VARIATION OF NEUMANN AND GREEN FUNCTIONS UNDER
HOMOTOPIES OF THE BOUNDARY

ERIC SCHIPPERS AND WOLFGANG STAUBACH

ABSTRACT. We develop variational formulas for certain Neumann and Green functions
of multiply connected planar domains, valid for any smooth homotopy of the boundary.
The modified Neumann and Green functions under consideration arise in the study of
holomorphic functions with single-valued primitives.

1. INTRODUCTION

1.1. Statement and motivation of results. In this paper we derive first-order varia-
tional formulas for Green and Neumann functions of multiply connected planar domains,
which are valid for arbitrary smooth homotopies of the boundary curves. Variational for-
mulas are given for the Neumann function of the domain, as well as for certain modified
Green and Neumann functions which play a central role in the theory of complex ana-
lytic functions with primitives in multiply connected domains [3] [5] [7]. The variational
formula for the ordinary Green function was proven in [8].

The formulas obtained in this paper are improvements of the classical Hadamard vari-
ational formulas. The Hadamard formulas are valid for variations of the boundary curves
along the normal (that is, they are of the form z(s)+ An(s)n(s) where z(s) traces the orig-
inal boundary curve, n(s) is the unit outward normal and An(s) is an arbitrary smooth
quantity). In brief, the improvement is that while the Hadamard variation can be used
to provide necessary conditions for validity of certain functional inequalities, the formulas
provided here are often sufficient.

More precisely, assume that one wants to show that some quantity I depending on
intrinsic domain functions (such as the Green or the Neumann function and its derivatives)
increases as the domain increases set-theoretically. That is, if D1 C Dy then I(D;) <
I(Dy). In particular, I must increase under a Hadamard variation, so taking the functional
derivative of I with respect to a Hadamard variation one obtains a necessary condition
for monotonicity. However, this does not rigorously establish the result for arbitrary
pairs of domains Dy and D, such that Dy C Ds, since 1) it is not possible to reach an
arbitrary domain by a normal variation and 2) one cannot even establish that the quantity
I is increasing on a small interval. Note that given a normal variation z(s) = z,(s) +
Any,(s)n(s) it is usually not possible to write z;(s) = 24, (s) +Ang, (s)ng, (s) for to <ty <t
for any function Any, (s). Nevertheless, Hadamard variations are generic enough that one

suspects that the necessary conditions should be sufficient for monotonicity.
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The solution presented here is based on the intuitive idea that a generic smooth variation
of a curve is a normal variation up to first order. We give precise formulas for the first-order
variations of various domain functions under general homotopies. Using these formulas,
for any homotopy of domains D; we may simply differentiate the quantity I(D;) with
respect to ¢, and if it is positive then by elementary calculus I(D;) must in fact be
increasing. This establishes that (D) < I(Ds) for any pair of domains Dy C Dy with
homotopic boundary curves. For examples of such applications see [8].

The assumption that the boundaries are smooth is not an obstacle in proving inequali-
ties, since one can easily extend inequalities to the non-smooth case by using exhaustions
by smoothly bounded domains (see [8, Remark 2]). This can be contrasted with the
variational methods of Schiffer and others, which handle the non-smooth case directly
and provide necessary conditions that a particular domain be extremal, but often are
not sufficient to prove that an inequality holds in general. The variational techniques
presented here and in [8] are designed for sufficient conditions, and thus can be seen as
complementary to Schiffer variation.

In this paper we will focus on the establishment of such variational formulas for other
domain functions besides the Green function. In particular, we have devoted considerable
effort into establishing the formulas for certain modified Green and Neumann functions
considered in for example [3] [5] [7], with an eye to future applications. These domain
functions are important to the study of the class of exact holomorphic one-forms.

Our results are the following: (1) Theorem 3.5 establishes the variational formula for
the modified Green function under an arbitrary homotopy. As described above, this gen-
eralizes the Hadamard variational formula; (2) Theorem 3.1 yields a variational formula
under an arbitrary homotopy for a modified Neumann function H defined by Schiffer
and Hawley [7]. The formula was proven in the special case of Schiffer variations in [7]
and therefore it has not even been established for arbitrary Hadamard variations; (3) In
Theorem 3.7 we establish the formula for variation of the ordinary Neumann function N
under an arbitrary homotopy.

1.2. Preliminaries. Let G be a domain in the complex plane bounded by m smooth
curves.

Definition 1.1. Let D(G) denote the set of harmonic functions on G with finite Dirichlet
energy.

Two facts concerning D(G) will be crucial. First, by a result of Privalov, Plessner,
Marcinkiewicz, Zygmund and Spencer, see e.g. [11], for almost every point p € 0G,
any element of D(G) has non-tangential limit at p. See also [10] for detailed proofs and
generalizations to all dimensions and domains with various boundary regularities. Second,
it is known that if G is a smoothly bounded domain and « is a harmonic function with
finite Dirichlet energy then the boundary value of u is an L?*(dG) function with respect
to the boundary measure of the domain, see Aronszajn [1] and Sobolev [9].
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Now let z = z(s) be the parametric representation of the boundary curves in terms of
the arc length s. Denote differentiation with respect to s with a dot, e.g. z. Assume that
the boundaries are traced with positive orientation with respect to the interior. We will
use the following conventions in this paper: (1) n denotes the unit outward normal; (2)
the curvature k of z(s) is a signed curvature, so that the curvature is positive if Z points
in the direction of the outward normal n (i.e. 2 = kn). With these conventions, we have
that

(1.1) n = —iz
and
(1.2) K(s) = zz

Following Schiffer and Hawley [7], we define the subspace Dy(G) of D(G) consisting of
functions which satisfy

(1.3) y f(z(s))k(s)ds = 0.

By the Cauchy-Schwarz inequality and the preceding discussion the integral | og [ exists.

Besides the ordinary Neumann function, we will consider a modified Neumann and
Green function on Dy(G). These functions were considered by Schiffer and Hawley [7] in
the study of connections on planar domains, and play a central role in the construction of
kernel functions in Dy(G) and holomorphic functions of finite Dirichlet energy satisfying
the same normalization. Dy(G) and the corresponding space of holomorphic functions
are in one-to-one correspondence with exact harmonic and holomorphic one-forms on G
respectively via application of the exterior derivative, which accounts for their importance.
The non-standard normalization is a key part of the machinery developed in [7] for the
construction of intrinsic differentials on G.

We now define the Neumann and Green functions considered in this paper. First we
define the ordinary Neumann function N of a domain G in the plane. As is well-known
this function is defined by the properties that N(z,() = —log|z — (| + Ni(z, () where N;
is harmonic in z on G,

ON 27

(1'4) —(Z>C) = f? z € 897

where f oG ds = L and the normalization

(1.5) N(z,()ds, = 0.

oG
Because of its logarithmic pole, N satisfies Green’s third identity, see [6], for any u which
is harmonic on G:

(16) w0 =5 [ (M2 056 w0 ds
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/wu(z)dsz =0

1 0
uQ) =g | N5 s

Next we define the “modified Neumann function” H of Schiffer and Hawley [7].
Given a planar domain G bounded by m smooth closed curves, H(z, () is the unique
function with the following properties:

(17) H(zvc) :—mlog|z—C|+H1(z,C)

where H; is harmonic in z,

Of course if

then

(18) (20 = —s(2)

where once again n denotes the unit outward normal and
(1.9) / k(z)H(z,()ds, = 0.
ag

Remark 1.2 (Comparison with the sign conventions in [7]). Schiffer and Hawley [7] choose
the inward normal for n and also choose curvature to have opposite sign x as that used
here. Unfortunately their choices of sign are inconvenient in the present setting. Thus
with these two changes, the condition
oH
on

defines precisely the same function H as in [7].

—K

Because of the logarithmic pole, H has the property that for any harmonic function u

on G
(1.10) u(¢) = (H<z, 02 2) ~u(x 2L, <>) ds,

n 2mm oG

_ ! (H(z, g)%@) + u(z)m(2)> ds,

B 2mm oG

In particular, if u satisfies the normalization

/ k(z)u(z)ds, =0
aG
then ) 5
WO = g | HEOFHC) b

Thus H is the “Neumann function” for the class of harmonic functions with this normal-
1zation.
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Finally, we define the modified Green function G introduced in [7]. Again, note that
some signs differ from [7] because of our choice that n denotes the outward rather than
inward normal. Let g(z,() denote the ordinary Green function defined to be the unique
function in ( satisfying

g(za C) = - lOg ‘Z - C’ + gl(/za C)

where ¢, is harmonic in ¢ and

9(2,¢) =0
for any ¢ € G and 2 € 9G. Let 0G = U7 ,C,,
1 dg
wy(C) = “or o, a—nZ(Z,C)dSz

denote the harmonic measures of G, and

1 ow,
P, =— d
a 2m Je, On °

denote the period matrix. Let ¢,, be the symmetric matrix defined by the conditions

1 m
Oup — - = QWZCWPVP
v=1

where 0, is the Kronecker delta and

Xm:cw:() w=1...,m.
v=1

The modified Green function G is defined by

(1.11) (2,0 = 9(z. ) +21 Y e (2)wnll).

wr=1

G so defined, is harmonic for z # ¢ and has a logarithmic pole for z = (:
(1.12) G(z,¢) = —log|z — ¢| + Gi(2,()

where G is harmonic in (. Of course (G is also symmetric.
From the representation above, it follows that G(z, () is symmetric in z and ¢. It can
be shown that G satisfies the following relations:

1 1
(1.13) / 0G0 g =L i1 m
Cu

o on, m

On each boundary curve C,,, G(z,() takes a constant value in the sense that

(1.14) G(z,¢) = k), z€Cy,
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with
(1.15) > k(¢ =0.
pn=1
Furthermore
(1.16) / k(s.)G(z,()ds, = 0.
ag

See [7] for the details and proofs of these statements.

2. HOMOTOPIES OF THE BOUNDARY CURVES

In this section we carefully define the kind of variation under consideration, establish
some notation, and collect some crucial technical lemmas.

2.1. Definition of admissible homotopies and notation.

Definition 2.1. Let G; be a family of domains for ¢ € (a, b), which are bounded by m C?
simple closed curves for each fixed . A collection of functions F* : (a,b) x [0,27] — C,
1=1,...,mis called an admissible C? homotopy for G, if

(1) F'is injective for each i, except that F'(¢,0) = F'(t,2m)

(2) F"is C? for each 4; furthermore, the right-hand derivatives in the second variable

up to order p at (¢,0) match the left-hand derivatives at (t,27) for all ¢t € (a,b)
(3) for each fixed t the curves F(t,-) are the boundary curves of G;, and
(4) Gy C G, whenever t' < t.

We will refer to the collection of functions F as “the homotopy F”.
The following definition fixes notation regarding the infinitesimal variation correspond-
ing to an admissible homotopy.

Definition 2.2. Let G; be a collection of domains for ¢ € (a,b) and F be an admissible
homotopy for G;. For ¢, € (a,b) denote the outward unit normal to F'(tg,-) at F"(t, )
by n,(7) as above. Let An; (t,7) denote the distance from F'(to,7) to the curve F(t,-)
along the normal line at F"(ty, 7) (see Figure 2.1). Furthermore denote

; d

I/tO(T) == tt Anio(t,T).
=0

If F' is suitably regular, the definitions of Anj (1) and v} (t,7) make sense for some
interval (to — €,to + €) x [0,27] by Lemma 2.5 ahead.

Remark 2.3. We will often drop the index i to reduce clutter.

Remark 2.4. Note that it is usually not true that F(to, ) + Any, (t, 7) ng, (7) = F(t, 7).
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FIGURE 1. Definition of An

|

F<t07 ) F(to,T)
2.2. Technical lemmas regarding homotopies. Here we collect some crucial lemmas
established in [8], as well as an elementary formula for the variation of curvature .

Given such a homotopy, fix ty € (a,b). It is intuitively clear that for small t—t, the curve
F(t,-) can be obtained from F'(t, ) by variation along the normal line. That is, for small
t — to a general homotopy is in fact a normal variation (that is, up to reparametrization
of the curve F(t,-); see Remark 2.4). For our applications it is necessary to have control
over the interval on which this is true. The following two lemmas proved in [8] are for
this purpose.

Lemma 2.5. Let F be an admissible C* homotopy, and [c,d] be a compact subinterval of
(a,b). There is a fivzed € > 0, such that for every ty € [c,d] and t € (tg —e,to + €), the
curve T — F'(t,7) intersects the normal line r — F*(to, 1) +rn; (o) once and only once
for every To € [0,27] andi=1,...,m.

Clearly Any,(t,7) is approximately (¢ — to)r4, (7). We will need a uniform version of
this approximation:

Lemma 2.6. The € of Lemma 2.5 can be chosen so that
Ang, (t,7) = (t — to)vy, (7) + O([t — to]?)
for |t — to] < &, where the remainder is uniform for (to, ) € [c,d] x [0, 27].
We will also need the following elementary formula for the variation of curvature k.

Lemma 2.7. Let F be an admissible C® homotopy corresponding to domains Gy. Let 2, (s)
parametrize the curve T — F(ty,7) with respect to arc length, and let z,(s) = 2z, (s) +
Any, (ta, 7(8)) n(s) parametrize the curve 7" — F(ty,7'). Let ki, (s) denote the curvature
of these two curves as a function of s for i = 1,2 respectively. Let vy, (s) = vy, (7(s)).
Then denoting differentiation with respect to s with a dot,

i (5) = kir, (5) + (B2 — 1) (3, ()1, (5) + 0, () + O(Jt2 — 1a]).
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The remainder term is uniformly bounded by K|ty — t1|?

some K.

on the entire curve F(ty,-) for

Proof. For simplicity denote u(ts) = Any, (te) n = —iAny, (t2)Z, (suppressing the depen-
dence on s). Then we have

' -
s _Im<w)

_|73t1 —I—ﬂ(t2)| 73151 +u(t2)

Note that An(t;), An(t;) and An(t,) are all identically zero. It follows that wu(ty), @(t;)
and 1ii(t;) are also identically zero. Denoting differentiation with respect to ¢t with a’; it
is then easy to compute that

d s i) i) i) 5,

dtg ?;’tl + U(tg) to=t1 2ty 'ét1 2ty
and ‘
i _ 1 = —R,e <u,(t1)> .
dty 2 + 0 (t2)]|,—y, 24
Thus
d V(1 .. e J(4) 5
(2.1) — Kty (5) = Re <u( 1>)Im (ﬁ> —Im (u( ) _ u( 1>&)
dt2 to=t1 Ztl Ztl Ztl Ztl Ztl

)

In the second equality we used equation (1.2); note that %, /Z;, is pure imaginary since
2y, (8) is parametrized by arc length.
Again using equations (1.1) and (1.2)

U(tg) = —iAn(tg)Ztl — An(tg)ﬁtlztl.

Therefore since An'(t1) = vy,

(2.2) 2Re<uxh>>::—2ﬁh%y

Ztl

Differentiating u, we obtain
U(tz) = —ZAn(tg)Ztl — 2/'4},51A.n(t2>2t1 — An(tz)f‘itlétl + iAn(tQ)Kflztl,
SO
u/(tl) =1 (lit21 Vi, — Dtl) Ztl — (QIitll)tl + /.{tl th) 2.:1:1'
It then follows that

(2.3) Imciﬂ>:%%—%r

Ztl

The lemma now follows from equations (2.1), (2.2) and (2.3). O
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3. MAIN THEOREMS: VARIATIONAL FORMULAS FOR DOMAIN FUNCTIONS

3.1. Variational formula for the modified Neumann function H. We now state
and prove the variational formula for H. The same formula was derived by Schiffer and
Hawley [7] in the special case of a Schiffer variation. Since not every normal variation of a
curve arises from a Schiffer variation, even the Hadamard variational result has not been
proven for H. Here we extend the formula to arbitrary homotopies of the boundary, in
the case that the boundaries are smooth, significantly generalizing Schiffer and Hawley’s
result for the smoothly bounded case. On the other hand, Schiffer and Hawley gave
formulas for domains whose boundaries are not smooth.

H satisfies certain useful identities. Let z(s) parametrize 0G with respect to arc length,
and let 2 denote the unit tangent vector. Then

OH K& O0H O0H

and so

0OH 0H OH 0H 0OH 0H
32 Re(15GOGEn2) = SO G - G 05 G

Finally we have the identity

2 2
(3.3) 2Re (%j%) = %—5 + K2
To see this, an elementary computation yields for z = = + 1y,
0?H  ,0°H  ,0°H . 0*H OH 0OH
8s2 _ © B2 ty Oy? +2ry Oxdy +$8—x +y8—y'

Now since H is harmonic we have that (suppressing z and ¢ dependence)
OH _PH Lo o <a2H 82H)

0s? 952 2\ 0x? + oy?

_1(_2 ,2) 0*H 0*H 2__82}[ +,_8H+,,8H
o\ Y 0x? 0y? xya:v@y i yay
H
= 2Re (6()922 732) — K?
In the last step we have used the fact that

H H H H H
x%—x + y%—y = 2Re ((x + i) %—z) = —2Re (mzaa—z) = Iiaa—n = —xK?
which follows from equations (1.2) and (1.8).
We now state the variational formula for H. In the following, we drop the index i

on the quantities v, Anj to reduce clutter. Where the integrals are taken over the
entire boundary 0G;, for example, it is understood that n;,, An;, and 14, stand for the
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appropriate function along each boundary component. Also, we write 14,(z) for vy, (7)
where F(tg,7) = z.

Theorem 3.1. Let G;, t € (a,b) be a collection of domains bounded by m simple closed
C? curves and F' an admissible C® homotopy for G,. Denoting arc length by s we have
that

Ht(ga 77) - HtO(C777) = Lo

2mm agto

(Re(Riy(2,¢,m)2%) + 265 )iy (2) ds: + Ra(to, m;t, C)

where
OH, OH, O?H, 0 H,
(34) Rt0(27 Ca 77) =—4 aZO (Z7 g) 820 (Za 77) —2 82’20 (2777) —2 8220 (Za 77)
The remainder term Ry is harmonic in ¢ and satisfies Ri(to, n;t, () = O(|t — to|*) uni-
formly in ¢ on any compact subset of Gy,.

2

Remark 3.2. More precisely, by “uniformly in ¢ on any compact set in G;,” we mean that
for any compact subset K of G, and ¢ large enough so that K C G; the remainder term
is bounded by C|t — t|? for a constant C' which depends on K but not ¢ € K.

Remark 3.3. Note that since H,((,n) = Hy(n,() for all ¢ and the first order variation is
also symmetric, the remainder terms must be symmetric and hence we know that the
estimate is also uniform in compact sets in 7 in the same sense.

Proof. First assume that ¢ < ¢,. By equations (1.9) and (1.10)

1 oH, M,
33) G = (e = g [ (Gt = o)) M) s
~ S L Hule () ds

We first claim that H,(C,n) — Hy, ((,n) < C|t —to| where the constant C' is independent
of ¢ € Gy,. (More precisely, for some € > 0, given any fixed ¢ such that |t — to| < &
this inequality holds for any ¢ € G;). Let I and II denote the first and second integrals
respectively in (3.5). In Lemma 2.7 set ¢, = ¢ and t5 = £y (so that in (3.5) z = z;). Denote
the normal to the curve F(¢,-) by n; (so that in the above formula n = n;). If ¢ > 0 is
small enough, then

OH, OH, P
G (2) = 5 2z m) = Ot — o)

uniformly for all z in the strips U;F*((to — &, ] x [0, 27]). Thus the first integral is
1

= [ ls) = ey (2(5) + Dl ()] dse + Ot o))
oGt

Since F is C? it follows that k2, 1, and ¥y are uniformly bounded in s and ¢ € (ty — ¢, t).
Thus I is O(|t — to]) by Lemma 2.7.
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In the same manner, approximating Hy,(z,n) with Hy,(2,,7n), we have that the second
integral is
1

1= g | HuGmsa (s +O(1t ~ o)

and, using equation (1.9) and the fact that ds = ds;, + O(|t — to|) we have that I] =
O(|t — to]). This proves the first claim.

Next we derive an expression for H; — H,, involving Dirichlet energy which will be useful
in computing the first-order variation. Denoting Hf (z) = H,(z,¢) and the Dirichlet inner

product on a domain G by
(ras= [ vs-vgaa

we have using Green’s identity that

1 1
¢ ¢ _
g (Ht — H{, H) - H,Q)gt = e o (Hi(2,C) — Hiy(2,0))

an (Ht — Ht()) (Z, n)dsz

Next, using Green’s identity and the fact that H satisfies (1.8) and (1.9) it follows that

1 1 aHt
HC Hﬂ) = - H — d z
27‘(7’]’[/ ( to? to gto\gt 27Tm 96, to (Z; C) an (Zan) S
1 0
= S g, o7 O, (Hro = Hi)(z,m) s
1
+ % 0G: HtO (27 C)Rt<z) dSZ.

Combining these two equations with (3.5) we have that

1 1
(36)  HACm) — Hi(Cn) = g (Hf = Hi B = HL) o (HG )
to \Gt

o G 2mm
1
_ % o6, (HtO(Z7 C) + Ht0(27n)) K/t(Z) dSZ.

We will compute each of these terms up to first order in ¢t — ¢3. The first term is
O(|t—1to|*). To see this, first note that since the difference Hy(¢,n) — Hy,(¢,n) is harmonic
in ¢ and Hy — H;; — 0 uniformly on compact sets as t — ¢y, the derivative

OH, O0H,,

EETS
is holomorphic and converges to zero uniformly on compact sets. The same is true for the
derivative with respect to (. From this we can conclude that the estimate

VH(Cm) = Vel (Cn) = O([t — o)

holds uniformly on G; in the same sense as above. Thus

(86 — 1, 1~ H) = O(1t 1o
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as claimed.

Next we compute the second term. We will parametrize the region G;,\G; as follows.
Let zo(s) parametrize 0G;, with respect to arc length. Let ngy(s) = ny,(7(s)) denote
the unit outward normal to 0G;, parametrized with respect to arc length. Then for
Any, (t,7(s)) < r <0 the lines r — zy(s) + rny, (s) sweep out the region G, \G;. We have
by an easy computation of the Jacobian determinant d(z,y)/0(s,r) (for z = x +iy) that

dA = (1 + 1Ry (s)) dsdr = dsdr + O(|t — to|).

The remainder term is uniform on G, \G; since ky,(s) is uniformly bounded since all
the functions F* are C3, and by Lemma 2.6 Any, (t,7(s)) = O(|t — to|) since |vy, (7(s))| is
uniformly bounded on 0G,,. Thus |r| = O(|t — ty|) uniformly for the specified range of s

and r, and the claim follows.

Since
OH OH OH OH
VH(z,¢)-VH(z,n) = s (Z,C)E(Z,U) + %(Z7C)a—n(zﬂ7),

using the identity (3.2) we have that

1 0H, 0OH, .
HS H " = 0 0 2l drds,
27Tm ( tor to Tm /agtO Anto L (5) |: Oz ( C) Oz (Z,Tl)z :| ras

aHt 3Ht
>(2,¢ 2(z,m)drds, + O(|t — ¢
ﬂ-m /8gt0 /Anto(t 7(s)) on ( ) on ( 77) (‘ U’)

0H, OH .
- _% . Re{ 8;0 (2,0) a;o (zm),ﬁ} Any, (t,7(t))ds.
1
_ % agto K/t()(Z)Q A’I’Lto (t, T(S))dsz + O(|t _ t0|2)

where we have applied the mean value theorem in the second equality. Since (0Hy,/0n)(z, ()
is C* in z and ¢ away from the diagonal z — ( = 0, this estimate is uniform in ¢ for
compact sets in G;. Finally, by an application of Lemma 2.6 we have that

1 ¢ o 2 OHy, OHy, 9
(37) 27rm (HthtO)gtO\gt - (t tO)T{'m 86, Re[ az <Z7C) aZ (Zﬂ?)z Vto(z)dsz
1
—(t=to)— | k1y(2)° v (2)ds. + O(t = tol*)

G,

where again the estimate is uniform in ¢ on compact subsets of G,.
Next we estimate the third term. We will apply Lemma 2.7 with ¢, = tg and ¢, = ¢,
and z = 2 = 2, + Angyny,. We have that

(38) Hto(zag) = Hto(zt0+Antonto7C) = Hto(’ztovC)—'_(t t )Vto aé_! (Ztov )+O(|t_t0|2)'
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Let u(t) = Ang,ny, as in the proof of Lemma 2.7. Since
dsy = |2, + u(t)|dsy,
and by equation (2.2)

d . . ' (t
d |zto+u<t>|:Re< .“)):—f%uto

dt],_y, ~to
it follows that
(3.9) dsy = (1 — (t — to) ke + O(|t — to]?)) dsy,.
Combining this with Lemma 2.7 we have
Kedsy = (Kgy + (t — to)iy, + O(|t — to]?)) dsy,.
Thus by (3.8)

Hto(z,(:)l{<z)d8 - Hto(zth)ﬁtodsto
Ogt agto

+ (t - tO) /89 (Hto(ztov C)ﬂto - (’ito)2yt0) dsto + O(|t - t0|2)

so integrating by parts twice and using (1.9) we have

Hiy (2 On(s)ds = (t — to) /

G,

(20, C) — ) sy + Ot — to?).
G

Applying the identity (3.3) to the above we have that
0*Hy, ., 2 2
(3.10) Hy (2, Q)k(s)ds = (t—to) 2Re 52 G ) T 2r;, | vy, ds, FO([t—10]7).
gto

ag )
The estimation of the fourth term gives the identical result. Combining equations (3.6),
(3.7) and (3.10), and using the fact that the second term is O(|t—t|?), proves the Theorem
in the case that ¢t < t,.

Finally, we consider the case that t > ¢y. To do this, we enclose both domains G; and
Gy, inside the larger domain Gp for T' > ¢, and apply the first part of the proof. The main
difficulty is that although it may be possible to reach the curve F(t,-) from F(tg,-) by
a normal variation, it is not obvious that you can enclose the two curves in a larger one
F(t,7) from which it is possible to reach them by a normal variation). (For example, it is
even possible that F'(t,-) can be reached from F(tg,-) by a normal variation, but F (¢, -)
cannot be reached from F(¢,-) as in Figure 3.1.)

Lemma 2.5 solves the problem. Fixing to; let [¢,d] be a compact interval such that
to € (¢,d), and let g; be as in Lemma 2.5. By possibly shrinking £; we can ensure
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FIGURE 2. F(tp,-) not a normal variation of F'(¢,-)

F<t0’ )

that (to — e1,t0 + 1) C [c,d]. Choose € = ¢1/2. For any t € [ty + ¢), set T so that
T —ty = 2(t — to). By the first part of the proof we have that

Hi(Gom) = Hr(eom = ot [ (e (Be(e G 2) + 264(2) ve(ds. + Ra(T. it
and

Hto(ga T]) - HT<C77]> = fo = a

2mm Or

(Re (Rr(2,¢,m)2%) + 267.(2)) vr(2)ds. + R (T, n; to, C)-
Subtracting the second equation from the first leads to

Ht(<a 77) - Hto(ga 77) = tQ;;f G (Re (RT(Zv G, 77)22) + 21{%(’2)) VT(Z)dSZ
+ Ri(T,m;t,¢) — Ru(T, n; to, C).

Since T'—t =t —ty and T — tg = 2(t — to) it follows that both remainder terms are
O(|t — tg|*). Furthermore since Hr and its derivatives converge uniformly on compact
sets to Hy,, Ry converges uniformly on compact sets to Ry,. Also since F is C3, kp — Ky,
and vp — vy, both uniformly.

Therefore we obtain

t—to

Ht(Can) - Ht0(€77]> = 27m oG

(R’e (Rto (Z’ C’ 7’])22) + 2I€?0 (Z)) Vi (Z) dSz + Rl (t07 mn; 7(/-7 €)7

and this proves the theorem.

O

Remark 3.4. Figure 3.1 provides an example where a normal variation based at the curve
F(tg,-) traces out the curve F(t,-) in a one-to-one way, whereas the normal variation
based at F(t,-) tracing out F'(ty,-) is not one-to-one. In order to complete the proof, it
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was necessary to establish that given ¢y, there is an interval containing ¢y on which this
does not happen. Thus Lemma 2.5 is indispensible.

In fact, this issue already appears in the proof of the weaker Hadamard variational
formula. Many sources do not treat this point carefully.

3.2. Variational formula for the modified Green’s function. Since G is constant
on each boundary,

96 _
ds
on all boundaries, so if z(s) parametrizes the boundary by arc length,
3G G
(3.11) 2o i= i
Therefore
oG oG .9 oG oG

(312) 45(%0&@777)2 __%<Z7 )%(2777)

It is easy to see that

oG oG oG oG
G(2,¢) - VG(z,n) = g(Z,C)g(%ﬁ) + %(Z’a )%(2777)

Hence since 0G/0s = 0

oG oG oG oG .2
(3.13) VG(z,() - VG(z,n) = o (%C)%(Zﬂ?) = —45(27 C)g(zaﬁ)z
by equation (3.12). Note that the last expression is real.
Theorem 3.5. Let G;, t € (a,b) be a collection of domains bounded by m simple closed
C? curves and F an admissible C* homotopy for G;. Then
oG oG

1
Guleom) = Gun(Com) = =t = to)g | 4G (= QG (eom) () s+ Rt :1.C)

where the remainder term Ry is harmonic in ¢ and satisfies Ra(to,n;t,¢) = O(|t — to|?)
uniformly in  in the sense of Theorem 3.1 and Remark 3.2.

Remark 3.6. Again, since GG is symmetric, R5 is also harmonic in 7 and the estimate is
uniform in compact sets in the same sense.

Proof. Using (1.13), (1.14) and (1.15), we have for any ¢
1 oG
(3.14) oy Gi(z,()— 5 Lz, n)ds, = Zk‘ (t,¢) / “L(z,n)ds,

oGt

m

1
= %;k‘u(to =0

where k,(t, () denotes the boundary value of Gy(z, ().
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Since Gy has a logarithmic pole (1.12) it satisfies Green’s third identity
1 ou aGt
(3.15 w0 =5 [ (60506 —u) G0 b

for any w harmonic on G and for any t. Setting u(-) = G¢(-,n) — G4, (-,n) we have using
equation (3.14)

(3.16)

1 oG,
Gt(Can) - Gto(Can) = % o6, Gto(’z 77) on (Z C)dsz 27T 96, Gt(’z C) (Z 77)d5z
Using Green’s identity and equation (3.14) we have
1 ¢ 1 0GY,
27T <Gt07Gto> to\gt - o 00, Gto(zvg) 8n (Zﬂ?)dsz
and
i(GC—GC G"—G”) :—/ Gy, (2, C) (z n)ds —/ Gy(z, C) (z n)ds..
ar \7 TR TR, oG © o Jag, ’
G
+ [ Gl 0% s,
Gt
Putting the last three equations together we have that
(3.17)
_ — i ¢ m . ¢ ¢ m i
Gilem) = Gl = 3= (Gh.61) o+ 5 (G - cf.cr )
1 0G, 1 oG,
to- o Gto(Z,C)%( n)ds: + o~ . Go(z:m)—— o “(2,¢)ds..

We first show that
Gt(C777) - Gto(Cvn) = O(|t - t0|)
uniformly on G, .
To do this we use the representation (3.16). Denote the right hand side by I + I1.
To estimate the first term I, as in the proof of Theorem 3.1 set z = zy, +Any, (t, 7(8) )04, ().
Equations (1.13), (1.14) and (1.15) yield

1 aGt(Za C) 1 aGYtO (Ztov C)

I = - ” Gio(2,m) o ds = 7 . Gy, (210, 7) ™ ds + O([t — t))
1 0Gy, (24,
=5z [, Culwm e ds, Ol )
1 aGto('Zto’C)
= oy ;ku(toﬂ?) /CfP —on dsi, + O(|t — to]) = O(|t — o))

where C’ff is the p—th boundary curve of G, .
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This yields I = O(|t — to|). To show that 11 = O(|t — to|), we observe that

1 0G4,

Il = _% 96, Gt(za g) on (2 n)dsz

6Gt0
:—Zk (t,¢) y 2 (2, m)ds

:_Zk tC/ tO(Z n)ds + O([t — o)

= Zku(t, ¢)+ O(|t — to|) = O(|t — to]).

Therefore I 4+ 11 = O(|t — to|) and thereby G¢((,n) — G4, (¢, 1) = O(|t — to])-
Since the difference is harmonic, the (-derivative is holomorphic and we have that
(%(Gt G1,)(¢,m) converges to zero uniformly on compact sets, and similarly for % 5c(Ge—

G1,)(¢,m). Thus we also have that
1
o (Gi-daiar—ar) =0 — 1)

Next we estimate the first term in equation (3.17). Proceeding as in the proof of
Theorem 3.1

(3.18)

1 oG oG
— (c5,.61) :__/ / to B ()3 (14 Ot — to])) drds,
5 (GinGh), o S oy 02 (5 M (L4 Ot = tl) drds

=2 [ e )T ) Ay 1,7 (5))ds + Ot — o)
T J oGy,

0z 0z

B 2 0Gy, 0Gy, .9 9
== [ G0 )i + O~ )

where the last equality follows from Lemma 2.6. This estimate is uniform in ¢ for compact
sets in G;.

Next we estimate the third term of equation (3.17). Letting z = z;,+Any, (¢, 7(s))ny, (7(5))
as above, since

Gro(2:0) = Grolzt0:€) + D (1, 7(5)) 220 (240, €) + O(1t — to]?)

on
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we have that

1 oG, 1 oG,
% 96, Gto('z?C)%(zan)dsz - % 96, Gto('ztovg) (Z n)Anto(t T( ))
1 oG oG
om | o (e O (2 ) Ay (1, 7(s))ds. + O(t — tof?).
T Jag, n

We have used the fact that Any, = O(|t — to|).
The first term of the above equation is

1 oG
Gto (Zt() ) C) —t

oG
o » o (z,m)Ang (t,7(s))ds, = Zk (to, () “—(z,n)ds, =0

c, on
by equation (1.15).
Now since the arc lengths dsy, (z,) on Gy, and ds;(z) on G, differ by O(|t —t,|) uniformly
on 0G;, and
0GY, _ 0Gy,

uniformly on 0G;, we have that

1 9G, 1 0G,, 0Gy, 2
27‘(‘ 96, GtO(Z’C) an (Zan)dsz - 27‘(‘ /BG an <Z7C) an (2777)Ant0(t77—(8))d82 +O(|t t0| )

(Ztovn) + O(|t - t0|)7

N2 Gy, 0G4, o L2
(3.19) =—(¢ tO)W/agtO 55 (2,¢) 5 (z,m) 2%, (2)ds, + O(|t — to|”)

by Lemma 2.6 and equation (3.13). The same expression approximates the fourth term.
Adding equations (3.18) to (3.19) and using the fact that the second term is O(|t — to]?)
the theorem is proven in the case that ¢ < t5. The case that t > t; is dealt with in the
same manner as in the proof of Theorem 3.1. 0

3.3. Variation of the Neumann function. We now establish the variational formula
for N under an arbitrary homotopy. Surprisingly, we were unable to find even the
Hadamard variational formula for N in the literature. Bergman [2] gives a formula for
a difference of Neumann functions and Bergman and Schiffer [4] give a formula for a
Neumann function satisfying the normalization ON/dn = 0 (which is correspondingly
different than the one given here).

Theorem 3.7. Let G;, t € (a,b) be a collection of domains bounded by m simple closed
C? curves and F an admissible C® homotopy for G,. Then

NCan) = NlCom) =~ =t [ Re (455 OGHEm ) m(e) s

==t [N N ) s (v + R it
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where the remainder term Rs is harmonic in ¢ and satisfies Ra(to,n;t,¢) = O(|t — to|?)
uniformly in ¢ in the sense of Theorem 3.1 and Remark 3.2.

Remark 3.8. Since N is symmetric R3 is harmonic in 7 and the estimate is uniform in 7
in the same sense.

Proof. The proof is very similar to the proofs of Theorems 3.1 and 3.5, so we will be brief.
Assume that t < tg. Setting u(¢) = N¢((,n) — Niy(¢,n) in equation (1.6) and using
equations (1.4) and (1.5) we have

to?

(320)  NiGn)— NG = 5

¢ ¢
o (Nt ~ NS, NP - N@)gt

1
oo (NG

1
o 7 /agt (Nio(2,€) + Niy(2,m)) ds.

) Gty \Gt L

It can easily be shown as before that the first term of equation (3.20) is O(|t — to|?).
Using the fact that

ON

ON ON ON
(Z,C)g(zaﬁ)zg) + 2%(%0%(2’77)

VN (2,C) - VNy (2,m) = 4Re (%

and proceeding as in the proofs of Theorems 3.1 and 3.5 and using equation (1.4) we have
that

(3.21)

1 2 ON ON
5= (Nig (. Q). Nig (. m)g, g, = —(t = o) - /agto Re (E(Z,C)g(z,n)z«?) Vio (2)ds.

— (t —ty)— / viods, + O([t — to?).
9Gt,,

Finally, the third term can be estimated in the same manner as before. Using equations
(3.9) and (1.4)

1 NM%O%f=ng(MJ%O+8MW%ON%QJQD+WH—%W)

L Jsg, L on
(1= (t = to)kee (2)ve (2) + O(Jt — to|?)) ds.
2
—@—mhgé%wwmm
(= to)7 [ Nz O (2Juta (2D + Ot~ ).
9Gt,

Combining this with equation (3.21) proves the theorem in the case that ¢ < ¢,. The case
that t > ty is dealt with as in the proof of Theorem 3.1. OJ
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