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Preface

My book, General Lattice Theory, was published in 1978. Its goal: “to discuss
in depth the basics of general lattice theory”. Each chapter concluded with
a section, Further Topics and References, providing brief outlines of, and
references to, related topics. Each chapter contained a long list of open
problems.

The second edition appeared twenty years later, in 1998. It included the
material of the first edition, and a series of appendices. The first, Retrospective,
reviewed developments of the 20 years between the two editions, especially,
solutions of the open problems proposed in the first edition. The other
seven appendices surveyed new fields. They were written by the best experts
available. Obviously, I could no longer command an overview of all of lattice
theory. The book provided foundation, the appendices surveyed contemporary
research.

The explosive growth of the field continued. While the nineteen sixties
provided under 1,500 papers and books, the seventies 2,700, the eighties over
3,200, the nineties almost 3,600, and the first decade of this century about
4,000. As a result, it became almost inevitable that we split the book into two
volumes.

This book, Lattice Theory: Foundation, lays the foundations of the field.
There are no Retrospectives and no lists of open problems. Its companion
volume, Lattice Theory: Special Topics and Applications, completes the picture;
it is written by experts in the various topics covered.

To help the readers of this book to acquire a wider view, almost a thousand
exercises are provided. And there are over forty diamond sections, brief sections
marked by the symbol ♦, that provide brief glimpses into research fields beyond
the horizon of this book.

xvii
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Foreword

In the first half of the nineteenth century, George Boole’s attempt to formalize
propositional logic led to the concept of boolean algebras. While investigat-
ing the axiomatics of boolean algebras at the end of the nineteenth century,
Charles S. Pierce and Ernst Schröder found it useful to introduce the lattice
concept. Independently, Richard Dedekind’s research on ideals of algebraic
numbers led to the same discovery. In fact, Dedekind also introduced modu-
larity, a weakened form of distributivity. Although some of the early results of
these mathematicians and of Edward V. Huntington are very elegant and far
from trivial, they did not attract the attention of the mathematical community.

It was Garrett Birkhoff’s work in the mid-1930s that started the general de-
velopment of lattice theory. In a brilliant series of papers, he demonstrated the
importance of lattice theory and showed that it provides a unifying framework
for hitherto unrelated developments in many mathematical disciplines. Birkhoff
himself, Valère Glivenko, Karl Menger, John von Neumann, Oystein Ore, and
others had developed enough of this new field for Birkhoff to attempt to “sell”
it to the general mathematical community, which he did with astonishing
success in the first edition of his Lattice Theory. The further early development
of the subject matter can best be followed by comparing the first, second, and
third editions of his book: G. Birkhoff [65] (1940), [70] (1948), and [71] (1967).

The goal of the present volume can be stated very simply: to discuss in
depth the foundation of lattice theory. I tried to include the most important
results and research methods that form the basis of all the work in this field.

Special topics and applications of lattice theory are presented in the com-
panion volume. As I mentioned in the Preface, over forty diamond sections
whet the appetite of the reader by providing brief glimpses into areas not
covered in this volume.

In my view, distributive lattices have played a many-faceted role in the
development of lattice theory. Historically, lattice theory started with (boolean)
distributive lattices; as a result, the theory of distributive lattices is one of
the most extensive and most satisfying chapters of lattice theory. Distributive

xix



xx Foreword

lattices have provided the motivation for many results in general lattice
theory. Several conditions on lattices and on elements and ideals of lattices
are weakened forms of distributivity. Therefore, a thorough understanding of
distributive lattices is indispensable for work in lattice theory.

This viewpoint moved me to break with the traditional approach to lattice
theory, which proceeds from orders to general lattices, semimodular lattices,
modular lattices, and, finally, to distributive lattices. My approach has the
added advantage that the reader reaches interesting and deep results early in
the book.

Chapter I develops the basic concepts of orders and lattices. Diagrams
are emphasized because I believe that an important part of learning lattice
theory is the acquisition of skill in drawing diagrams. This point of view is
stressed throughout the book by about 130 diagrams (heeding Alice’s advice:
“and what is the use of a book without pictures”, L. Carroll [1865]); the reader
would be well advised to draw lots more while reading the book.

A special feature of this chapter is a detailed development of free lattices
generated by a partial lattice over an arbitrary variety; this is one of the most
important research tools of lattice theory.

Diamond section topics include tolerances, continuous lattices, the charac-
terization theorem of congruence lattices of universal algebras, finitely presented
lattices, and various axiom systems for lattices.

Chapter II develops distributive lattices including representation theo-
rems, congruences, boolean algebras, and topological representations. The last
section is a brief introduction to the theory of distributive lattices with pseu-
docomplementation. While the theory of distributive lattices is developed
in detail, the reader should keep in mind that the purpose of this chapter is,
basically, to serve as a model for the rest of lattice theory.

Diamond section topics include polynomial completeness, Priestley spaces,
frames (a lattice theoretic approach to topology), and generalizations of Stone
algebras.

In Chapter III, we discuss congruences and ideals of general lattices.
The various types of ideals discussed all imitate to some extent the behavior
of ideals in distributive lattices.

There is only one diamond section, discussing infinite direct decompositions
of complete lattices.

Lattice constructions play a central role in lattice theory. Chapter IV
discusses a construction of old: gluing (1941) and the newer One-Point Ex-
tension (1992), the crucial chopped lattices (from the 1970s), and the newest
construction (1999): boolean triples.

Diamond section topics include generalized gluing constructions, congru-
ence lattices of (i) finite lattices, (ii) finite lattices in special classes, (iii) more
than one finite lattice, (iv) general lattices, (v) complete lattices; further-
more, independence results, tensor products, and congruence-permutable,
congruence-preserving extensions.



Foreword xxi

After presenting the basic facts concerning modular and semimodular
lattices, Chapter V investigates in detail the connection between lattice
theory and geometry. We develop the theory of geometric lattices, in particular,
direct decompositions and geometric lattices arising out of geometries and
graphs. As an important example, we investigate partition lattices. The last
section deals with complemented modular lattices and projective geometries,
including the Coordinatization Theorem and Frink’s Embedding Theorem.

Diamond section topics include pseudocomplementation in modular lattices,
identities of submodule lattices, consistency (a generalization of modularity
different from semimodularity), type 2 and 3 congruence lattices for universal
algebras, special topics on partition lattices, coordinatization results of sec-
tionally complemented modular lattices, the dimension monoid of a lattice
(a precursor of the congruence lattice), and Dilworth’s covering theorem.

Chapter VI deals with varieties of lattices. It covers the basic properties,
including Jónsson’s Lemma, the lattice of varieties of lattices, equational bases,
and the Amalgamation Property.

Diamond section topics include products of varieties, lattices of (quasi-)
equational theories, and modified Priestley dualities.

Chapter VII presents free products of lattices, including the Structure
Theorem, the Common Refinement Property, sublattices of a free lattice,
reduced free products, and hopfian lattices.

Diamond section topics include amalgamated free products, the word
problem for modular lattices, transferable lattices and finite sublattices of a
free lattice, semidistributive lattices, and Dean’s Lemma.

The exercises form an integral part of the book; do not leave a section
without doing a good number of them.

The Bibliography contains about 700 entries; it is not a comprehensive
bibliography of this field. With a few exceptions, it contains only items referred
to in the text. To find the references for a topic, use the AMS online database,
MathSciNet, or turn to Zentralblatt.

A very detailed Index and the Glossary of Notation should help the reader
in finding where a concept or notation is first introduced. For names and
concepts, such as “Jónsson, B.” and “Priestley space”, use the Index ; symbols,
such as ConL, rank(p), should be looked up in the Glossary.

I assume a rudimentary knowledge of basic set theory and algebra.

Notation

More difficult exercises are marked by *. Theorems (lemmas) presented without
proofs are marked by the diamond symbol ♦.

Section 5 refers to a section in the chapter you are reading, whereas
Section II.5 refers to a section in Chapter II. Exercise 5.2 refers to the second
exercise in Section 5 of the chapter you are in, while Exercise V.5.2 refers to
the second exercise in Section 5 of Chapter V. Finally, Lemma 403(ii) refers to



xxii Foreword

the second statement of Lemma 403 and Definition 41(i) to the first condition
of Definition 41.

If you are curious how the mathematical notational system used in this
book developed, consult the Afterword.

Winnipeg, Manitoba
November 2010

gratzer@me.com
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Constructions

P ×Q direct product of P and Q 1, 7, 45
P 2 P × P 7∏

(Li | i ∈ I ) direct product of {Li | i ∈ I } 46∏
D(Li | i ∈ I) ultraproduct of {Li | i ∈ I } 416

P δ dual of an order (lattice) P 5, 14
P +Q sum of P and Q 8

P
.
+Q glued sum of P and Q 8

↓H down-set generated by H 7
↑H up-set generated by H 7
A⊗B tensor product of A and B 300
LI One-Point Extension of the lattice L 255
L[I] interval doubling 259
M3[L] order of boolean triples of the lattice L 295
A ∗B free product of the lattices A and B 467

Perspectivities

[a, b] ∼ [c, d] perspective intervals 35

[a, b]
up∼ [c, d] up-perspective intervals 35

[a, b]
dn∼ [c, d] down-perspective intervals 35

[a, b] ≈ [c, d] projective intervals 35

[a, b]
n
≈ [c, d] projective intervals in n steps 35

[a, b]� [c, d] congruence-perspective intervals 208

[a, b]
up
� [c, d] congruence-perspective up intervals 208

[a, b]
dn
� [c, d] congruence-perspective down intervals 208

[a, b]⇒ [c, d] congruence-projective intervals 208
[a, b]⇔ [c, d] [a, b]⇒ [c, d] and [c, d]⇒ [a, b] 208
x ∼ y x is perspective to y 239
x . y x is subperspective to y 239
x ≤⊕ y x has a relative complement in [0, y] 239
ProjRep(p) projective representative of p 344
ProjCl(p) projective closure of p 344
unit(p) unit of projective closure of p 344
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Miscellaneous

a∗ pseudocomplement of a 99
a∗ unique lower cover of a 102
a′ complement of a 99
x,X closure of x and X 47, 49
∅ empty set 5
≡B equivalence of boolean terms 128
p/B block of boolean terms 129
≡D equivalence of distributive lattice terms 126
p/D block of distributive lattice terms 126
x+ y symmetric difference 132
α ◦ β product of binary relations 2
V ◦W product of the varieties V and W 430
aM b modular pair 335
p(i), p(i) upper and lower i-cover of p in a free product 471
p, p upper and lower cover of p in P 517

Ab lattice A with two new bounds 471


