |Vu,,| is uniformly
bounded from above, then by Theorem 8, we may assume that {u,,} is uniformly bounded in W%7(Q')
(g > N) for any Q' CC Q and therefore ug € Wi)g(Q) Suppose z € K| then for some r > 0 we have
|Vug| = 0 on B,(x), thus from the first part |[Vu,,| = 0 on Bz(xq), m > mq for sufficiently large mo.
Consequently,

—Au, =0 in B%(xo)7 m > my,

which implies Aug = 0 in Bz (o). Hence,
Aug=0 in K.

If 2y ¢ K, then for some § > 0 we have |Vug| > ¢o > 0 in Bs(xg) for some constant ¢g. In particular,
since u,, — up in CH% we must have |Vu,,| > 2 in Bs(xo) for sufficiently large m. On the other hand,
by Lemma 3, |Vu,,| is uniformly bounded from above, hence |V, [P — 1 uniformly in Bs(zo). Therefore,
—Aug =1 in Bs(xp), implies

—Aug =1, in Q\ Ky,.

Now the fact that 0K, has a Lebesgue measure zero completes the proof. O

4 Some variations of (1)

4.1 Extension 1.

Consider positive solutions of the PDE

_ - P '
{ Au |VulP + f(z,u, Vu) in Q, (32)

u = 0 on 012,

where 0 < p < 1,  is a bounded smooth domain in RY. Also we assume f(z,s,£) continuous in all of its
variables for (z,s,£) € Q x R x RY satisfies

0< flz,s,6) < clls) @+ [€*), (33)
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for some increasing function ¢(r) > 1. Note a special case of (32) is given by the convex-concave problem

Q) —Au [VulP + A Vu|® in Q,
A u = 0 on 012,

where 0 < p < 1 < s < 2. This is a variation of a similar problem —Au = uP + Au® first studied by [4].
They used mostly calculus of variations to prove their results. Unfortunately, this tool is not available for
our problem.

Theorem 10. Suppose p, [ satisfy the above assumptions, f(x,s,£) > 0 and f(z,s,0) = 0. Then (32) has
a continuum of positive classical solutions. In particular, for every xo € Q there exists a positive solution u
with ||ul|pe (o) = u(zo) = any 74, where anp,r0,q are defined in (4).

Proof. The proof is completely similar to the proof of Theorem 2. Let g € £ and set
u(x) = an,p (7 = |z = 20l7).

Then we have Au + |Vu|P + f(z,u,Vu) = f(z,u, Vu) > 0 in Q and u|spg < 0. Hence, u, that belongs

to W2°°(Q), is a sub-solution of (32). Also by the assumption that f(z,s,0) = 0 we easily see that
2—p

U= anyr, " is a supersolution. On the other hand we have u < @, thus by Theorem A there exists a

solution u of (1) in W25(Q) for every s > N, with u < u < 4. Obviously u is not the trivial solution.

Indeed, u is a solution of (1) and ulapg = 0, we get u > 0 in Q. Also, we have u(zg) = 4, implies that
2-p

[[u]| Lo ) = u(wo) = an,yp 79 ". This implies that we have a continuum of positive classical solutions. Note

that the growth assumption (33) is needed in Theorem A. O

Theorem 11. Suppose 0 < p <1 < s <2 and Q is a bounded domain in RN with smooth boundary. Define
M = sup{||lul|p= : u is a classical solution of (1) } € (0,00). For all X > 0 and t € (0, M] (Qx) has a
nonnegative classical u with ||ul|p~ = t.

Proof. Let u be a solution of —Au = |Vu|P with ||u||cc = t for some ¢t € (0, M) (such a solution exists
noticing the fact that if w is a solution and 0 < & < 1 then the functions aw and a|w||L~ are sub and
supersolutions, respectively). Then u is a subsoln of (@) with supersoln @ := ¢t. Hence there is a soln of
(@») whose supremum norm is ¢. O

We now obtain uniform estimates on solutions of (Qy) for small A\. We first recall

1—
dg = diamf), R, = max |z —y| and «a:= P (N +
yeOQ 2—p

Lemma 5. Assume that

q-1)°"P — s—1 __ 4s—p
)\(aq dg, ) <7 Orilta<xlt 5P, (34)

Let uy # 0 be a positive solution of (Qy). If x € Q is not an interior point of K,, then we have

s—p)ﬁ.
s—1

ur(y) < B a(RL—ly—al"), yeQ, where §:=(
In particular we have

[Ju|| Lo () < Bar df,. (36)

Note that the RHS of (36) is independent of uy. Also, 7 is attained at the point ¢ = (i:;)ﬁ
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Proof. To prove (35) first fix an x € Q with Vuy(z) # 0. Set

w(y) i=a(R—ly—al*) yeq

Then we have
—Aw(y) = [Vw(y)l’, ye€Q, w(y)loa > 0.

We want to show that u(y) < Bw(y) in Q. If this is not the case then there exists yo €  such that
u(yo) > Bw(yo). Now set v = u(y) — fw(y). Then we have v(yg) > 0 and v]gg < 0. Hence, v must take its
maximum at a point in €, say z. Thus we must have Vuv(z) = 0 and Av(z) < 0, that give, Vu(z) = fVw(z)
and

o
%

Av(z) = —|Vu(2)P — A\|Vul|® + B|Vw(2)|P
=B [Vw(z)|" = AB*|Vw(2)|® + B|Vw(2)[?
= (B=8")[Vw(2)[" = AB*[Vw(z)]".

Suppose Vw(z) # 0. From the above we get
s— 1 s— s—
AV 2 (3) L= ()=

But by the definition of w we have |Vw(z)| = gan plz — 2|77t < anypd?{l, hence from the above we must
have

>\<Oéq d%_l)kp >,

which contradicts with the assumption (34). Therefore, we must have Vw(z) = 0 and so Vuy(z) = 0, that
by the definition of w we get z = x implies Vuy(xz) = 0, a contradiction. Hence, uy(y) < Bw(y) in Q that
proves the inequality (35). To prove (35) in the case Vuy(z) = 0 but z is not an interior point of K,,,
it suffices to take a sequence z,, in € such that Vuy(z,) # 0 and x,, — x, then write (36) for z,, and let
n — oo. To prove (36), note that Q\ K} # 0 and apply (35). O

We now consider a more detailed study of (Q)x. We begin with a lemma.

Lemma 6. Suppose 0 < p <1< s <2. Let Ay, T Ao and u,, € HE(Q) be an increasing bounded (in L>°)
sequence of positive solutions of (Q)x,,. Then there exists a ug € Hg () such that u,, — u in H} () and
ug is a weak solution of (Q)xr,. If s < NK,FZ, then ug is a classical solution.

Proof. Let, for every m, ||um|loo < M. Multiply (@) by u,, and integrate we get (using p < s)
/|Vum|2:/um(|Vum|p+>\m\Vum|S) gM/ |Vum\p+M>\0/ IVt gcl+cg/ IV,
Q Q Q Q Q

where C7,C5 are constants independent of u,,. Hence, using s < 2 we get

/ Vunl? < C,
Q

where C' is independent of m. So {u,,} is bounded in H}(Q2). By the reflexivity of Hg(Q) there exists a
up € HE(Q) such that (up to a subsequence)

Uy — up weakly in H(Q),
2N

Um — U mn Lt(Q), te [1, m

);

WUy — Uy a.e. X € S
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Indeed, using the assumption that u,, is increasing (hence u,, < ug), we can show that u,, — ug strongly
in H}(Q). To see this, we write

/|V(um7uo)|2:/VUO~V(umfuo)f/Vuo~Vum+/ |Vt |?.
Q Q Q Q

Now, from the weak convergence of u., to ug, we have

/ Vug - V(U —ug) = 0
Q

/|Vum|2:/um(—Aum)§/u0(—Aum):/Vuo~Vum,
Q Q Q Q
/|V _UO —)0

Thus we proved u,, — ug strongly in Hg(£2). This also implies, (passing to a subsequence),

and also we have

hence

U () = up(x) and Vug(x) = Vue(z), a.e. x €l

Note also that, since Vu,, — Vug in L?(£2) we can also assume there exists a function h € L?(f2) such that

|V < h(x), ae ze. (37)

Now we show that ug is a weak solution of the equation
—Au = |Vul? + Xo|Vul®, u =10 on 0f,
or equivalently
500 [ [FuPo-tro [ [Vuote oe @,

To show the above, take a ¢ € C5°(£2) and note that since uy, is a solution of (Q),,) then we have

/Vum-ws:/ \Vum|”¢>+)\m/ Vumlé, &€ C2(Q). (38)
Q Q Q

From the weak convergence of u,, to ug we get

/Vum-v¢—>/Vu0-V¢.
Q Q

Also, using (37), p, s < 2 and the Lebesgue dominated convergence theorem we have

/|Vum|p¢%/|Vu0|p¢ and /\Vum|s¢%/|Vuo|S¢.
Q Q Q Q

Hence, letting m — oo in (38) we get

/Vu0~V¢:/ |Vu0|p¢>+)\0/ Vuol*, &€ C(),
Q Q Q

which means that ug € H(Q) is a weak solution of —Au = |[VulP + \o|Vul*.
Now we show that if s < 232, then uo is a classical solution. Take f(x) := |VulP+Xo|Vul® and 1= 2. Since

Vug € LP1(Q) and 2 is bounded then f € L%, hence from elliptic regularity we get ug € W25 that gives

Vug € WH5 . Then by the Rellich-Kondrachov theorem, Vuy € L7 for every ¢ < I\ZIV_L = N 2.

sN—p1
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N+2

sz
sN—p2

Note that by the assumption that s <
above we get Vuy € L? for every g <

we have p; < pa. Now if ps < sN then repeating the argument

:= p3 > py. Continuing the procedure, if in each step we have

pr < sN, then we obtain an increasing sequence py such that Vug € L? for every q < = pk = pr+1. Hence,
pr is convergent, say to . From the recursive formula we get v = (s — 1)V, but we must have v > p; = 2
implies that s > % that contradicts with our assumption. This implies that there exists a kg so that
Pk, > sN. Then, by the above we get Vug € L? for every ¢ < sN. Hence f(z) € L! for every t < N so from
elliptic regularity we get ug € W2 for t < N that gives Vug € Wit C L™ fort < N. Taking ¢ sufficiently

close to N we see that f(z) € L4 for ¢ > N, therefore, u € C%. O

Remark 3. Note that by the above lemma, if u € H(Q) is a solution of
—Au = |Vul? + A\|Vul*, u=0 on 99,

in the weak sense, then it is a classical solution when p <1 < s < % (it suffices to take A\, = X for every
m). Also note that, if a weak solution u € W4 (q > s) then completely similar as above we can prove that
u s a classical solution when 1 < s < N+q Hence if we want to remove the constraint 1 < s < N+2 in the
statement of the above Lemma we need to show that ug € W4 for some ¢ > N.

Also note the term |Vul|P used only for the existence of solution while the regularity depends only to the larger
exponent s. This also can be done for the problem when the term |Vul|P does not appear, i.e., for the problem

—Au = |Vul®, u =0 on JQ.

We know that the problem above does not have a nontrivial classical solution when s > 1, so by the above
lemma and remark, if 1 < s < % (q > s) then this problem also does not have a singular solution
u € WHa(Q) (otherwise it must be C** a contradiction). Recall that the function

5s—2 N—-2+4+1
—C(1l—|z)), t="25, C=—2""
u(w) = C(1 = |af’), =222, “t

for =5 < s <2 is a singular solution of
—Au = |Vu|® in B, u=0 on 0B,

but note that u ¢ WH4(B(0,1)) for (g > s). Indeed, A € Wy *(B). The following simple observation shows
that if the latter equatzon has a singular solution u € WO (Q) in a domain ) then we must have % < s < 2.

Thus for 1 < s < there is no singular solution u € Wy*(52).

Nl’

Lemma 7. Suppose Q a bounded domain in RN with smooth boundary and 1 < s < % Then the problem

—Au = A|Vu|® in €, u=0 on 0, (39)

does not have any singular solution u € WOI’S(Q), The same proof shows that there is no distributional
singular solution which is sufficiently reqular near OS).

Proof. Assume 1 < s < % and the problem has a singular solution u € WO1 *(2). Then Vu € L*® or

|Vu|* € L' and from elliptic regularity we get u € W2 that gives Vug € Wht. Then by the Rellich-
Kondrachov theorem, Vu 6 L4 for every q < % = py > p1 := s. Repeating the argument above we get

Vu € LY for every q <

. N p2 := p3 > po. Continuing the procedure we obtain an increasing sequence py

with p; = s and pgy1 = ngkk_ so that Vu € LY for every q < pg. If pk is bounded and tends to a v > 0

then we must have v = (s — 1)N, but we need v > p; = s gives s >

N 7, a contradiction. Hence p, — oo
and thus Vu € L for every ¢ < oo. But this implies v € W?2? for t < oo gives u € C*®, a contradiction. To
see the claim regarding distributional solutions note that since u is a distributional solution one sees that

|Vu| € L, () and we then carry on as above. O
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Theorem 12. Let 0 <p <1< s <2 andt € [0, M] where M is defined as in Theorem 11. Then for each
0 < X there exists a uy € H}(Q) weak solution of (Q)x with ||uy||L~ = t. Moreover we have uy increasing
in A and |[Vuy||p — oo. Additional if s < MF2 then uy is a classical solution.

Proof. First we construct an increasing sequence of solutions for all nonnegative integers A. Let ug be a
classical solution of problem (Q)g with ||ug||cc = ¢. Since u = up and @ = ¢ are sub and super-solutions of
(@)1, respectively, with v < 7 and ||u||cc = |[t]|cc = t, then we have a classical solution u; of (Q); with
ug < up and ||ug||eo = t. Continuing this procedure we find an increasing sequence of classical solutions wu,,
(n=0,1,2,...) of (Q)n with [|[un|[sc = t. Now consider the sequence of parameters {\, = §, n is odd}.
Since every solution of (@), is a sub-solution of (Q)} for A > X, then similar as above we can construct an
increasing sequence of classical solutions uz, n = 1,3,5,... of (Q)=» with the property that uz (n € NU{0})
remains increasing. We can do this because the number of non-integers 5 between two integers is finite.
Continuing as above we can construct an increasing sequence of classical solutions u~ of (Q) 2. Now assume
Ao is an irrational. Take a sequence of rational A tends to A\g. By Lemma 6, there exists a uy, € HJ () such
that uy 7 uy, in H}(Q), uyx 7 uy,, a.e. and uy, is a weak solution of Qy,. This also gives |uy,||L~ = t.

The remaining parts of the theorem follow from Lemma 6 and the next theorem. O

Theorem 13. (Boundary layer) Suppose 0 < p < 1 < s < 2 and Q a bounded domain in RN with smooth
boundary. Let N, /* oo and u,, be an increasing bounded (in L) sequence of positive H} solutions of
(Q)rn- Then upm(x) — T = sup |[um||r=() for a.e. © € Q. We also have |[Vunl 2@y — 0 for all
' CC Q. Moreover, ||Vl =) — oo

Proof. Let u,, be a positive solution of (@), and 0 < ¢ € C°(Q). Multiply the equation by ¢? (where
14 % =1) we get

/me.qu):/Q|Vum|f’¢q+xm/9|wm|s¢q.

From above and V(¢?) = q¢?~ 'V we get

)\m/Q|VUm|S¢q < /QVum.V((bq) :q/gz(vum.vqﬁ)qsqfl Sq(/ﬂ|v¢|q)é(/ﬂvum|5¢q)i7

which implies that,

q

[ 1wunpor < & [ 9o (40)

Q Am Ja
From above, by choosing a cut-off function ¢ so that ¢ =1 in Q' we easily get
HVum| Ls(Q/) — 0
Now take )
T = — [ updz
] Jor

and note that T, is an increasing bounded sequence of real numbers, hence T), T’ < T. By imbedding
theorems we have
[um = Toall, s ) < ClIVum]

N @) T

Ls(Q) — 0.
So from this we have

- T/ S
et =T s,
Note by passing to a subsequence we can assume that u,,, — 7" a.e. in ' and since u,, is increasing and
Q' was arbitrary, then w,, — Ty a.e. in € for some Ty < T. We show that Ty = T. Assume Ty < T and
take To < Ty < T, mg € N and xg € Q s.t Ty < T < U, (z0) < T with um(zo) — To. But uy, is increasing
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hence u, (xg) > Um, (o) for m > my, gives Ty > Ti, a contradiction. So we have u,, — T a.e. in Q.
In the following, using the results above and the PDE, we show that

Hvum”LQ(Q/) — 0.

To show this, take a ¢ € C5°(£2), then first we prove

lim / |Vti|?¢ — 0. (41)
Q/

m—r oo

Multiply the PDE of u,, by u,,¢, then we get

— — p s
/Qum(b( Auyy,) /Qum¢|Vum\ —|—/Q)\mum(b\Vum| . (42)

Take Qg := supp ¢, then we have
/ um(rb(*Aum) = / ¢|vum|2 +/ UV - Vig,. (43)
Q Qo Qo
Using (43) in (42) we get

S|V um? = / i d|Vitml? + [ At Vtim]* — / U Vb - Vit (44)
Qo Qo

520 Q0

Note that by choosing a suitable cut-off function in €y in (40) we easily get

C
/ A Vi |® < —2- = 0.
Q0 A

=
Now by using this, u,, < T, ¢ and V¢ are bounded and the dominated convergence theorem we see that the
RHS of (44) tends to zero as m — oco. Hence,

BV =0 as m — .
Qo

Now taking ¢ so that Q' cC QycC Qand ¢ =11in @', 0 < ¢ < 1 then we get
HVumHLz(Q/) — 0

To prove the last part, assume there is some A > 0 such that supg |Vu,| < A (where A is independent of
m). For € > 0 small set Q. := {z € Q : dist(x,00) > e}. Let ¢ > 0 and assume 0 < ¢ € C°(Q) is such that
¢ =11in Q. and |V¢| < € (C independent of ). Then we have, using (40),

/\Vum|sda: / |vum|5¢q+/ IVt |°

[ IVunlor+ a%j0z]

QE

q s
s [ IVoids -+ aje

IN

IN

hence we have
limsup/ |V, |*de < A%|Q¢]
Q

m—o0

and then we can send € N\, 0 to see that
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limsup [ |Vup,|°dz =0

m—oo JQ

and hence using the Sobolev imbedding we have

Ns
/ um dx — 0
Q

as m — oco. But this is a contradiction since u,, is increasing in m. O

We now consider (@) in the case of 0 < p < s < 1. Fix 0 < A < oo and let u,, > 0 denote a classical
solution of (Q)x with ¢, := ||um||Le — sup{||lu|lL= : u a classical solution of (Q)x}. Since 0 < p < s <1
one can argue directly the existence of a maximal solution uy; by maximal here we mean a solution with
maximum L°° norm.

Theorem 14. Let 0 < p < s < 1. Let uy denote the a mazimal solution of (Q)x (in the L™ sense). Then
lualloe 00 as A 7 0.

Proof. Define u as the maximal solution of —Au = A|Vul|® in  with « = 0 on 9. Note that by scaling,
this can be converted to our standard —Av = |Vu|® and that |lul|p=~ 00 as A 7 oo. It is easy to check
that u is a subsolution of —Au = |VulP + A\|Vu|®, while a supersolution is M) = supy u. Hence there must
be a solution in the sector (u, M). Since u blows up as A 7 00, so does uy. O
4.2 Extension 2

We now consider equation

{ —Au = |VulP + f(z) in £, (45)

u = 0 on 0,
where  a bounded domain in R with smooth boundary, 0 < p < 1 and where f(z) is given.

Theorem 15. Suppose p,§2 are as above and suppose f € LI(§2) for some N < q < co. Then there ezists a
weak solution u € W24(Q) N HE(Q) of (45).

Proof. Let v be the unique solution of the problem

—Av = f(x) inQ,
{ v = 0 on 01, (46)
and v the unique positive solution of
Ay = 1 in §,
{ Y o= 0 ond (47)

Since f(x) € L(Q) with ¢ > N, by the elliptic regularity we have v € W249(£2) that also gives v € C1(Q).
For v > 0 large define w = v + v1 and uw = v — 4. Then note both are zero on 02 and @ > w in Q and we
also note both are in W24(Q). For u to be a supersolution and u to be a subsolution we require that

v > |Vo+4VyP  and —v<|Vo—+Vy|P in Q.

But since v,v € C1(2) and since 0 < p < 1 we see this holds for large enough +. O
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4.3 Extension 3

In this section we are interested in variable exponent versions of the above, namely
4
u = 0 on 0f). (48)

Proposition 1. Let p(z) : Q — [0,2] be a continuous function with infq p(x) < 1. Then (48) has a positive
classical solution. Also, there always exists a dead core positive solution.

{Au(x) = |Vu(z)P® in Q,

Proof. By the assumption there exists zg €  such that p(zo) < 1, and just for the sake of simplicity we let
dist(xg,0Q) = 1. Take a p € (p(xg), 1), then by the continuity of p(z) find a dy > 0 such that p(z) < p in
Bs, (x0). Now let g € [0,dp), then from example 2 we know that the radial function

1
u(r) = 51/(1—p)/ (y — y—argﬂ)l/(l—p)dy’ ro <1 < 00,

1
u(r) = g1/ 0477 / (y =y~ g ™Yy, 0<r <,

70
where r = |2 — x0|, is a solution of —Au = |Vul? in RN with u(r) < 0 for » > 1 (with equality at r = 1).
Define u = 7 (e”* — 1). We find suitable v > 0 and 6 > 0 for which u is a sub-solution of (48). Note that we
have ulgo < 0, hence we need

Au+ [VuP® = 10| Vu|?> — 7| VulP 4 4P@) fPP@u |7y P@) >0 2 € Q,
or equivalently,
0| Vu|? 4+ AP@) L@ =10u gy P@) > |gylP, e Q. (49)
To find suitable v and 6 for which (49) holds for all z €  we divide Q to two parts Bs,(xo) and Q\ Bs,(xo).
First consider the part Q\ Bs,(x¢). From the definition of u we have

|Vul|?>~P = BI(r —r=2rgt)e > B9(5) — 55 rg )1 >0, for x € Q\ Bs, (o).
-1
Hence, taking 6 = (ﬁq(éo — (560‘7"8‘“)‘1) , which is independent of v, we get

0|Vu|* > |[VulP, when x € Q\ Bs,(20).

Hence, (49) holds for |z — x| > §p with this 6§ and for every v > 0. Now fix 6 as above. For |z — x| < dp we
find a suitable « for which the second term in the LHS of (49) to be larger than the RHS. For this we need,
from (49) (noticing that we have Vu = 0 in B, (o), hence (49) obviously holds in B, (z¢) C Bs,(z0))

1 p—p(z)
— > V| @ = g(x), 1o < | — T0| < Jo. (50)

Notice that to get (50) we used that p(z) < p < 1 for |x — zg| < do. Now since for |z — zo| < dy we have

0< ’f:ggig < 1%, then g(z) is bounded on Bs,(zo) . Hence it suffices to take % = SUPp;, (a0) 9(7). So we
showed that, with the above choice of 8 and -y, the function u is a subsolution. As a supersolution take
@ = ||ul|p(0). Then by Theorem A there exists a solution v of (48) that belongs to W24(Q) (for every

q > N), with

u <o < [ul|p=(q)- (51)
Now note that if in the above we consider ro > 0 then the fact that u(r) = [|ul| 1= (q) in [0,7¢] implies that
u = ||ul|p= (o) in [0,70]. Then from (51) we see that v(z) = ||u|[z(q) in By, (xo). Hence, v is a dead core
positive solution. O

Remark 4. Note that in the above we constructed a solution v corresponds to every xo with p(xo) < 1, hence
we should have a continuum of positive classical solutions. Also note that the assumption infgp(x) < 1 is
necessary for the existence of nontrivial classical solutions, otherwise we have p(x) > 1 and then similarly
to the case of constant p we can use the mazximum principle to arrive at a contradiction.
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