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Abstract. Inequalities for derivatives of the Bergman and L-kernel are de-
rived for elliptically schlicht domains, using the Dirichlet Principle. By in-
troducing a generalization of elliptically schlicht domains involving metrics of
constant positive curvature, it is seen that the inequalities smoothly interpo-
late the bounded, unbounded and elliptically schlicht cases.
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1. Introduction

The purpose of this paper is to demonstrate that a method of proving function
theoretic inequalities due to Nehari [11] can be extended to the Riemann sphere.
We derive inequalities for ‘elliptically schlicht’ mappings; these are mappings
whose image does not contain any pairs of antipodal points on the sphere. These
maps were invented by Grunsky [5], and studied, for instance, by Kühnau [8], [9]
and Jenkins [7].

The method of Nehari uses the fact that the solution to the Dirichlet Problem
has minimum energy to generate inequalities for domain functions. Varying the
boundary conditions gives rise to different inequalities. Of course, there is no
sensible Dirichlet Problem for the Riemann sphere. This obstacle is overcome by
observing that the Dirichlet Principle is equivalent to the positivity of the energy
of the difference between the harmonic solution and a competing function with
the same boundary values. Nehari’s method then easily carries over to the sphere.

The main theorem is an extension of the following theorem, proven in [13].
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Theorem 1. If D and D′ are simply connected hyperbolic domains, bounded by
piecewise smooth curves, and D ⊂ D′, then for any collection of points ξµ ∈ D
and scalars αµ ∈ C, µ = 1, . . . n, and m ≥ 0,

Re

(∑
µ,ν

[
αµαν

∂2mK

∂ζm∂ηm
(ξµ, ξν)− αµαν

∂2mK ′

∂ζm∂ηm
(ξµ, ξν)

])

≥ Re

(∑
µ,ν

[
αµαν

∂2mL

∂ζm∂ηm
(ξµ, ξν)− αµαν

∂2mL′

∂ζm∂ηm
(ξµ, ξν)

])
.

Here K and K ′ are the Bergman kernels of D and D′ respectively, and

L(ζ, η) = − 2

π

∂2g

∂ζ∂η

where g is Green’s function of D; L′ is defined in the same way using Green’s
function g′ of D′.

We show that this theorem extends to the case where the outer domain D′ is
the Riemann sphere. This extension requires a natural definition of K and L on
the sphere. In the following section we give definitions and some motivation. In
Section 3 the main inequalities (Theorem 2) are stated and proved.

In order to provide some context we discuss, in Section 4, a Theorem of Kühnau
[8], completing a ‘rectangle’ of theorems. Kühnau’s Theorem is a generalization
to the elliptically schlicht case of a Theorem of Nehari estimating Green’s func-
tions of two domains. Theorem 1 is a higher-order version of Nehari’s inequality,
while Theorem 2 is a higher-order version of Kühnau’s Theorem. By ‘higher-
order’, we mean that the inequalities are estimates on higher derivatives of the
mapping function or Green’s function. We also give a sharpening of Kühnau’s
Theorem provided there is some additional information about the complement
of the domain and its reflection.

Also built in is a slight generalization of the concepts of elliptically schlicht
domains and functions, based on the following idea. The notion of ‘antipodal
point’ is dependent on the choice of metric. Here, the sphere is endowed with
a metric of constant positive curvature; unlike the negative curvature case, the
metric is not uniquely determined by the curvature. A one-parameter family of
metrics with curvature 4 is given, each matching up different pairs of points as
antipodal. In this way we have a different family of ‘elliptically schlicht’ domains
for each choice of parameter. This is discussed in Section 2.1.

The advantage of this generalization is that the parameter appears in the main
inequalities here (Theorem 2), and in this way the bounded, unbounded, and
elliptically schlicht case are continuously interpolated. Setting the parameter
to 1, 0, and −1, results in the elliptically schlicht, Euclidean, and hyperbolic
cases respectively.
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Finally, in Section 4 we give an elementary inequality relating the elliptic capacity
of Duren and Kühnau [3] to a natural notion of ‘elliptic reduced module’.

2. Preliminaries

2.1. Constant curvature metrics and elliptically k-schlicht domains.
Let Dk be the disc of radius 1/

√
−k centred at the origin for k ≤ 0. In the case

that k = 0 it is understood that we mean C, and if k > 0, Dk is taken to be the
Riemann sphere C. Endow Dk with the conformal metric

λk(z) =

√
|k|

1 + k|z|2

in the case that k 6= 0, and
λ0(z) = 1

in the case that k = 0. This metric has curvature 4, 0, and −4, in the cases
that k is positive, zero, or negative respectively. The set of isometries of this
metric are

(1) Isom(λk) =

{
T (z) = eiθ

z + w

1− kw̄z
: w ∈ Dk

}
.

The fact that this is the set of one-to-one and onto isometries, follows from the
identity

|T ′(z)|
1 + k|T (z)|2

=
1

1 + k|z|2
.

The mappings (1) are the only Möbius transformations satisfying the identity
above. Note that for k = 0 these are the Euclidean isometries.

In fact, it can be shown that for each k, a mapping which is an isometry on any
open set must indeed be one of the global isometries (1). For the case k < 0,
this is just the equality statement of the Schwarz Lemma. The case k > 0 is
somewhat trickier [10], but is not necessary in the following.

In [8], Kühnau considers four distinct kinds of schlicht mappings, of which two
will be considered here. In the first case, he assumes that the image of f cannot
contain both the points w and 1/w̄. It is easily seen that this condition is
equivalent to the assumption that f is bounded either outside or inside the unit
disc. In the second case, he assumes that the image of f cannot contain both w
and −1/w̄; mappings of this sort are called ‘elliptically schlicht’.

We extend these classes as follows. We will assume that f always contains 0 in
its image. For each k, we have a class of mappings Bk.

• If k < 0, then we assume that the image of f cannot contain both the
points w and 1/|k|w̄, for any w. Equivalently, the image of f is contained
in the domain Dk.
• If k = 0, then we assume only that the image of f does not contain ∞.
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• If k > 0, we assume that the image of f cannot contain both the points w
and −1/kw̄, for any w.

Simply connected domains that never contain both of the points w and −1/kw̄
for k > 0 will be called ‘elliptically k-schlicht’. Univalent mappings onto such
domains will also be referred to as ‘elliptically k-schlicht’.

The notion of an elliptically k-schlicht domain has a simple geometric interpre-
tation: the points w and −1/(kw̄) are antipodal points in the metric λk. (By
‘antipodal’ we mean that the two points are a maximal distance apart.) To see
this, just note that 0 and∞ are antipodal points in λk by the radial symmetry of
the metric. Isometries take pairs of antipodal points to pairs of antipodal points,
so applying a transformation of the form (1) we see that w and −1/(kw̄) are
indeed antipodal.

Remark 1. It is well known that there is a unique complete constant curvature
metric on the disc (up to scale). However, this is not the case on the sphere: every
pull-back of λ1 under a Möbius transformation is a complete constant curvature
metric. The metrics λk are all such metrics for which 0 and∞ are antipodal (up
to scale); however as seen above each choice of k gives different associations of
antipodal points. This arbitrariness in the choice of antipodal points is another
reason for introducing the parameter k. It is remarkable that this arbitrariness
directly leads to a natural positive curvature counterpart to the radius of the disc
in the bounded case. Finally, note that if we want to interpolate the bounded,
unbounded, and elliptic cases as mentioned in the introduction, it is necessary
to demand that 0 and ∞ are antipodal. This restricts our attention to the
metrics λk.

2.2. Definition of the kernel functions on the plane and Riemann
sphere. In this section we give natural generalizations of the Bergman kernel K
and the kernel L to the case of the Riemann sphere and the plane.

First, we define ‘Green’s function’ of the domain Dk to be

gk(ζ, η) = − log

∣∣∣∣∣
√
|k|(ζ − η)

(1 + kη̄ζ)

∣∣∣∣∣.
If k < 0, this is of course Green’s function of Dk. The function above is a
reasonable extension when k > 0 because then gk is the unique (up to a constant)
harmonic function with logarithmic singularities of opposite sign at the antipodal
points η and −1/(kη̄). On the other hand, gk is not defined for k = 0.

The kernel functions K and L can now be defined for the domains Dk for k ≥ 0.
We define

Kk(ζ, η) = − 2

π

∂2gk
∂ζ∂η̄

(ζ, η)
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and

Lk(ζ, η) = − 2

π

∂2gk
∂ζ∂η

(ζ, η).

When k < 0, these agree with the standard Bergman and L kernel (see for
instance [2]). Of course these are defined on any domain with Green’s function,
but we restrict our attention to the discs Dk.

In the case that a domain is a disc, we always have that

L(ζ, η) =
1

π(ζ − η)2
.

This extends to the case where k > 0, so we use this as the L kernel of the
Riemann sphere, for all choices of k. Thus we define

(2) Lk(ζ, η) =
1

π(ζ − η)2
.

Although Lk does not depend on k, we retain the subscript ‘k’ in order to em-
phasize the context in which the kernel appears.

On the other hand we can compute that

Kk(ζ, η) = − 1

π

k

(1 + kζ̄η)2
.

Note that although gk is not defined for k = 0, we can easily extend the definitions
of Kk and Lk to the case where k = 0; take K0 ≡ 0 and L0 as in (2). We now
have natural analogues of the L and K kernels in the case of the Riemann sphere
and the plane.

3. Inequalities for elliptically schlicht domains

Let E be an elliptically schlicht, simply connected domain, with piecewise smooth
boundary, and E∗ be the set of antipodal points in the metric of curvature k.
Let

gk(ζ, η) = − log

∣∣∣∣∣
√
k(ζ − η)

1 + kη̄ζ

∣∣∣∣∣
denote Green’s function on Dk, and let g and g∗ be Green’s functions of E and E∗

respectively. If F : E → D is a conformal mapping, then ζ 7→ F (−1/(kζ̄)) is a
conformal mapping from E∗ to D, and we have that Green’s functions of E
and E∗ are

g(ζ, η) = − log

∣∣∣∣∣ F (ζ)− F (η)

1− F (η)F (ζ)

∣∣∣∣∣,
g∗(ζ, η) = − log

∣∣∣∣∣ F (−1/(kζ̄))− F (−1/(kη̄))

1− F (−1/(kη̄))F (−1/(kζ̄))

∣∣∣∣∣.
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Finally let Lk and Kk be as in Section 2.2, and L and K be the corresponding
kernel functions for E.

Theorem 2. Let E be a simply connected, elliptically k-schlicht planar domain,
and let E∗ be the domain antipodal to E in the metric λk. Further, let L, K, Lk,
and Kk be the associated kernel functions as above. Then for any collection of
points ξi ∈ E and complex parameters αi, i = 1, . . . n, and m ≥ 0, we have

Re

(∑
µ,ν

[
αµαν

∂2mK

∂ζm∂ηm
(ξµ, ξν)− αµαν

∂2mKk

∂ζm∂ηm
(ξµ, ξν)

])

≥ Re

(∑
µ,ν

[
αµαν

∂2mL

∂ζm∂ηm
(ξµ, ξν)− αµαν

∂2mLk
∂ζm∂ηm

(ξµ, ξν)

])
.

Remark 2. The following proof also works in the case k < 0, and this is in
fact a special case of Theorem 1, by letting the outside domain be a disc of
radius 1/

√
|k|. In the case m = 0, letting k → 0, one recovers the well-known

inequality of Bergman and Schiffer [2] for domains in the plane. The l-kernel of
Bergman and Schiffer can be interpreted as L0 − L, where

L0(ζ, η) =
1

π(ζ − η)2

is the L-kernel of the complex plane.

Proof. We first note that it is sufficient to prove the theorem in the case that the
boundary of E is smooth. To see this, first observe that one can write Green’s
function of E in terms of a mapping function f from the unit disc D onto the
domain E. Consider the sequence of maps of the unit disc fr(z) = rf(z/r)
for r > 1. It can easily be checked that the domains fr(D) are elliptically
(k/r)-schlicht and smoothly bounded, and that the sequence fr approximates f
uniformly on compact subsets of D. The expressions in the theorem can all be
written in terms of derivatives of the mapping function, and the expressions for
fr(D) tend to the expressions for E.

Let l = m + 1 (this simplifies notation in the proof). Define the harmonic
functions

p(ζ) = Re

 n∑
ν=1

αν
∂l

∂ηl

∣∣∣∣∣
ξν

g(ζ, η)


and

pk(ζ) = Re

 n∑
ν=1

αν
∂l

∂ηl

∣∣∣∣∣
ξν

gk(ζ, η)


on E and Dk respectively. Also, let

p∗(ζ) = −p(−1/(kζ̄)).
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These functions are all clearly harmonic, and have the following properties.

(i) p(−1/(kζ̄)) = −p∗(ζ)

(ii) pk(−1/(kζ̄)) = −pk(ζ)

(iii) p(ζ) = 0 for ζ ∈ ∂E, and p∗(ζ) = 0 for ζ ∈ ∂E∗.
(iv) p− pk is non-singular on E, and p∗ − pk is non-singular on E∗.

The first property is of course just a repetition of the definition of p∗. The second
property follows from the easily-verified fact that

gk(−1/(kζ̄), η) = −gk(ζ, η).

Property (iii) follows from the fact that g(ζ, η) = 0 for ζ ∈ E, along with the
fact that g continues smoothly up to the boundary. Property (iv) follows from
Properties (i) and (iii), and the fact that g − gk is non-singular.

Thus the function

ε(ζ) =


p(ζ)− pk(ζ) if ζ ∈ E
−pk(ζ) if ζ ∈ C\(E ∪ E∗)
p∗(ζ)− pk(ζ) if ζ ∈ E∗

is continuous, non-singular, and piecewise harmonic. The fact that this has non-
negative Dirichlet energy will be the source of the desired inequality.

We now compute the Dirichlet energy D(ε), using Green’s Theorem. Let Dr be
the disc of radius r centred at 0.

D(ε) =

∫∫
C

∇ε · ∇ε dA

=

∫∫
E

∇(p− pk) · ∇(p− pk) dA+

∫∫
C\(E∪E∗)

∇pk · ∇pk dA

+ lim
r→∞

∫∫
E∗∩Dr

∇(p∗ − pk) · ∇(p∗ − pk) dA

= lim
r→∞

∫
∂Dr

2

i
(p∗ − pk)

∂

∂ζ
(p∗ − pk) dζ −

∫
∂E∗

2

i
(p∗ − pk)

∂

∂ζ
(p∗ − pk) dζ

+

∫
∂E∗

2

i
pk
∂pk
∂ζ

dζ −
∫
∂E

2

i
pk
∂pk
∂ζ

dζ +

∫
∂E

2

i
(p− pk)

∂

∂ζ
(p− pk) dζ.

Using the properties of p, p∗ and pk described above, we see that for ξ = −1/(kζ̄),

2

i
(p∗ − pk)(ξ)

∂

∂ξ
(p∗ − pk)(ξ) dξ = −2

i
(p− pk)(ζ)

∂

∂ζ̄
(p− pk)(ζ) dζ̄

This implies in particular that

lim
r→∞

∫
∂Dr

2

i
(p∗ − pk)(ξ)

∂

∂ζ
(p∗ − pk) dζ = 0.
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Now using the fact that p = 0 on ∂E and p∗ = 0 on ∂E∗ we simplify this
expression:

D(ε) = −
∫
∂E∗

2

i
(p∗ − pk)

∂p∗

∂ζ
dζ +

∫
∂E

2

i
(p− pk)

∂p

∂ζ
dζ.

= 2 Re

(∫
∂E

2

i
(p− pk)

∂p

∂ζ
dζ

)
.

To evaluate this, let

q(ζ, η) = − log
F (ζ)− F (η)

1− F (η)F (ζ)

and

h(ζ) =
1

2

∑
ν

αν
∂l

∂ηl

∣∣∣∣∣
η=ξν

q(ζ, η) + αν
∂l

∂ηl

∣∣∣∣∣
η=ξν

q(ζ, η)

 .

The function q is multi-valued on E; however ∂q/∂η and ∂q/∂η̄ are single-valued.
Also, letting

qk(ζ, η) = − log

√
k(ζ − η)

1 + kη̄ζ
,

we get that

∂lq

∂ηl
− ∂lqk
∂ηl

is non-singular and holomorphic in ζ on E. Writing 2(g−gk) = (q−qk)+(q̄− q̄k),
we have

p− pk = Re

 n∑
ν=1

αν
∂l

∂ηl

∣∣∣∣∣
η=ξν

(g − gk)


=

1

2
Re

 n∑
ν=1

αν
∂l

∂ηl

∣∣∣∣∣
η=ξν

(q − qk) + ᾱν
∂l

∂η̄l

∣∣∣∣∣
η=ξν

(q − qk)

 .

The Cauchy-Riemann equations imply that

2
∂p

∂ζ
dζ =

∂h

∂ζ
dζ.

Using this and the fact that

1

i

∂p

∂ζ
dζ
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is real when restricted to ∂E, we get

D(ε) = 2 Re

∫
∂E

n∑
ν=1

αν ∂l
∂ηl

∣∣∣∣∣
η=ξν

(q − qk) + ᾱν
∂l

∂η̄l

∣∣∣∣∣
η=ξν

(q − qk)

 1

i

∂p

∂ζ
dζ


= Re

∫
∂E

n∑
ν=1

αν ∂l
∂ηl

∣∣∣∣∣
η=ξν

(q − qk) + ᾱν
∂l

∂η̄l

∣∣∣∣∣
η=ξν

(q − qk)

 1

i

∂h

∂ζ
dζ

 .

Furthermore,

h(ζ)− 1

2

∑
αν

(l − 1)!

(ζ − ξν)l
=

1

2

∑
αν

∂l

∂ηl

∣∣∣∣∣
η=ξν

[q(ζ, η) + log (ζ − η)]

+
1

2
αν

∂l

∂ηl

∣∣∣∣∣
η=ξν

q(ζ, η)

is holomorphic, so we can replace h′(ζ) with 1/2
∑
ανl! (ζ − ξν)−(l+1) so that

D(ε) =
1

2
Re

(∫
∂E

∑αν ∂l
∂ηl

∣∣∣∣∣
η=ξν

(q − qk) + ᾱν
∂l

∂η̄l

∣∣∣∣∣
η=ξν

(q − qk)


· l!
i

∑ αν
(ζ − ξν)l+1

dζ

)

= πRe

(∑
µ,ν

αµαν

[
∂2lq

∂ζ l∂ηl
(ξµ, ξν)−

∂2lqk
∂ζ l∂ηl

(ξµ, ξν)

]

+
∑
µ,ν

αµαν

[
∂2lq

∂ζ l∂η̄l
(ξµ, ξν)−

∂2lqk
∂ζ l∂η̄l

(ξµ, ξν)

])
.

The theorem follows immediately upon observing that

2
∂g

∂ζ
=
∂q

∂ζ
.

Remark 3 (The equality case). The inequality is equivalent to the fact that the
Dirichlet energy of the function ε is non-negative. Thus, equality occurs if and
only if the Dirichlet energy is zero. This happens exactly when C\(E ∪ E∗) has
zero area, and p = pk on E. The second condition implies that pk = 0 on ∂E, so
that the boundary must consist of arcs along which

pk(ζ) = Re

 n∑
ν=1

αν
∂l

∂ηl

∣∣∣∣∣
ξν

gk(ζ, η)

 = 0.
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4. A theorem of Kühnau, elliptic capacity, and elliptic
reduced module

In this section we will show that a Theorem of Kühnau (namely, Satz IV in [8])
can be sharpened using the Dirichlet energy method of Nehari. This sharpen-
ing involves information about the complement of the region. The sharpened
theorem leads to an elementary inequality between ‘elliptic capacity’ [3] and ‘el-
liptic reduced module’. In the hyperbolic case this is a known sharpening of the
Schwarz Lemma.

Kühnau’s Theorem has two cases, one for univalent functions bounded in the
unit disc, and the other for elliptically schlicht functions. Since it is simple to
add the parameter k, we do this here. However, we would like to emphasize that
in contrast to Theorem 2, there is no Euclidean version of this theorem.

Let E be a simply connected planar domain. There are two distinct cases here:
k > 0 and k < 0. If k < 0, we assume that E is bounded in the disc Dk.

Theorem 3. Let f ∈ Bk, k 6= 0, and let αµ, µ = 1, . . . n be complex parameters
satisfying Im (α1 + · · ·+ αn) = 0, and zµ ∈ D. Also, let d(E,E∗) denote the
extremal distance between the domains E and E∗. Then, we have that

Re

(∑
µ,ν

αµαν log
1 + kf(zµ)f(zν)

1− zµzν
−
∑
µ,ν

αµαν log

√
k(f(zµ)− f(zν))

zµ − zν

)

≥ d(E,E∗)

(∑
ν

αν

)2

.

Proof. We will prove this only in the case that k > 0. The case k < 0 is similar,
and appears in Nehari [11] (for k = −1). Assume then that k is strictly positive.
Let f be a mapping from the unit disc onto E. Let F = f−1, and ζν = f(zν).
We define the functions

p(ζ) = Re

(∑
ν

αν log (F (ζ)−F (ζν))− αν log (1−F (ζν)F (ζ))

)
, ζ ∈ E,

p∗(ζ) = −Re

(∑
ν

αν log (F (ζ∗)−F (ζν))− αν log (1−F (ζν)F (ζ∗))

)
, ζ ∈ E∗,

pk(ζ) = Re

(∑
ν

αν log
√
k(ζ−ζν)− αν log (1+kζνζ)

)
, ζ ∈ C,

where ζ∗ = −1/(kζ).
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These functions are all clearly multi-valued, so some remarks are in order. For
any simple closed curve γ in E which encloses the points ζµ, we have that∫

γ

∑
µ

αµF
′(ζ)

F (ζ)− F (ζµ)
dζ

is pure imaginary by the condition Im (α1 + · · ·+ αn) = 0. Thus there is a single-
valued determination of p in a doubly connected region whose outer boundary
is ∂E. Similarly, p∗ has a single-valued determination in a doubly connected
region one of whose boundaries is ∂E∗, and pk has a single-valued determination
in C\(E ∪ E∗).
We now verify that p, p∗, and pk have the four properties listed in Theorem 2.

(i) It is clear from the definition of p and p∗ that p(−1/(kζ̄)) = −p∗(ζ) (on the
annular regions described in the previous paragraph).

(ii) On C\(E ∪ E∗), one can write (using Re z = Re z̄ in the second equality)

pk(−1/(kζ̄)) = Re

(∑
αν log

√
k

(
− 1

kζ̄
− ζν

)
− αν log

(
1− ζ̄ν

ζ̄

))
= Re

(∑
αν log (1 + kζ̄νζ)− αν log

√
k(ζ − ζν) + αν log

(
−ζ
ζ̄

))
= pk(ζ).

In the last step we have again used the condition on the parameters αµ.

(iii) Again using Re z = Re z̄, we have that

p(ζ) = Re

(∑
αν log

(
F (ζ)− F (ζν)

1− F (ζν)F (ζ)

)
+ αν log

(
1− F (ζν)F (ζ)

1− F (ζν)F (ζ)

))
.

Since both arguments of log are of unit modulus when |ζ| = 1, the inside of the
brackets is pure imaginary by the condition on the parameters αµ; thus p(ζ) is
zero on ∂D.

(iv) Finally, since

F (ζ)− F (ζν)

ζ − ζν
6= 0

for all ζ ∈ E, we get that p − pk and p∗ − pk are non-singular on E and E∗

respectively.

Define the function

ε(ζ) =


p(ζ)− pk(ζ) if ζ ∈ E
−pk(ζ) if ζ ∈ C\(E ∪ E∗)
p∗(ζ)− pk(ζ) if ζ ∈ E∗
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which is harmonic on each piece, and continuous. Also define, for a constant α,

ε′(ζ) =


ε(ζ) + α if ζ ∈ E,
ε(ζ) + αω(ζ) if ζ ∈ C\(E ∪ E∗),
ε(ζ) if ζ ∈ E∗,

where ω is the harmonic measure of C\(E ∪ E∗) given by

ω(ζ) =

{
1 if ζ ∈ ∂E,
0 if ζ ∈ ∂E∗.

Then the inequality ∫∫
C

|∇ε′|2 dA ≥ 0

leads to

(3)

0 ≤
∫∫

C

∇ε · ∇ε dA− 2α

∫∫
C\(E∪E∗)

∇pk · ∇ω dA

+α2

∫∫
C\(E∪E∗)

∇ω · ∇ω dA.

We will first show that

(4)

∫∫
C

∇ε · ∇ε dA = 2πRe

(∑
µ,ν

αµαν log
1 + kf(zµ)f(zν)

1− zµzν

−
∑
µ,ν

αµαν log

√
k(f(zµ)− f(zν))

zµ − zν

)
As in Theorem 2, the Dirichlet energy of (4) can be computed to be∫∫

C

|∇ε|2 dA = 2 Re

(
2

i

∫
∂E

(p− pk)
∂p

∂ζ
dζ

)
.

On ∂E,
2

i

∂p

∂ζ
dζ

is real, so
2

i

∫
∂E

(p− pk)
∂p

∂ζ
dζ = Re

(∫
E

(q − qk)
2

i

∂p

∂ζ
dζ

)
where

q(ζ) =

[∑
ν

αν log (F (ζ)− F (ζν))− αν log (1− F (ζν)F (ζ))

]
,

and

qk(ζ) =

[∑
ν

αν log
√
k(ζ − ζν)− αν log (1 + kζνζ)

]
.
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By the Cauchy-Riemann equations, we also have that

2
∂p

∂ζ
=
∂q

∂ζ
.

Since q−
∑
αν log (ζ − ζν) is holomorphic and single-valued on E, we then have

that∫
C

|∇ε|2dA = Re

(∫
∂D1

(q − qk)
(

1

i

∂

∂ζ

(∑
αν log (ζ − ζν)

))
dζ

)
= 2πRe

(∑
αν lim

ζ→ζν
(q(ζ)− qk(ζ))

)

= 2πRe

(∑
µ,ν

αµαν log
F (ζµ)− F (ζν)√

k(ζµ − ζν)
− αµαν log

1− F (ζµ)F (ζν)

1 + kζµζν

)
.

Substituting f = F−1 gives the expression (4).

We now return to the computation of (3). The best inequality is attained when
one chooses

α =

(∫∫
C\(E∪E∗)

∇ω · ∇ω dA
)−1 ∫∫

C\(E∪E∗)
∇pk · ∇ω dA,

which results in

0 ≤ J −
(∫∫

C\(E∪E∗)
∇ω · ∇ω dA

)−1(∫∫
C\(E∪E∗)

∇pk · ∇ω dA
)2

.

Now as is well-known,∫∫
C\(E∪E∗)

∇ω · ∇ω dA =
1

d(E,E∗)
,

where d is the extremal distance between ∂E and ∂E∗. Also, by Green’s identity,∫∫
C\(E∪E∗)

∇pk · ∇ω dA = −
∫
∂E

∂pk
∂n

ds

where n is the unit outward normal on ∂E. This is easily evaluated once we
recognize that ∫

Re

(
2
∂pk
∂z

dz

)
= 0

and

Im

(
2
∂pk
∂z

dz

)
=
∂pk
∂n

ds.



592 E. D. Schippers CMFT

So ∫
∂E

∂pk
∂n

ds =
2

i

∫
∂E

∂pk
∂z

dz

=
1

i

∫
∂E

∑
µ

(
αν

z − zν
− ανkzν

1 + kzνz

)
dz

= 2π

(∑
ν

αν

)
.

We thus have the desired inequality.

Remark 4. Kühnau’s Theorem is the inequality of Theorem 3 with the right
hand side replaced by 0. Theorem 2, when written in terms of the mapping
function f , can be seen as a kind of higher-order version of Kühnau’s Theorem
(‘order’ refers to the number of derivatives.) As mentioned before, the case
k = −1 in Kühnau’s Theorem is a Theorem of Nehari [11]. Finally, Theorem 1 is a
higher-order version of this Theorem of Nehari to higher orders of differentiation.

We stress, however, that Theorem 1 and Theorem 2 are not direct generalizations
of Nehari’s and Kühnau’s Theorems respectively. In the special case that all the
constants αν are real, the relation between the theorems is particularly nice: for
example, Kühnau’s Theorem (i.e. set the right hand side to zero in Theorem 3)
becomes

(5) Re

(∑
µ,ν

αµαν (g(ζµ, ζν)− gk(ζµ, ζν))

)
≥ 0.

Compare this with Theorems 1 and 2.

This completes a ‘rectangle’ of theorems, summarized in the table below, in
which l denotes the order of differentiation:

hyperbolic case elliptic case

l = 0 Nehari’s Theorem Kühnau’s Theorem

l ≥ 2 Theorem 1 Theorem 2

Equation (5) is closely related to the Schwarz Lemma. Choosing a single point z
and parameter α = 1 results in the inequality

√
k|f ′(z)|

1 + k|f(z)|2
≤ 1

1− |z|2
,

see Pommerenke [12, p. 98]. Denoting the pull-back of a metric ρ(w) |dw| under
a map w = f(z) by f ∗(ρ(w) |dw|) = ρ(f(z))|f ′(z)| |dz|, we can write this in the
form

f ∗(λk(w)|dw|) ≤ λ−1(z) |dz|.
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In other words, elliptically k-schlicht functions satisfy a ‘Schwarz Lemma’ com-
paring the hyperbolic metric on the disc to the metric of constant curvature k
on the image.

One can sharpen this ‘Schwarz Lemma’ using information about C\(E ∪ E∗).
Assume all αν are real in Theorem 3. We get that

d(E,E∗)

(∑
ν

αν

)2

≤
∑
µ,ν

αµαν (g(ζµ, ζν)− gk(ζµ, ζν)) .

In particular, choosing a single point ζ0 and constant α = 1, we have that

(6) d(E,E∗) ≤ lim
ζ→ζ0

(g(ζ, ζ0)− gk(ζ, ζ0)) .

The above inequality has an interesting interpretation, if one extends the def-
inition of capacity and reduced module to the elliptic case, which we will now
do.

We first define the elliptic reduced module.

Definition. Let E be a planar domain. Let Dr be a disc of radius r in the
metric λk. Let m(E\Dr) denote the module of the ring domain with respect to
the family of curves separating the boundary. The ‘elliptic reduced k-module’
of E at a is

mk(E, a) = lim
r→0

m(E\Dr) +
1

2π
log r.

For k = 0, this is just the ordinary reduced module (for which the convenient
notation m0 will be used.) If we allow k to be negative, this is the ‘hyperbolic
reduced module’ defined by Barnard, Hadjicostas and Solynin [1]. In what follows
we will deal only with the special case k = 1.

In the case that E is simply connected and we have a canonical mapping function
from the disc, we can easily compute the elliptic reduced module.

Proposition 1. If E is simply connected, and f is a conformal map from the
unit disc onto E with f(z0) = a, and k > 0, then

m1(E, a) =
1

2π
log
|f ′(z0)|(1− |z0|2)

1 + |f(z0)|2
.

Proof. Consider the inner conformal radiusR(E, a) of E at a, defined to be |g′(0)|
where g is a conformal mapping of the unit disc onto E with g(0) = a. The Eu-
clidean reduced module and the inner conformal radius R(E, a) are related by
the following formula (as given in [6])

(7)
1

2π
logR(E, a) = m0(E, a).
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So in particular, letting g(z) = f ◦ T1 with

T1(z) =
z + z0

1 + z̄0z
,

we get

(8) m0(E, a) =
1

2π
log |f ′(z0)|(1− |z0|2).

Let

T (z) =
z − a
1 + āz

.

By (7), the Euclidean reduced module transforms according to

(9)
m0(T (E), 0) = m0(E, a) +

1

2π
log |T ′(a)|

= m0(E, a)− 1

2π
log (1 + |a|2).

On the other hand, since T is an isometry of λ1,

(10) m1(T (E), 0) = m1(E, a).

Now λ1-circles about the origin are Euclidean circles. Furthermore if t denotes
the Euclidean radius and r(t) denotes the λ1-radius,

lim
r→0

r(t)

t
= 1,

and so

(11) m1(T (E), 0) = m0(T (E), 0).

Combining (8), (9), (10), and (11) results in the desired formula.

Proposition 1 implies that

m1(E, z0) =
1

2π
lim
z→z0

[g(z, z0)− g1(z, z0)],

which provides an interpretation for the right side of (6).

The left side of (6) relates to elliptic capacity. The notion of elliptic capacity is
due to Duren and Kühnau [3]. We briefly describe the idea here. In the case of
elliptically schlicht domains E, for a positive unit measure µ one considers the
function

U(z) =

∫∫
E

log
|1 + ζ̄z|
|z − ζ|

dµ(ζ),

and the energy integral

I(µ) =

∫∫
E

∫∫
E

log
|1 + ζ̄z|
|z − ζ|

dµ(z) dµ(ζ).

Let V (µ) = supz∈E U(z), and V = infµ V (µ). It can then be shown, as in the
hyperbolic and Euclidean cases ([3], [9]), that the measure µ attaining V also
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attains infµ I(µ), and furthermore V = I(µ) on E except on a set of zero capacity.
One can also show that this relates nicely to an elliptic transfinite diameter. One
then defines the ‘elliptic capacity’ of E to be C = e−V .

Duren and Kühnau also show that, quite generally, when one can speak of a do-
main Ω ‘between’ the domains E and E∗, that for the extremal distance d(E,E∗)
between E and E∗, measured from within the domain Ω,

d(E,E∗) =
V

π
.

In our case Ω = C\(E ∪ E∗).
We now can interpret the inequality (6) as one relating elliptic k-capacity to
elliptic reduced k-module:

− 1

π
logC(E, z0) ≤ m1(E, z0).

The notion of elliptic capacity, as defined above, only applies to elliptically 1-
schlicht functions. One can add the parameter k to Duren and Kühnau’s def-
inition in a natural way using a simple scaling argument. A similar inequality
holds for the general case.

The hyperbolic case of this inequality, apparently due to Nehari, has a similar
interpretation in terms of hyperbolic capacity and the ‘hyperbolic reduced mod-
ule’ of Barnard, Hadjicostas and Solynin [1]. One can prove this exactly as above
using results of Duren and Pfaltzgraff [4].
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