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The Whitman Conditions

P(X) all polynomials over a set X
For p, g € P(X), set p C q iff it follows from the following rules:

(E) x C x,

(A\W) p=poApi,
(VW) p=poVp1,
(Wa) q9=4qoq,
(Wy) q=4qoVqr,

for x € Q;

where ppCq or p1 Cg;
where pp C q and p1 C g;
where  p C qoand p C q1;
where p Cqo or pCaqr.



The free lattice

Each polynomial A determines an element (A) of the free lattice
F(Q), if we interpret A as the meet operation in F(Q) and V as
the join operation. Given A, B € P(Q), we set A= B, if

(A) = (B) in F(Q); equivalently, if AC B and B C A. Let A< B,
if (A) < (B) in F(Q); < is a quasi-ordering on P(Q).



The Dilworth Conditions

P(Q) all polynomials over an order Q
For p, g € P(Q), set p C q iff it follows from the following rules:

Q) xCy,

(AW) p=poAPpi,
(VW) p=poVp1,
(Wh) q9=qo/q,
(Wy) qg=4qoVq,

for x, y € Q with x <y in Q;
where pp Cq or p1 Cg;
where pp C g and p1 C g;
where  p C qo and p C q1;
where p Cqo or pCaqr.

We get the free lattice F(Q) over the order @



The Gratzer-Lakser approach
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Our special structure Q

Let K be a bounded lattice. Let a € K — {0,1}, and let u be an
element not in K. We extend the partial ordering < of K to

Q = KU {u} as follows: 0 < u < 1.

We extend the lattice operations A and V to Q@ as commutative
partial meet and join operations. For x < y in @, define x Ay = x
and xVy =y. In addition, let aAu=0and aVu=1.



The lattice F(Q)

We now discuss the lattice F(Q), the lattice freely generated by Q
and preserving the partial joins and meets of Q.



Covers

We associate, with each polynomial A,

an element A,, which will represent the largest element of K
below A

an element A*, which will represent the smallest element of K
above A

Now we give a mutually recursive definition of u C A and A,.



The Gratzer-Lakser Structure Theorem

Theorem

The following statements hold:
(YuCu Ifxe K, thenu C x iffx = 1.

(i) u. = 0. If x € K, then x, = x.

(i) u CAAB iffuC Aand u C B.

(iv) (AA B), = Ac A B,

(v) u C AV B iff eitheru C A, oruC B, or A,V B, = 1.
(
(

AVB), = 1, ifaC A,V B, and either u C A oruC B;
* A,V By, otherwise.



The complements in F(Q)

0

Theorem
(i) The only complement of u in F(Q) is a.

(ii) Let K contain no spanning Ns. Let (A), (B) be complementary
in F(Q). Then either

{(A).(B)} € K

{(A), (B)} = {u, a}.



Sample proof

(i) The only complement of u in F(Q) is a.

Proof. Let A € P(Q) be such that (A) is a complement of v in
F(Q), thatis, AAu=0 and AVu=1.

Then

1, if a C A,V u, = A,

A., otherwise.

1:(A\/u)*:{

So either a C A, or 1 = A,; in either case, a C A,. Dually, a D A*.
Thus
ACA"CaCA,CA

and so A = a.



Application: Chen and Gratzer

Theorem

Let K be a bounded, at most uniquely complemented lattice (that
is, a lattice with zero and unit, in which every element has at most
one complement). Then K has a {0, 1}-embedding into a uniquely
complemented lattice L.

Proof. Since K is at most uniquely complemented, it contains no
spanning Ns. If K is uniquely complemented, there is nothing to
do. If not, pick an a € K that has no complement, define

Q = KU{u}, and form L; = F(Q). So L; is an at most uniquely
complemented {0, 1}-extension of K, and a has a complement in
Ly, namely, u. By transfinite induction, we obtain an at most
uniquely complemented {0, 1}-extension L of K in which every
element of K has a complement. Repeating this construction
w-times, we obtain the lattice L of this theorem.



Application: Dilworth

Theorem
Every lattice can be embedded into a uniquely complemented
lattice.

Proof. Starting with an arbitrary lattice V, let K be the lattice we
obtain by adjoining a new zero and unit to V. Then K is at most
uniquely complemented, indeed, only the zero and the unit have
complements. By the Chen and Gratzer result, K has a

{0, 1}-embedding into a uniquely complemented lattice L.

Of course, this L will do for V.



Application: new sample result

Let m be a cardinal number. A lattice K is called (at most)
m-complemented, if K has 0 and 1, and every x € K — {0,1} has
(at most) m complements.

Gratzer-Lakser:

Theorem
Let K be an at most m-complemented lattice with no spanning Ns.
Then K has a {0, 1}-embedding into an m-complemented lattice L.
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