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SMALL REPRESENTATIONS
OF FINITE DISTRIBUTIVE LATTICES

AS CONGRUENCE LATTICES

GEORGE GRATZER, IVAN RIVAL, AND NEJIB ZAGUIA

(Communicated by Lance W. Small)

ABSTRACT. A recent result of G. Gratzer, H. Lakser, and E. T. Schmidt states
that for any distributive lattice D with n join-irreducible elements, there exists
a lattice L with O(n2 ) elements, whose congruence lattice Con L is isomor­
phic to D. We show that this result is best possible.

1. INTRODUCTION

It is a classical result of R. P. Dilworth (circa 1940)-first published in 1962
in G. Gratzer and E. T. Schmidt [5]- that every finite distributive lattice is the
congruence lattice ofa lattice. (See G. Gratzer [2] for a brief review of the field
(about 40 papers) that grew out of this result.)

In view of the modern interest in algorithmic complexity, attention has
turned, in recent years, to computing the minimum size of the lattice L whose
congruence lattice Con L is isomorphic to the given distributive lattice D.

It is natural to measure the size of the lattice L in terms of the number
of join-irreducible elements of the distributive lattice D. For an arbitrary fi­
nite distributive lattice D with n join-irreducible elements, it was shown by
G. Gratzer and E. T. Schmidt [5] that there is a lattice L of size O(22n ) such
that Con L ~ D. Recently, G. Gratzer and H. Lakser [3] elaborated a construc­
tion in which the size of L was reduced to O(n3 ). Subsequently, G. Gratzer,
H. Lakser, and E. T. Schmidt [4] have announced that they can construct such
a lattice with O(n2 ) elements. The purpose of this note is to show that no one
can do better.

Theorem. Let a be a real number satisfying the following condition: Every dis­
tributive lattice D with n join-irreducibl~ elements can be represented as the
congruence lattice ofa lattice L with O(na ) elements. Then a 2: 2.
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2. Two LEMMAS

In this section we prove two general lemmas.
If <I> is a join-irreducible congruence of a finite lattice L, then we can rep­

resent it in the form <I> = 8(v, u) , where v, u ELand v -< u (that is, v is
covered by u); as usual, 8(v, u) denotes the smallest congruence collapsing v
and u.

Lemma 1. Let L be a lattice, and let Vi, Ui E L satisfy Vi -< Ui, for i = 1,
2. Let <l>i = 8(Vi , Ui) ,for i = 1, 2. If <1>1 -< <1>2 in Con L, then there is a
three-element chain {el, h , e2} in L such that <l>i = 8(h , ei) ,for i = 1, 2,
and el < h < e2 or e2 < h < el .
Proof. We assume that the reader is familiar with the basic concepts and nota­
tions of projectivity in lattices (see, for instance, pages 129-130 of [1]). Since
VI == Ul (8(V2, U2)) and VI -< Ul , by Theorem 111.1.2 ibid, there is a sequence
of projectivities

U2/V2 = Yl/Xl /' Y2/X2~ Y3/X3 /' ... ~ Yn/xn = Ul/Vl ,

for some natural number n > 1 . Obviously,

<1>2 = 8(Xl , Yl) ~ 8(X2, Y2) ~ 8(X3 , Y3) ~ ... ~ 8(xn , Yn) = <1>1.

Since <1>2 >- <1>1 , there is an i satisfying 8(Xi, Yi) = <1>2, 8(Xi+l, Yi+l) = <1>1 ,
and 1 ::; i < n. For this i, either Yi/Xi /' Yi+l/Xi+l or Yi/Xi ~ Yi+l/Xi+l .
In the first case, set h = Yi /\ Xi+l, e2 = Xi , and el = Yi ; obviously, el < h <
e2, <1>1 = 8(h, el), and <1>2 = 8(h, e2). If Yi/Xi ~ Yi+l/Xi+l , we proceed
similarly, and obtain <1>1 on top. 0

The second lemma deals with join-independence. A set A in a lattice L is
join-independent if for any a E A and finite subset Al ~ A, the inequality
a ::; VA implies that a E Al .

Lemma 2. Let L be a lattice,' let A ~ L, and let bEL be a lower bound
of A in L. If {8(b , x) I x E A} is join-independent in Con L, then A is
join-independent in L.

Proof. Indeed, if a ::; VAl for some finite Al ~ A, then

8(b, a) ::; V{8(b, x) Ix E AI},

a contradiction. 0

Finally, observe that in a distributive lattice, a set A of join-irreducible
elements is independent iff the elements are pairwise incomparable. So we
obtain the following

Corollary. Let L be a lattice, let A ~ L, and let bEL be a lower bound of A
in L. If {8(b, x) I x E A} is a set ofpairwise incomparable join-irreducible
congruences, then A is join-independent in L.

3. PROOF OF THE THEOREM

Let n be a natural number. Let Dn be a distributive lattice whose partially
ordered set Pn of join-irreducible elements is bipartite (that is, every element is
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either maximal or minimal) and in which there are O(n2) covering edges. Let
L n be a lattice satisfying Con Ln ~ Dn , and contrary to the Theorem assume
that L n has O(na

) elements where a < 2.
There are O(n2) covering pairs of join-irreducible congruences of Ln. By

Lemma 1, each pair <1>1 -< <1>2 corresponds to a three-element chain e1 < h < e2 •
Since there are O(n2) covering pairs of join-irreducible congruences and there
are O(na

) elements in L n , there must be an element h E L n that appears as
the middle element of O( ~~) = O(n2- a

) three-element chains. For half of these
chains, still O(n2- a

) in number, the top interval (or dually, the bottom interval)
defines the larger congruence. So we obtain in Ln an element h and a set A of
elements, O(n2- a

) in number, so that all the 8(h , x) are maximal (or all are
minimal) join-irreducible congruences of Ln. Obviously, these congruences
are pairwise incomparable. By the Corollary to Lemma 2, A-under join­
generates a free join-semilattice F (or in the dual case, a free meet-semilattice).
The set F ~ L n has O(2n2

-
a

) elements. But this is a contradiction since Ln

has only O(n2 ) elements.

REFERENCES

[1] G. Gratzer, General lattice theory, Pure Appl. Math. Ser., Academic Press, New York, 1978;
Mathematische Reihe, Band 52, Birkhauser Verlag, Basel; Akademie Verlag, Berlin.

[2] __, Results on the congruence lattice ofa lattice, The Dilworth Theorems. Selected Papers
of Robert P. Dilworth (K. P. Bogart, R. Freese, and J. P. S. Kung, eds.), Birkhauser Verlag,
Basel-Boston, 1990, pp. 460-464.

[3] G. Gratzer and H. Lakser, Congruence lattices ofplanar lattices, Acta Math. Hungar. 60 (1992),
251-268.

[4] G. Gratzer, H. Lakser, and E. T. Schmidt, Congruence lattices of small planar lattices. Proc.
Amer. Math. Soc. (to appear).

[5] G. Gratzer and E. T. Schmidt, On congruence lattices oflattices, Acta Math. Acad. Sci. Hungar.
13 (1962),179-185.

(G. Gratzer) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MANITOBA, WINNIPEG, MANI­
TOBA, CANADA R3T 2N2

E-mail address: George_GratzerCOumanitoba.ca

(I. Rival and M. Zaguia) DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF OTTAWA, OT­
TAWA, ONTARIO, CANADA KIN 6N5

E-mail address:rivalCOcsi.uottawa.ca
E-mail address:zaguiaCOcsi.uottawa.ca


	Cover Page
	Article Contents
	p. 1959
	p. 1960
	p. 1961

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 123, No. 7 (Jul., 1995), pp. 1959-2281
	Front Matter
	Small Representations of Finite Distributive Lattices as Congruence Lattice [pp. 1959-1961]
	Quadratic Descent of Involutions in Degree 2 and 4 [pp. 1963-1969]
	Isomorphisms Between Endomorphism Rings of Modules [pp. 1971-1973]
	A Note on the Thue Inequality [pp. 1975-1979]
	Four-Point Affine Lie Algebras [pp. 1981-1989]
	Cohen-Macaulayness of Blow-Ups of Homogeneous Weak d-Sequences [pp. 1991-1994]
	Noncrossed Product Division Algebras with a Baer Ordering [pp. 1995-2003]
	A Simple Proof of a Remarkable Continued Fraction Identity [pp. 2005-2009]
	The Difference Between Permutation Polynomials Over Finite Fields [pp. 2011-2015]
	On the Finite Images of Some One-Relator Groups [pp. 2017-2020]
	Reflexivity of Tensor Products of Linear Transformations [pp. 2021-2029]
	Optimal Intervals of Stability of a Forced Oscillator [pp. 2031-2040]
	Some Inequalities of Algebraic Polynomials [pp. 2041-2048]
	Fixed Points Via "Biased Maps" [pp. 2049-2060]
	Preference Relations and Measures in the Context of Fair Division [pp. 2061-2070]
	A Right Inverse of the Askey-Wilson Operator [pp. 2071-2079]
	On the Compactness of the Evolution Operator Generated by Certain Nonlinear Ω-Accretive Operators in General Banach Spaces [pp. 2081-2091]
	Composition Operators Between Hardy and Weighted Bergman Spaces on Convex Domains in C [pp. 2093-2102]
	Carleman Inequalities for the Dirac Operator and Strong Unique Continuation [pp. 2103-2112]
	Stolarsky's Inequality with General Weights [pp. 2113-2118]
	Intermediate Value Theorems and Fixed Point Theorems For Semi-Continuous Functions in Product Spaces [pp. 2119-2122]
	A Note on Interpolation of Semigroups [pp. 2123-2132]
	On Polynomially Bounded Operators with Rich Spectrum [pp. 2133-2139]
	Delay Differential Inclusions with Constraints [pp. 2141-2150]
	On the Composition of Transcendental Entire and Meromorphic Functions [pp. 2151-2153]
	The Error Term of Holomorphic Mappings in Nevanlinna Theory [pp. 2155-2164]
	The Hardy-Littlewood Theorem on Fractional Integration for Laguerre Series [pp. 2165-2171]
	Generalized Scalar Operators as Dilations [pp. 2173-2180]
	The Embedding Theorem for the Besov and Triebel-Lizorkin Spaces on Spaces of Homogeneous Type [pp. 2181-2189]
	On the Torsion Part of C with Respect to the Action of a Derivation [pp. 2191-2197]
	A Paley-Wiener Theorem for Frames [pp. 2199-2201]
	Characteristic Functions and Products of Bounded Derivatives [pp. 2203-2211]
	Real Rank of Tensor Products of C-Algebras [pp. 2213-2215]
	A Measure with a Large Set of Tangent Measures [pp. 2217-2220]
	Quasi-Isometries of Hyperbolic Space are Almost Isometries [pp. 2221-2227]
	On the First n Strongly Compact Cardinals [pp. 2229-2235]
	Mutually Complementary Families of T Topologies, Equivalence Relations and Partial Orders [pp. 2237-2249]
	Twisted Torus Bundles Over Arithmetic Varieties [pp. 2251-2259]
	Completion Theorem for Cohomological Dimensions [pp. 2261-2264]
	Index Theory for Perturbed Dirac Operators on Manifolds with Conical Singularities [pp. 2265-2273]
	On the Determinant and the Holonomy of Equivariant Elliptic Operators [pp. 2275-2281]
	Back Matter





